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Preface

A representative of a major publishing house is on her way home from a conference
in Singapore, excited about the possibility of a new book series. On the flight home to
New York she opens her blackberry organizer, adding names of new contacts, and is
disappointed to realize she may have caught the bug that was bothering her friend Alex
at the café near the conference hotel. When she returns home she will send Alex an
email to see how she’s doing, and make sure this isn’t a case of some new dangerous
flu.

Of course, the publisher is aware that she is part of an interconnected network of
other business men and women and their clients: Her value as an employee depends on
these connections. She depends on the transportation network of taxis and airplanes to
get her job done, and is grateful for the most famous network today that allows her to
contact her friend effortlessly even when separated by thousands of miles. Other net-
works of even greater importance escape her consciousness, even though consciousness
itself depends on a highly interconnected fabric of neurons and vascular tissue. Com-
munication networks are critical to support the air traffic controllers who manage the
airspace around her. A supply chain of manufacturers make her book business possible,
as well as the existence of the airplane on which she is flying.

Complex networks are everywhere. Interconnectedness is as important to business
men and women as it is to the viruses who travel along with them.

Much of the current interest in networks within physics and the biological sciences
is phenomenological. For example, given a certain degree of connectivity between in-
dividuals, what is the likelihood that a virus will spread to the extinction of the planet?
Degree and mode of connectivity in passive agents can combine to form images resem-
bling crystals or snowflakes [463].

The main focus within our own bodies is far more utilitarian. Endocrine, immune,
and vascular systems adjust chemical reactions to maintain equilibria in the face of on-
going attacks from disease and diet. In biology this is calledhomeostasis. In this book,
the regulation of a network is calledcontrol.

It is not our goal to take on biology, computer science, communications, and op-
erations research in a single volume. Rather, the intended purpose of this book is an
introduction to a rapidly evolving engineering discipline. The examples come from
applications where complexity is real, but less daunting than found in the human brain.
We describe methods to model networks in order to capture essential structure, dy-
namics, and uncertainty. Based on these models we explore ways to visualize network
behavior so that effective control techniques can be synthesized and evaluated.
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Modeling and control The operator of an electric power grid hopes to find a network
model that will help form predictions of supply and demand to maintain stability of
the power network. This requires the expertise of statisticians, economists, and power
engineers. The resulting model may provide useful simulations for forecasting, but will
fail entirely for our purposes. This book is about control, and for this it is necessary to
restrict to models that capture essential behavior, but no more.

Modeling for the purposes of control and the development of control techniques for
truly complex networks has become a major research activity over the past two decades.
Breakthroughs obtained in the stochastic networks community provide important tools
that have had real impact in some application areas, such as the implementation of
MaxWeight scheduling for routing and scheduling in communications. Other break-
throughs have had less impact due in part to the highly technical and mathematical
language in which the theory has developed. The goal of this book is to expose these
ideas in the simplest possible setting.

Most of the ideas in this book revolve around a few concepts.

(i) The fluid modelis an idealized deterministic model. In a communication network
a unit of ‘fluid’ corresponds to some quantities of packets; in a power network this
might correspond to a certain number of megawatts of electricity.

A fluid model is often a starting point to understand the impact of topology,
processing rates, and external arrivals on network behavior. Based on the fluid
model we can expose the inherent conflict between short-sighted control objec-
tives, longer-range issues such as recovery from a singular external disruption,
and truly long-range planning such as thedesignof appropriate network topology.

(ii) Refinements of the fluid model are developed to capture variability in supply, de-
mand, or processing rates. Thecontrolled random walkmodel favored in this
book is again a highly stylized model of any real network, but contains enough
structure to give a great deal of insight, and is simple enough to be tractable for
developing control techniques.

For example, this model provides a vehicle for constructing and evaluatinghedg-
ing mechanisms to limit exposure to high costs, and to ensure that valuable re-
sources can operate when needed.

(iii) The concept ofworkloadis developed for the deterministic and stochastic models.
Perhaps the most important concept in this book is theworkload relaxationthat
provides approximations of a highly complex network by a far simpler one. The
approximation may be crude in some cases, but its value in attaining intuition can
be outstanding.

(iv) Methods from the stability theory of Markov models form a foundation in the treat-
ment of stochastic network models. Lyapunov functions are a basis of dynamic
programming equations for optimization, for stability and analysis, and even for
developing algorithms based on simulation.
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What’s in here? The book is divided into three parts. The first part entitledmodeling
and controlcontains numerous examples to illustrate some of the basic concepts devel-
oped in the book, especially those topics listed in (i) and (ii) concerning the fluid and
CRW models. Lyapunov functions and the dynamic programming equations are intro-
duced; Based on these concepts we arrive at the MaxWeight policy along with many
generalizations.

Workload relaxations are introduced in Part II. In these three chapters we show
how a cost function defined for the network can be ‘projected’ to define theeffective
cost for the relaxation. Applications to control involve first constructing a policy for
the low-dimensional relaxation, and then translating this to the original physical system
of interest. This translation step involves the introduction of hedging to guard against
variability.

Most of the control techniques are contained in the first two parts of the book.
Part III entitledStability & Performancecontains an in-depth treatment of Lyapunov
stability theory and optimization. It contains approximation techniques to explain the
apparent solidarity between control solutions for stochastic and deterministic network
models. Moreover, this part of the book develops several approaches to performance
evaluation for stochastic network models.

Who’s it for? The book was created for several audiences. The gradual development
of network concepts in Parts I and II was written with the first-year graduate student
in mind. This reader may have had little exposure to operations research concepts, but
some prior exposure to stochastic processes and linear algebra at the undergraduate
level.

Many of the topics in the latter chapters are at the frontier of stochastic networks,
optimization, simulation and learning. This material is intended for the more advanced
graduate student, as well as researchers and practitioners in any of these areas.
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Chapter 1

Introduction

Network models are used to describe power grids, cellular telecommunications sys-
tems, large scale manufacturing processes, computer systems, and even systems of el-
evators in large office buildings. Although the applications are diverse, there are many
common goals:

(i) In any of these applications one is interested in controlling delay, inventory and
loss. The crudest issue isstability: do delays remain bounded, perhaps in the
mean, for all time?

(ii) Estimating performance, or comparing the performance of one policy over another.
Performance is of course context-dependent, but common metrics are average de-
lay, loss probabilities, or backlog.

(iii) Prescriptive approaches to policy synthesis are required. A policy should have
reasonable complexity; It should be flexible and robust.Robustnessmeans that
the policy will be effective even under significant modelling error.Flexibility
requires that the system respond appropriately to changes in network topology, or
other gross structural changes.

In this chapter we begin in Section1.1with a survey of a few network applications,
and the issues to be explored within each application. This is far from comprehensive.
In addition to the network examples described in the Preface, we could fill several
books with applications to computer networks, road traffic, air traffic, or occupancy
evolution in a large building.1

Although complexity of the physical system is both intimidating and unavoidable
in typical networks, for the purposes of control design it is frequently possible to con-
struct models of reduced complexity that lead to effective control solutions for the
physical system of interest. These idealized models also serve to enhance intuition
regarding network behavior.

Section1.2 contains an outline of the modeling techniques used in this book for
control design and performance evaluation. Section1.3reviews some of the mathemat-
ical prerequisites required to read the remainder of this book.

1Egressfrom a building is in fact a topic naturally addressed using the techniques described in Chap-
ter 7 - See the 1981 paper by Smith and Towsley [452], and the collection of papers [424].

10
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Figure 1.1: Control issues in a production system

1.1 Networks in practice

1.1.1 Flexible manufacturing

Within the manufacturing domain, complexity is most evident in the manufacture of
semiconductors.

A factory where semiconductors are produced is known as a wafer fabrication fa-
cility, or wafer fab[268, 409]. A schematic of a typical wafer fab is show in Figure1.1.
A large wafer fab will produce thousands of wafers each month, and a single wafer can
hold thousands of individual semiconductor chips, depending on the size of the chips.

Control of a wafer fab or any other complex manufacturing facility involves many
issues, including

(i) Resource allocation: Scheduling to minimize inventory, and satisfy constraints
such as deadlines, finite buffers, and maximum processing rates. A key constraint
in manufacturing applications is that one machine can only process one set of
products at a time. This is significant in semiconductor manufacturing where one
product (e.g. a wafer) may visit a single station repeatedly in the course of manu-
facture, and must complete with other products with similar requirements.

(ii) Complexity management: In the manufacture of semiconductors there may be
hundreds of processing steps, and many different products. The control solution
should have reasonable complexity in spite of the complexity of the system.

(iii) Visualization of control solutions: It is not enough for a solution to ‘spit out a
sequence of numbers’ representing service allocations at the stations in the man-
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ufacturing facility. Solutions should be tunable and provide some intuition to the
user.

(iv) Recovery from crisis: When machine failures occur, or preventative maintenance
is called for, the control solution should be modified automatically.

(v) Priorities: The lifetime of a typical semiconductor wafer in a wafer fab may be
more than one month. These typical wafers may sometimes compete with special
hot lotsthat are given high priority due to customer demand or testing.

The International Semiconductor Roadmap for Semiconductors (ITRS) maintains a
website describing the current challenges facing the semiconductor industry [1].

Scheduling policies are developed with each of these goals in mind in Chapters4–
7. Sometimes we are so fortunate that we can formulate policiesthat are nearlyoptimal
when the network is highly loaded (see Chapter9). Methods for approximating perfor-
mance indicators such as mean delay are developed in Chapter8.

1.1.2 The Internet

Figure1.2 shows two subsets of the global Internet. Even a network representing a
small Internet service provider (ISP) can show fantastic complexity.

As illustrated in Figure1.3, many issues arising in control of the Internet or more
general communication networks are similar to those seen in production systems. In
particular, decision making involves scheduling and routing of packets from node to
node across a network consisting of links and buffers. Key differences are,

(i) Individual nodes do not have access to global information regarding buffer levels
and congestion throughout the network. Routing or scheduling decisions must
then be determined using only that information which can be made available.

(ii) Design is thus constrained by limited information. It is also constrained by proto-
cols such as TCP/IP that are an inherent component of the existing Internet.

(iii) The future Internet will carry voice, audio, and data traffic. How can network
resources be distributed fairly to a heterogenous customer population?

Burstiness and periodicity have been observed in Internet communications traffic [275,
500]. Part of the reason for these difficulties lies in the complexdynamics resulting
from a large number of interconnected computers that are controlled based on limited
local information.

In the future it will be possible to obtain much greater relevant information at each
node in the network throughexplicit congestion notification algorithms[275, 185].
The system designer must devise algorithms to make use of this global information
regarding varying congestion levels and network topology.
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Medium-sized ISP National Internet Backbone

Figure 1.2: The Internet is one of the most complex man-made networks
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Figure 1.3: Control issues in the Internet
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1.1.3 Wireless networks

It is evident today that wireless networks are only beginning to impact communica-
tions and computer networking. In a wireless network there are scheduling and routing
decisions that are nearly identical to those faced in management of the Internet. The
resourcesin a multiple-access wireless network include transmission power and band-
width, as well as multiple paths between users and stations.

Wireless networks are subject to significant variability due to fading and path
losses. Consequently, maximal transmission rates can be difficult to quantify, espe-
cially in a multi-user setting.

One significant difference between manufacturing and communication applica-
tions is that achievable transmission rates in a communication system depend upon the
specific coding scheme employed. High transmission rates require long block-lengths
for coding, which corresponds to long delays.

A second difference is that errors resulting from mutual interference from different
users need not result in disaster, as would be the case in, say, transportation! Errors
arising through collisions can be repaired through the miracle of coding, up to a point.
These features make it difficult to quantify the capacity region in a communication
networks, and wireless networks in particular.

1.1.4 Power distribution

Shown in Figure1.4is a map of the California transmission network, which is of course
embedded within the highly complex North American power grid.

Regulation of power networks is further complicated by deregulation. Private
power generators now provide a significant portion of electricity in the U.S., whose
owners seek to extract the maximal profit from the utilities who serve as their clients.
However, the transmission network remains regulated by independent system opera-
tors (ISOs) who attempt to distribute transmission access fairly, and maintain system
reliability.

Among the stated goals of deregulation are increased innovation, efficiency of
power procurement, and reliability of power delivery. The results are often disappoint-
ing:

(i) During the period of 2000–2001, utilities in California saw historic price fluctua-
tions and rolling blackouts. Suspicion of price manipulation was confirmed fol-
lowing the release of phone conversations in which ENRON employees discuss
shutting down power plants in order to drive up prices [450, 94].

(ii) Reliability of the power grid is also dependent on the reliability of the electric
transmission network. We are reminded of its importance by the major black-out
of August 2003 that swept the North-eastern United States and parts of Canada
[4, 172]. Similarly, wildfires in California in 2001 resulted in damaged transmis-
sion lines that subsequently drove up power prices. Private conversations between
ENRON employees reveal that they predicted these natural events would lead to
increased profits [94].
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Figure 1.4: California power grid

(iii) A contributing factor to high power prices in California was the unusually hot
and dry summer in 2000 [3]. This led to higher demand for power, and lower
hydro-power reserves. In a decentralized setting it is difficult to ensure that alter-
nate sources of power reserves will be made available in the face of unexpected
environmental conditions.

Even under average conditions, price and demand for power are periodic, and both
exhibit significant variability. This is illustrated in Figure1.5where demand and prices
are plotted based on data collected in continental Europe during two weeks in 2003 [2].
The high volatility shown in these plots istypical behavior that has persisted for many
years.

A power grid differs from many other network systems in that capacity must meet
demand at every instant of time. If not, the transmission system may become unstable
and collapse, with severe economic consequences to follow. For instance, according to
the U.S. Department of Energy, the overall cost of the blackout of August 2003 was over
4 billion dollars [4, 172]. In order to ensure reliable operation it is necessary to schedule
power generation capacity beyond the expected demand, called power reserves. Hence
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Figure 1.5: Market prices and power demand in continental Europe during the 25th and
26th weeks of 2003. Demand is periodic and shows high variability.

operation of the power grid is based on algorithms for forecasting demand, along with
rules to determine appropriate power reserves.

The operational aspects of scheduling generation capacity in most power markets
can be delineated into two general stages.

STAGE 1 The hour-by-hour demand for power can be predicted reasonably accurately
over the upcoming 24 hour period. The high-capacity generators are scheduled
in the first stage, on a day-ahead basis, based on these predictions. Advance-
planning is necessary since the high-capacity generators require time to ramp-up
or down power production.

STAGE 2 The predicted demand is inevitably subject to error. To ensure system reli-
ability, smaller generators are called upon in the second stage to provide a mar-
gin of excess generation capacity. These generators can ramp-up or ramp-down
power production on a relatively short time scale, and hence can be scheduled on
an hour-ahead basis.

A typical transmission network such as the California network may have hundreds
of nodes, so a detailed model is far too complex to provide any insight into planning
or design. On the other hand, the deterministicDC power flow modelthat is favored in
many recent economic studies ignores important dynamic issues such as limited ramp-
up rates, delayed information, and variability. The DC model can be viewed as a fluid
equilibrium model, of the form used to define network load (see e.g. Chapter4.)

One of the goals of this book is to formulate compromise models that are sim-
ple enough for control design, and for performance approximation to compare control
solutions.

1.2 Mathematical models

In each of these applications one is faced with a control problem:what is the best way
to sequence processing steps, or routing and scheduling decisions to obtain the best
performance?

An essential aspect of control theory is its flexible approach to modeling. For the
purposes of design one typically considers a finite-dimensional, linear, deterministic
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system, even if the physical system is obviously nonlinear, with significant uncertainty
with respect to modeling and disturbances. The idea is that the control system should be
robust to uncertainty, so one should consider the simplest model that captures essential
features of the system to be controlled.

1.2.1 A range of probabilistic models

The networks envisioned here consist of a finite set of stations, each containing a finite
set of buffers. Acustomerresiding at one of the buffers may represent a wafer, a packet,
or a unit of power reserve. One or moreserversprocess customers at a given station,
after which a customer either leaves the network, or visits another station. Customers
arrive from outside the network to various buffers in the network. The interarrival and
service times all exhibit some degree of irregularity.

Consider a network withℓ buffers, andℓu different activities that may include
scheduling, routing, or release of raw material into the system. Some of these buffers
may bevirtual. For example, in a manufacturing model, they may correspond to
backlog or excess inventory. In a power distribution system, a buffer level is interpreted
as the difference between the capacity and demand for power.

A general stochastic model can be described as follows: the vector-valued queue-
length processQ evolves onRℓ

+, and the vector-valued cumulative allocation process
Z evolves onRℓu

+ . Theith component ofZ(t), denotedZi(t), is equal to the cumulative
time that the activityi has run up to timet. The evolution of the queue-length process
is described by the vector equation,

Q(t) = x+B(Z(t)) +A(t), t ≥ 0, Q(0) = x, (1.1)

where the processA may denote a combination of exogenous arrivals to the network,
and exogenous demands for materialsfrom the network. The functionB( · ) represents
the effects of (possibly random) routing and service rates.

The cumulative allocation process and queue-length process are subject to several
hard constraints:

(i) The queue-length process is subject to the state space constraint,

Q(t) ∈ X, t ≥ 0, (1.2)

whereX ⊂ R
ℓ
+ is used to model finite buffers.

(ii) The control rates are subject to linear constraints,

C(Z(t1)−Z(t0)) ≤ 1(t1 − t0), Z(t1)−Z(t0) ≥ 0, 0 ≤ t0 ≤ t1 , (1.3)

where theconstituency matrixC is anℓm × ℓu matrix. The rows ofC correspond
to resourcesr = 1, . . . , ℓm, and the constraint (1.3) expresses the assumption that
resources are shared among activities, and they are limited.
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Stochastic models such as (1.1) have been by far the most popular in queueing
theory. An idealization is thelinear fluid model, described by the purely deterministic
equation,

q(t;x) = x+Bz(t) + αt, t ≥ 0, x ∈ R
ℓ
+, (1.4)

where the stateq evolves in the state spaceX ⊂ R
ℓ
+, and the (cumulative) allocation

processz evolves inR
ℓu
+ . We again assume thatz(0) = 0, and for each0 ≤ t0 ≤ t1 <

∞,
C[z(t1) − z(t0)] ≤ (t1 − t0)1, and z(t1) − z(t0) ≥ 0. (1.5)

The fluid model can also be described by the differential equation

d+

dtq = Bζ + α, (1.6)

whereζ = ζ(t) denotes the right derivative,ζ = d+

dtz.
Two different symbols are used to denote the state processes for the stochastic

and fluid models since much of the development to follow is based on the relationship
between the two models. In particular, the fluid model can be interpreted as the mean
flow of the stochastic model (1.1) on writing,

Q(t) = x+A(t) −B(Z(t)) = x−BZ(t) + αt+N(t), t ≥ 0, (1.7)

whereα andB are interpreted as average values of(A,B), and

N(t) := [A(t) − αt] − [B(Z(t)) −BZ(t)].

Typical assumptions on the stochastic model (1.1) imply that the mean of the process
{N(t)} is bounded as a function of time, and its variance grows linearly witht. Under
these conditions (1.1) can be loosely interpreted as a fluid model subject to the additive
disturbanceN .

1.2.2 What is a good model?

It is impossible to construct a model that provides an entirely accurate picture of net-
work behavior. Statistical models are almost always based on idealized assumptions,
such as independent and identically distributed (i.i.d.) inter-arrival times, and it is often
difficult to capture features such as machine breakdowns, disconnected links, scheduled
repairs, or uncertainty in processing rates.

In the context of economic modeling, Milton Friedman writes... theory is to be
judged by its predictive power for the class of phenomena which it is intended to “ex-
plain” . The choice of an appropriate network model is also determined by its intended
use. For long-range prediction the linear fluid-model has little value, and for predic-
tion alone a detailed model may be entirely suitable. Conversely, a model that gives
an accurate representation of network behavior is likely to be far too complex to be
useful for control design. Fortunately, it is frequently possible to create policies that
are insensitive to modeling error, so that a design based on a relatively naive model will
be effective in practice.
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The controlled differential equation (1.6) can be viewed as astate space model,
as frequently used in control applications, with controlζ, stateq, and state spaceX.
It is instructive to consider how control is typically conceptualized for linear systems
without state-space constraints. Typically, a deterministic ‘fluid’ model similar to (1.6)
is taken as a starting point. If a successful design is obtained, then refinements are
constructed based on a more detailed model that includes prior knowledge regarding
uncertainty and noise. Once these issues are understood, the next step is to consider
response to major structural uncertainty, such as component failure.

If the control engineers at NASA had not understood this point we never would
have made it to the moon! In virtuallyeveryapplication of control, from flight control
to cruise control, design is based on a fluid model described by an ordinary differential
equation. This design is then refined to account for variability and other un-modeled
quantities.

Throughout much of this book we adopt this control-theoretic viewpoint. We find
that understanding a simple network model leads to practical solutions to many network
control problems.

(i) Stability of the model of interest, in the sense of ergodicity, is essentially equiva-
lent to a finite draining time for a fluid model. These connections are explored in
Chapter10.

(ii) Optimality of one is closely related to optimality of the other, with appropriate
notions of ‘cost’ for either model. In particular, the value function for the fluid
control problem approximates the relative value function (the solution to Poisson’s
equation) for the discrete model (see Chapters8–9.)

In the control of linear state space models, Poisson’s equation is known as the
Lyapunov equation, and the solution is known to be a quadratic function of the
state process when the cost is quadratic (see e.g. [331].) Remarkably, the solution
is completely independent of variability, and moreover it coincides with the value
function for an associated ‘fluid model’.

(iii) In the case of network models, the value function for the deterministic fluid model
is known as thefluid value function. This is a piecewise quadratic function when
the cost function is linear. The solution to Poisson’s equation for a stochastic net-
work does not coincide with the fluid value function in general, but the two func-
tions are approximately equal for large state values. This motivates the develop-
ment of algorithms to construct quadratic or piecewise quadraticapproximations
to Poisson’s equation for stochastic networks to bound steady-state performance.
Deterministic algorithms are described in Chapter8.

Approximate solutions to Poisson’s equation such as a carefully chosen quadratic
function, or the fluid value function, are used to construct fast simulation algo-
rithms to estimate performance in Chapter11.

(iv) A convenient approach to the analysis of buffer overflow or any similar disaster is
through the analysis of a fluid model (see Section3.5).
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Again, when it comes to control design (i.e. policy synthesis), a solution obtained from
an idealized model (deterministic or probabilistic) must be refined to account for un-
modeled behavior. This refinement step for networks is developed over Chapters4-11.

1.3 What do you need to know to read this book?

This book makes use of several different sets of tools from probability theory, control
theory, and optimization.

1.3.1 Linear programs

In the theory of linear programming the standardprimal problem is defined as the
optimization problem,

max cTx

s. t.
∑

j aijxj ≤ bi, for i = 1, . . . ,m;
xj ≥ 0, for j = 1, . . . , n.

(1.8)

Its dual is the linear program,

min bTw

s. t.
∑

j ajiwj ≥ ci, for i = 1, . . . , n;
wj ≥ 0, for j = 1, . . . ,m.

(1.9)

The primal is usually written in matrix notation,max cTx subject toAx ≤ b, x ≥ 0;
and the dual asmin bTw subject toATw ≥ c, w ≥ 0.

Any linear programming problem can be placed in the standard form (1.8). For
example, a minimization problem can be reformulated as a maximization problem by
changing the sign of the objective function. An equality constrainty = b can be rep-
resented as two inequality constraints,y ≤ b and−y ≤ −b. In the resulting dual
one finds that the two corresponding variables can be replaced by one variable that is
unrestricted in sign.

Lemma 1.3.1. Letx andw be feasible solutions to (1.8) and (1.9), respectively. Then,
cTx ≤ bTw.

Proof. Feasibility ofx implies thatAx ≤ b andx ≥ 0, while feasibility ofw implies
that c ≤ ATw andw ≥ 0. Putting these four inequalities together gives the desired
bound:

xTc ≤ xTATw = (Ax)Tw ≤ bTw.

⊓⊔

The fundamental theorem of linear program states that the bound obtained in
Lemma1.3.1is tight:
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Theorem 1.3.2. (Duality Theorem of Linear Programming) If either of the linear
programs (1.8) or (1.9) has a finite optimal solution, so does the other, and the corre-
sponding values are equal. If either linear program has an unbounded optimal value,
then the other linear program has no feasible solution. ⊓⊔

Luenberger is an excellent introduction to these topics [342].

1.3.2 Some Probability Theory

Until Part III this book requires little knowledge of advanced topics in probability. It
is useful to outline some of this advanced material here since, for example, the Law of
Large Numbers and the Central Limit Theorem for martingales and renewal processes
serves as motivation for the idealized network models developed in Parts I and II.

The starting point of probability theory is theprobability space, defined as the
triple (Ω,F ,P) with Ω an abstract set of points,F a σ-field of subsets ofΩ, andP a
probability measure onF . A mappingX : Ω → X is called arandom variableif

X−1{B} := {ω : X(ω) ∈ B} ∈ F
for all setsB ∈ B(X): that is, ifX is a measurable mapping fromΩ to X.

Given a random variableX on the probability space(Ω,F ,P), we define theσ-
field generated byX, denotedσ{X} ⊆ F , to be the smallestσ-field on whichX is
measurable.

If X is a random variable from a probability space(Ω,F ,P) to a general mea-
surable space(X,B(X)), andh is a real valued measurable mapping from(X,B(X))
to the real line(R,B(R)) then the composite functionh(X) is a real-valued random
variable on(Ω,F ,P): note that some authors reserve the term “random variable” for
such real-valued mappings. For such functions, we define theexpectationas

E[h(X)] =

∫

Ω
h(X(ω))P(dw)

The set of real-valued random variablesY for which the expectation is well-defined and
finite is denotedL1(Ω,F ,P). Similarly, we useL∞(Ω,F ,P) to denote the collection
of essentially bounded real-valued random variablesY ; That is, those for which there is
a boundM and a setAM ⊂ F with P(AM ) = 0 such that{ω : |Y (ω)| > M} ⊆ AM .

Suppose thatY ∈ L1(Ω,F ,P) and G ⊂ F is a sub-σ-field of F . If Ŷ ∈
L1(Ω,G,P) and satisfies

E[Y Z] = E[Ŷ Z] for all Z ∈ L∞(Ω,G,P)

thenŶ is called theconditional expectationof Y givenG, and denotedE[Y | G]. The
conditional expectation defined in this way exists and is unique (moduloP-null sets)
for anyY ∈ L1(Ω,F ,P) and any subσ-field G.

Suppose now that we have anotherσ-fieldH ⊂ G ⊂ F . Then

E[Y | H] = E[E[Y | G] | H]. (1.10)

The identity (1.10) is often called “the smoothing property of conditional expectations”.

Copyright Cambridge University Press 2007. On-screen viewing permitted. Printing not permitted. 
http://www.cambridge.org/us/catalogue/catalogue.asp?isbn=9780521884419



Control Techniques for Complex Networks Draft copy April 22, 2007 22

1.3.3 Random walks

Random walks are used in this book to model the cumulative arrival process to a net-
work, as well as cumulative service at a buffer. The reflected random walk is a model
for storage and queueing systems.

Both are defined by taking successive sums of independent and identically dis-
tributed (i.i.d.) random variables.

Definition 1.3.1.Random Walks

Suppose thatX = {X(k); k ∈ Z+} is a sequence of random variables defined by,

X(k + 1) = X(k) + E(k + 1), k ∈ Z+

whereX(0) ∈ R is independent ofE , and the sequenceE is i.i.d., taking values inR.
ThenX is called arandom walkon R.

Suppose that the stochastic processQ is defined by the recursion,

Q(k + 1) = [Q(k) + E(k + 1)]+ := max(0, Q(k) + E(k + 1)) , k ∈ Z+,

where againQ(0) ∈ R, andE is an i.i.d. sequence of random variables taking values
in R. ThenQ is called thereflected random walk. .

Consider the following two models for comparison: For a fixed constanta > 0, let
Lu denote the uniform distribution on the interval[0, a], andLd the discrete distribution
supported on the two points{a/3, a} with

Ld{a/3} = 1 − Ld{a} = 3/4.

ThenLu andLd have common first and second moments given bya/2 and a2/3,
respectively.

Let Eu denote an i.i.d. sequence with marginal distributionLu. We then construct
an i.i.d. sequenceEd with marginal distributionLd consistently as follows:

Ed(k) =

{
a/3 if Eu(k) ≤ 3/4

a otherwise

We then simulate the four random walk models,

Xu(t+ 1) = Xu(t) + Eu(t+ 1),

Qu(t+ 1) = [Qu(t) + Eu(t+ 1) − 1 − a/2]+,

Xd(t+ 1) = Xd(t) + Ed(t+ 1),

Qd(t+ 1) = [Qd(t) + Ed(t+ 1) − 1 − a/2]+, t ≥ 0,

with common initial conditionXu(0) = Qu(0) = Xd(0) = Qd(0) = 0. The introduc-
tion of the constant term in the reflected processesQu andQd is used to enforce the
negative drift condition
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E[Qu(t+ 1)−Qu(t)|Qu(t) = x]

= E[Qd(t+ 1) −Qd(t)|Qd(t) = x]

= E[Eu(t+ 1) − 1 − a/2] = −1, t ≥ 0, x ≥ 1 + a/2.

The plots shown in Figure1.6 illustrate results from a simulation of all four pro-
cesses in the special casea = 10, based on a single sample path of the i.i.d. process
Eu. The two unreflected random walks show nearly identical behavior, and each grows
linearly with slope given by the mean value12a = 5. The sample paths of the two
reflected random walks also show very similar qualitative behavior.
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Figure 1.6: Simulation of all four random walks with increment distributions supported
on [0, 10]. The plot at left shows two un-reflected random walks, and the plot at right
shows the two reflected processes.

For a stochastic process in continuous-time there is a natural analog of the random
walk: A continuous-time, real-valued stochastic processX hasindependent increments
if for each choice of time points0 ≤ t0 < t1 < · · · < tn, the random variables
{X(tk+1) −X(tk) : k = 0, . . . , n − 1} are independent.

A one-dimensionalBrownian motionis an independent increment process with
continuous sample paths. The independence of the increments implies that the variance
ofX(t) is increasing witht. In the standard Brownian motion the mean ofX(t) is taken
to be zero, and we have

Var[X(t1) −X(t0)] = E[(X(t1) −X(t0))
2] = t1 − t0, 0 ≤ t0 ≤ t1 <∞.

We also consider in this book thereflected Brownian motion(RBM) with drift −δ ∈ R

defined through the equation,

W (t) = w − δt+ I(t) + σX(t), t ≥ 0, W (0) = w ∈ R+, (1.11)

whereX is a standard Brownian motion,σ > 0 is a constant, andI is an increas-
ing process that defines the reflection. The following two properties characterize this
reflection process:
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(i) W (t) ≥ 0 for all t ≥ 0, (ii)
∫ ∞

0
W (t) dI(t) = 0.

The second requirement means thatI(t) cannot increase whenW (t) > 0.
For background on Brownian motion and RBMs see [234, 76, 285, 445]. Although

models based on Brownian motion often have explict solutions, which is a great asset
in analysis, the theory of Brownian motion is not really a prerequisite to understanding
the concepts in this book. Chapters in this book are organized so that sections that treat
models based on Brownian motion can be skipped without breaking continuity.

1.3.4 Renewal processes

Renewal processes are used to model service-processes as well as arrivals to a network
in standard books on queueing theory [114, 23]. The general renewal process is defined
as follows.

Definition 1.3.2.Renewal process

Let{E(1), E(2), . . .} be a sequence of independent and identical random variables with
distribution functionΓ on R+, and letT denote the associated random walk defined
by T (n) = E(1) + · · · + E(n), n ≥ 1, with T (0) = 0. Then the (undelayed) renewal
process is the continuous-time stochastic process, taking values inZ+, defined by,

R(t) = max{n : T (n) ≤ t}.

The sample paths of a renewal process are piecewise constant, with jumps at there-
newal times{T (n) : n ≥ 1}.

A renewal processR takes on integer values and is non-decreasing, so that the
quantityR(t1) − R(t0), t0, t1 ∈ R+, can be used to model the number of arrivals
during the time-interval(t0, t1], or the number of service completions for a server that
is busy during this time-interval.

The most important example of a renewal process is the standardPoisson process,
in which the processE has an exponential marginal distribution. The Poisson process
is also another example of a stochastic process with independent increments, whose
distribution is expressed as follows: For eachk ≥ 0 and0 ≤ t0 ≤ t1 <∞,

P{R(t1) −R(t0) = k} =

(
µ(t1 − t0)

)k

k!
eµ(t1−t0) .

Proposition1.3.3summarizes some basic results. More structure is described in As-
mussen [23].

Proposition 1.3.3. Let R be a renewal process, and suppose that the incrementsE

have finite meanµ−1 = E[E(t)], and finite varianceσ2 = E[E(t)2] − µ−2. Then, as
t→ ∞,

(i) t−1R(t) → µ with probability one;
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(ii) t−1
E[R(t)] → µ;

(iii) t−1Var[R(t)] → σ2µ3.
⊓⊔

1.3.5 Martingales

A sequence of integrable random variables{M(t) : t ∈ Z+} is calledadapted to an
increasing family ofσ-fields{Ft : t ∈ Z+} if M(t) is Ft-measurable for eacht. The
sequence is called amartingale if E[M(t + 1) | Ft] = M(t) for all t ∈ Z+, and a
supermartingaleif E[M(t+ 1) | Ft] ≤M(t) for t ∈ Z+.

A martingale difference sequence{Z(t) : t ∈ Z+} is an adapted sequence of
random variables such that the sequenceM(t) =

∑t
i=0 Z(i), t ≥ 0, is a martingale.

The following result is basic:

Theorem 1.3.4. (Martingale Convergence Theorem) LetM be a supermartingale,
and suppose that

sup
t

E[|M(t)|] <∞.

Then{M(t)} converges to a finite limit with probability one.

If {M(t)} is a positive, real valued supermartingale then by the smoothing prop-
erty of conditional expectations (1.10),

E[|M(t)|] = E[M(t)] ≤ E[M(0)] <∞, t ∈ Z+

Hence we have as a direct corollary to the Martingale Convergence Theorem

Theorem 1.3.5. A positive supermartingale converges to a finite limit with probability
one.

Since a positive supermartingale is convergent, it follows that its sample paths are
bounded with probability one. The following result gives an upper bound on the mag-
nitude of variation of the sample paths of both positive supermartingales, and general
martingales.

Theorem 1.3.6. (Kolmogorov’s Inequality for Martingales)

(i) If M is a martingale then for eachc > 0, n, p ≥ 1,

P{ max
0≤t≤n

|M(t)| ≥ c} ≤ 1

cp
E[|M(n)|p]

(ii) If M is a positive supermartingale then for eachc > 0

P{ sup
0≤t≤∞

M(t) ≥ c} ≤ 1

c
E[M(0)]
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Closely related is the Strong Law of Large Numbers for martingales.
Theorem1.3.7(i) follows from the Martingale Convergence Theorem1.3.4applied

to the martingale,

Mb(t) =
t∑

i=1

M(t) −M(t− 1)

t
, t ≥ 0.

The conditions of Theorem1.3.4hold, so thatM b is convergent with probability one.
The result then follows from Kronecker’s Lemma, or summation by parts,

1

T
(M(T ) −M(0)) =

1

T

T∑

t=1

{M(t) −M(t− 1)} = Mb(T ) − 1

T

T−1∑

t=0

Mb(t).

The right hand side vanishes wheneverM b is convergent. Theorem1.3.7 (ii) is
Azuma’s Inequality [32, 217].

These results, and related concepts, can be found in Billingsley [65], Chung [112],
Hall and Heyde [227], and of course Doob [145].

Theorem 1.3.7. (Laws of Large Numbers for Martingales) Suppose thatM is a
martingale. Then,

(i) If M satisfies theL2 bound,

sup
t

E[|M(t) −M(t− 1)|2] <∞,

then the Strong Law of Large Numbers holds,

lim
T→∞

1

T
M(T ) = 0 a.s.

(ii) Suppose moreover that the increments of the martingale areuniformly bounded:
For some constantbM <∞ and eacht ≥ 1,

|M(t) −M(t− 1)| ≤ bM a.s..

Then, for eachε ∈ (0, 1], T > 0,

P{M(T ) ≥ Tε} ≤ exp
(
−1

2
ε2

b2M
T

)
.

We now turn to approximation of a martingale with a Brownian motion. Consider
the sequence of continuous functions on[0, 1],

Xn(t) :=M(⌊nt⌋)+ (nt−⌊nt⌋)
[
M(⌊nt⌋+1)−M(⌊nt⌋)

]
, 0 ≤ t ≤ 1. (1.12)

The functionXn(t) is piecewise linear, and is equal toM(i) whent = i/n for 0 ≤ t ≤
1. In Theorem1.3.8below we give conditions under which the normalized sequence
{n−1/2Xn(t) : n ∈ Z+} converges to a standard Brownian motion on[0, 1]. This
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result requires some care in the definition of convergence for a sequence of stochastic
processes.

Let C[0, 1] denote the normed space of all continuous functionsφ : [0, 1] → R

under the uniform norm, which is defined as

‖φ‖∞ = sup
0≤t≤1

|φ(t)|.

The vector spaceC[0, 1] is a complete, separable metric space, and hence the theory of
weak convergence may be applied to analyze measures onC[0, 1].

The stochastic processXn possesses a distributionµn, which is a probability mea-
sure onC[0, 1]. We say thatXn converges in distributionto a stochastic processX
asn → ∞, which is denotedXn w−→ X, if the sequence of measuresµn converge
weakly to the distributionµ of X. That is, for any bounded continuous functionalh on
C[0, 1],

E[h(Xn)] → E[h(X)] asn→ ∞. (1.13)

To prove convergence we use the following key result which is a consequence of
Theorem 4.1 of [227]. Assumption (i) is the existence of a finite limiting variance for
the increments of the martingale, and (ii) provides a bit more control on the tails.

Theorem 1.3.8. (Functional Central Limit Theorem) Let (M(t),Ft) be a square
integrable martingale, so that for alln ∈ Z+

E[M(n)2] = E[M(0)2] +

n∑

k=1

E[(M(k) −M(k − 1))2] <∞,

and suppose that the following conditions hold with probability one:

(i) For some constant0 < γ2 <∞,

lim
n→∞

1

n

n∑

k=1

E[(M(k) −M(k − 1))2|Fk−1] = γ2 (1.14)

(ii) For eachε > 0,

lim
n→∞

1

n

n∑

k=1

E[(M(k) −M(k − 1))21{(M(k)−M(k−1))2≥εn}|Fk−1] = 0. (1.15)

Then(γ2n)−1/2Xn w−→ X , whereX is a standard Brownian motion on[0, 1]. ⊓⊔

1.3.6 Markov models

The Markov chains that we consider evolve on a countable state space, denotedX. The
chain itself is denotedX = {X(t) : t ∈ Z+}, with transition law defined by the
transition matrixP :

P{X(t + 1) = y | X(0), . . . ,X(t)} = P (x, y), x, y ∈ X. (1.16)
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Examples of Markov chains include both the reflected and unreflected random walks
defined in Section1.3.3. The independence of theE guarantees the Markovian property
(1.16).

The transition matrix is viewed as a (possibly infinite-dimensional) matrix. Like-
wise, a functionc : X → R can be viewed as a column vector, and we can express
conditional expectations as a matrix-vector product,

E[c(X(t + 1)) | X(t) = x] = Pc (x) :=
∑

y∈X

P (x, y)c(y), x ∈ X.

More generally, the matrix product is defined inductively byP 0(x, y) = 1{x=y} and
for n ≥ 1,

Pn(x, y) =
∑

P (x, z)Pn−1(z, y), x, y ∈ X. (1.17)

Based on this we obtain the representation,

E[c(X(t + n)) | X(t) = x] = Pnc (x), x ∈ X, t ≥ 0, n ≥ 1. (1.18)

Central to the theory of Markov chains is the following generalization, known as
the strong Markov property. Recall that a random timeτ is called astopping timeif
there exists a sequence of functionsfn : X

n+1 → {0, 1}, n ≥ 0, such that the event
{τ = n} can be expressed as a function of the firstn samples ofX,

{τ = n} = fn(X(0), . . . ,X(n)), n ≥ 0.

We write this as{τ = n} ∈ Fn, where{Fk : k ≥ 0} is the filtration generated byX.
We letFτ denote theσ-field generated by the events “beforeτ ”: that is,

Fτ := {A : A ∩ {τ ≤ n} ∈ Fn, n ≥ 0}.

Proposition 1.3.9. Let τ be any stopping time andf : X → R any bounded function.
Then, for each initial condition

E[f(X(t+ τ)) | Fτ ] = EX(τ)[f(X(t))].

In particular, for the simple stopping timeτ ≡ 1 we have,

E[f(X(t+ 1)) | X(0),X(1)] = EX(1)[f(X(t))] = P tf (X(1)). (1.19)

⊓⊔

A self-contained treatment of stability theory for Markov chains is contained in
AppendixA. Much of the discussion is devoted to the following two linearequations:

(i) Invariance equation:
πP = π, (1.20)

whereπ is seen as a row vector, andP as a matrix. Hence (1.20) may be expressed,
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∑

x∈X

π(x)P (x, y) = π(y), y ∈ X.

We seek a solution that is positive,π(x) ≥ 0 for x ∈ X, with
∑

x π(x) = 1
so thatπ defines a probability distribution onX. Given aπ-integrable function
f : X → R we denote thesteady-state meanby π(f) :=

∑
x∈X

π(x)f(x).

(ii) Poisson’s equation: Given aπ-integrable functionf : X → R, called theforcing
function, we letη := π(f) and seek a functionh : X → R satisfying

Ph = h− f + η. (1.21)

A solutionh to Poisson’s equation is also called arelative value function.

In (1.21) the relative value function is seen as a column vector, so that (1.21) is
equivalently expressed,

∑

y

P (x, y)h(y) = h(x) − f(x) + η x ∈ X.

LettingD = P−I denote the difference operator, the two equations can be written,

πD = 0 and Dh = −f + η (1.22)

Solutions to (1.22) are used to address issues surrounding stability and performance in
a Markov model. The existence ofπ leads to ergodic theorems such as,

n−1
n−1∑

t=0

f(X(t)) → η, n→ ∞

E[f(X(t))] → η, t→ ∞.

(1.23)

The existence ofh leads to finer results:

(i) The relative value function is central to optimal control wheref is a one-step cost
function (see Chapter9).

(ii) Approximate solutions to Poisson’s equation lead to direct performance bounds
(e.g. estimates ofη). Results of this kind are developed in Section8.6 and Sec-
tion 8.7.2, based on the general theory of Markov chains surveyed in Appendix A.

(iii) The solution to Poisson’s equation allows us to construct the martingale:

M(t) =
( t−1∑

i=0

f(X(i))
)

+ h(X(t)) − ηt, t ≥ 1.

Under suitable stability conditions onX, this leads to theCentral Limit Theorem,

1√
n

n−1∑

0

(f(X(t)) − η)
w−→ N(0, γ2), n→ ∞,
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Figure 1.7: The M/M/1 queue: In the stable case on the left we see that the process
Q(t) appears piecewise linear, with a relatively small high frequency ‘disturbance’.
The process explodes linearly in the unstable case shown at right.

where theasymptotic variancehas several representations. In terms of the relative
value function it can be expressed,

γ2 = π(2h(f − η) − π((f − η)2).

Hence Poisson’s equation provides tools for addressing performance of simula-
tors. These ideas are developed in Chapter11.

8000 1200010000 14000

Q(t)

10

20

30

t

Figure 1.8: A close-up of the trajectory shown on the left hand side of Figure1.7with
load ρ = 0.9 < 1. After a transient period, the queue length oscillates around its
steady-state mean of9.

A standard queueing model is one of the simplest examples of a Markov chain,
and is also an example of the reflected random walk described in Definition1.3.1:

Example 1.3.1.The M/M/1 queue

The transition function for theM/M/1 queueis defined as

P(Q(t+ 1) = y | Q(t) = x) = P (x, y) =

{
α if y = x+ 1

µ if y = (x− 1)+,
(1.24)

whereα denotes the arrival rate to the queue,µ is the service rate, and these parameters
are normalized so thatα+ µ = 1.
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The invariant measureπ exists if and only if theload conditionholds,ρ :=α/µ <
1, and in this caseπ(k) = (1− ρ)ρk for k ≥ 0. The existence of an invariant measure
π is interpreted as a form of stability for the queueing model, so that the sample path
behavior looks like that shown in the left hand side of Figure1.7and in Figure1.8.
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1.4 Notes

Prediction and control in networks has been the subject of intense research over the
past ten years, but network modeling is far from a mature research area. Each sub-
discipline tends to focus on a particular class of models. In particular, equilibrium fluid
models are favored in analysis of routing algorithms, and in economic studies of electric
power reserves. Research on scheduling has focused primarily on stochastic models of
the form (1.1), or specialized versions of this model for the purposes of performance
approximation.

The formulation of control solutions for stochastic network models such as (1.1)
based on a simple fluid model (1.4) has a significant history - see for Vandergraft [478],
Chen and Mandelbaum [97], Perkins and Kumar [395, 396, 394], and their references.
Optimization of the fluid model is treated in a series of papers since Anderson and
Nash’s 1987 book on infinite-dimensional linear programming [17]. Some history is
included at the end of Chapter4.

Extensions of the linear fluid model (1.4) that include bursty arrival rates and bursty
service rates are developed for the purposes of network control and design in Newell’s
monograph [385] and Kleinrock’s monograph [306]. Similar models are considered
in the work of Cruz et. al. [121, 6] in applications to computer and communications
systems.

Theory to support this approach for policy synthesis is relatively new. An impor-
tant milestone is Dai [126], following Rybko and Stolyar in [420]. The foundation of
this work is themultistep drift criterionfor stability of Markov chains of Malyšhev
and Men’šikov [347, 367]. Thefluid limit criterion for stability that emerges from this
work is one focus of Chapter10, based on Lyapunov theory developed in Chapter8,
along with stability theory for Markov chains surveyed in the appendix.

The RBM model (1.11) is one foundation of theheavy-trafficapproach to stochas-
tic networks. The concept as well as the term ‘heavy-traffic’ goes back to King-
man [303, 304], in which the waiting time in the single server queue is approximated
by an exponential distribution through a central limit scaling. In his review of [304]2,
Newell writes thatQueueing theory, which has endured a long period in which people
treated one example after another, is finally breaking out of its confinement to inde-
pendent arrivals, service times, etc.Newell’s book [385], which emphasizes fluid and
diffusion models for the purposes of design, was influenced in part by Kingman’s con-
tributions.

Diffusion models have grown in importance in a variety of related fields. In the
operations research community the application of RBM models began to expand fol-
lowing the 1985 monograph of Harrison [232, 234]. Similar in flavor is the multiplica-
tive Brownian motion introduced by Black and Scholes to solve problems in options
pricing [66]. Here again, this class of models may not have great predictive power, but
the insight gained through this framework has generated wealth among some, and a
Nobel prize for Merton and Scholes in 1997.

More history on Brownian models is contained in the Notes for Chapter5.

2AMS Mathematical Reviews MR0148146

Copyright Cambridge University Press 2007. On-screen viewing permitted. Printing not permitted. 
http://www.cambridge.org/us/catalogue/catalogue.asp?isbn=9780521884419



Control Techniques for Complex Networks Draft copy April 22, 2007 33

This book provides foundations for resource allocation and performance evalu-
ation, but cannot go too deeply into specific issues in each possible application. A
notable example is the area of Internet congestion control where there are many con-
straints due to the reliance on architecture and algorithms designed in the 1970’s.
Srikant’s monograph [459] treats this problem in-depth using a range of techniques,
including variants of methods described in this book.

Although much of this book concerns the construction and analysis of algorithms
to construct feedback laws for control, to bound performance, or to improve simulation,
this book does not contain any theory of algorithms. In particular, we do not touch
upon complexity theory for algorithms as described in [390, 391, 392, 115, 46, 196],
although this theory is the most important motivation for the approximation techniques
developed in the book.

The optimal control problems posed in this book are primarilycentralizedin the
sense that there is a centralized decision maker that possesses complete information. A
decentralizedcontrol solution is one that can be implemented based on local informa-
tion, such as nearby congested links.

For a physical network such as the Internet, or the North American power grid, a
centralized control framework is absurd! For example, in a power distribution system
generators may be owned by different companies, who supply power to various utilities,
using power lines managed by different system operators. Methods from game theory
can be applied to study the consequences of potential outcomes in a decentralized non-
cooperative setting [35, 411]. We do not address any of these game-theoretic issues.
However, the centralized optimal policy can be used as a benchmark against which the
performance of a decentralized system is evaluated.

Moreover, we do consider classes of policies that can be implemented using only
local information. One example is the class of MaxWeight policies introduced in Sec-
tion 4.8. These are a subset ofmyopic policies. In some cases it can be shown that
a myopic policy is approximately optimal if the network is congested, or the network
load is high (see Chapter9 and Theorem10.0.1.)
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Chapter 2

Examples

In this chapter we introduce many of the modeling and control concepts to be devel-
oped in this book through several examples. The examples in this chapter are extremely
simple, but are intended to convey key concepts that can be generalized to more com-
plex networks. We will return to each of these examples over the course of the book to
illustrate various techniques.

A natural starting point is the single server queue.

2.1 Modeling the single server queue

The single server queue illustrated in Figure2.1 is a useful model for a range of very
different physical systems. The most familiar example is the single-line queue at a
bank: Customers arrive to the bank in a random manner, wait until they reach the head
of the line, are served according to their needs and the abilities of the teller, and then
exit the system. In the single server queue we assume that there is a single line, and
only one bank teller. To understand how delays develop in this system we must look
at average time requirements of customers and the rate of arrivals to the bank. Also,
variability of service times or inter-arrivals times of customers has a detrimental effect
on average delays.

α
µ

Figure 2.1: single server queue

Even in this very simple system there are control and design issues to consider.
Is it in the best interest of the bank to reserve a teller to take care of customers with
short time requirements? Or, perhaps it is more profitable to invest in customers who
have large accounts to provide high service to those customers that are most valuable
to the bank. In a very different application the queue models an unreliable machine,
such as one used for lithography in a wafer fab, and it is necessary to schedule routine
maintenance based on environment and the history of prior maintenance.

35
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These control issues will be revisited later in the book. Here we concentrate on
modeling the single server queue in a variable but stationary environment.

Typical mathematical models assume that the interarrival times are i.i.d., service
times are i.i.d., and that service and arrival processes are mutually independent. This is
known as theGI/G/1 queue.

Definition 2.1.1.The GI/G/1 Queue

Suppose the following assumptions hold:

(i) Customers arrive to the queue at timepointsT a(0) = 0, T a(1) = Ea(1),
T a(2) = Ea(1) + Ea(2), . . . where the interarrival times{Ea(i) : i ≥ 1}, are
independent and identically distributed random variables, distributed as a random
variableEa with distribution defined byGa(−∞, r] = P(Ea ≤ r), r ≥ 0.

(ii) The nth customer brings a job requiring serviceEs(n) where the service times
are independent of each other and of the interarrival times, and are distributed as
a variableEs with distributionGs(−∞, r] = P(Es ≤ r), r ≥ 0.

(iii) The arrival and service rates are denotedα andµ, respectively, so that a typical
service timeEs has meanµ−1, and a typical inter-arrival timeEa has meanα−1.

(iv) Customers are served in order of arrival. This is thefirst-in first-out (FIFO)
service discipline.

Let {Ra(t), Rs(t)} denote the renewal processes associated with the i.i.d. sequences
{Ea(i), Es(i) : i ≥ 1}, defined in Definition1.3.2. Then, the queue length at timet in
the GI/G/1 queue is expressed,

Q(t) = x−Rs(Z(t)) +Ra(t), t ≥ 0, (2.1)

whereQ(0) = x is the initial condition, thecumulative allocation process(or cumula-
tive busy time)Z is continuous withZ(0) = 0, and

0 ≤ Z(t1) − Z(t0) ≤ t1 − t0, 0 ≤ t0 ≤ t1 <∞.

In the GI/G/1 queue it is assumed thatZ is defined by thenon-idling policy,

d+

dtZ(t) =

{
1 if Q(t) ≥ 1.

0 otherwise.

The notation was introduced by Kendall [295, 296]: GI for general independent
input, G for general service time distributions, and 1 for a single server system.

A theme in this book is that a detailed model may be too complex to synthesize and
analyze control solutions. Conversely, it is often possible to construct tractable models
that capture essential dynamics, and in particular carry enough structure to generate
and evaluate control solutions.
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A basic example is theControlled random walk(CRW) model. The CRW model
for the single server queue is defined by the one-dimensional recursion,

Q(t+ 1) = Q(t) − S(t+ 1)U(t) +A(t+ 1), t ∈ Z+, (2.2)

where the sequence(A,S) is i.i.d., and we typically assume that each of these pro-
cesses takes integer values. Theallocation sequenceU satisfies0 ≤ U(t) ≤ 1. The
non-idling policy is defined fort ≥ 0 by U(t) = 1(Q(t) ≥ 1). Multi-dimensional
versions of the CRW model are developed in subsequent chapters.

If the arrival process for the general continuous time model (2.1) is Poissonthen
the queue is called anM/G/1 queue. We will find that in this case a CRW model can be
obtained via sampling: A special case is considered in the following subsection, and
generalizations are discussed in Sections4.1and5.2. In Section2.1.2it is argued that
the CRW recursion is a reasonableapproximationfor many queueing models.

In Sections2.1.3and2.1.4we will see how the GI/G/1 queue can be approximated
by a simpler continuous-time model under “heavy traffic” conditions, or for a large
initial condition.

2.1.1 Sampling

The M/M/1 queueis the special case in which the renewal processesRa andRs are
independent Poisson processes, so that

Ga(x) = 1 − e−αx, Gs(x) = 1 − e−µx, x ≥ 0.

A sampling technique known asuniformizationis described as follows: LetR be a
Poisson process with rateα+ µ, and renewal times denoted

T (n) = E(1) + · · · + E(n), n ≥ 1.

Based onT we construct two Poisson processesRa andRs with parameterα andµ,
respectively, so thatR is expressed as the point-wise sum,

R(t) = Ra(t) +Rs(t), t ≥ 0.

The two processes are initialized byRa(0) = Rs(0) = 0, and remain constant on
the time-interval[T (k), T (k+1)) for k ≥ 0. At each timeT (k) with k ≥ 1, a (biased)
coin is flipped, independent ofR, with probability of heads given byα/(µ + α). If
a ’heads’ appears, then the timeT (k) is interpreted as an arrival, so thatRa(T (k)) =
Ra(T (k)−) + 1 andRs(T (k)) = Rs(T (k)−). Otherwise, the time is interpreted as
a (potential) service completion, andRs(T (k)) = Rs(T (k)−) + 1. The resulting
processesRa andRs are Poisson and have the desired properties. We then have,

Proposition 2.1.1. Consider the M/M/1 queue (under the non-idling policy) defined
by the renewal processesRa and Rs. The sampled process defined byQ(k) :=
Q(T (k)), k ≥ 0, can be described by the CRW model (2.2), where the statistics of
the i.i.d. sequence(A,S) are described as follows:A is i.i.d. with Bernoulli marginal
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andS(k) = 1 −A(k). The queue-length processQ is a Markov chain, with transition
matrix,

P (x, y) =

{
α

α+µ y = x+ 1
µ

α+µ y = [x− 1]+

⊓⊔

2.1.2 Approximation

A renewal process can be approximated by a random walk, and in this way the GI/G/1
queue is approximated by a CRW recursion.

Consider a general renewal processR whose increment process possesses a finite
second moment. By Proposition1.3.3, we know that

t−1
E[R(t)] → µ, and t−1Var[R(t)] → σ2µ3 , t→ ∞,

whereµ−1 andσ2 denote the common mean and variance of the increment variables
{E(i) : i ≥ 1}.

We wish to construct a stochastic processX = {X(k) : k ≥ 0} that shares
these asymptotic properties. LetX denote the random walk defined byX(0) = 0,
andX(k) =

∑k
i=1 Ex(i) for k ≥ 1, whereEx = (Ex(i) : i ≥ 1) consists of i.i.d.

nonnegative random variables. Given a sampling incrementTs > 0 we define the
sampling timestk = kTs for k ≥ 0, and choose the distribution ofEx so that the
random variablesR(kTs) andX(k) have approximately the same distribution fork ≥
1. Consideration of largek suggests the two restrictions,

E[Ex(1)] = µTs and Var[Ex(1)] = σ2µ3Ts. (2.3)

Note that the random walkX is not an exact representation ofR, but shares some of
its asymptotic properties.

This building block can be used to construct a controlled random-walk model to
approximate virtually any queueing system, even when the service times are determin-
istic (see Exercise3.3.)

2.1.3 Heavy-traffic and Brownian models

The load for a single server queue is defined to be the ratio of the arrival and service
rates,ρ := α/µ. If ρ > 1 then the mean inter-arrival time is less than the mean service
time, and the queue cannot possibly keep up with the flow of customers. Consequently,
the queue lengthQ(t) diverges ast→ ∞.

Shown in Figure2.2 is a sample path of the sampled M/M/1 queue started at zero
with loadρ = 0.9. The queue length decreases linearly, and then ‘oscillates’ near the
boundary of the state spaceZ+. The trajectory for the fluid model shown at right is
similar.

The approximation of a renewal processR by a random walkX may be highly
accurate inheavy-traffic, which means thatρ < 1 is very nearly unity. To make this
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precise we demonstrate that the GI/G/1 queue can be approximated by areflected Brow-
nian motionin which the driving noise is Gaussian. This approximation is illustrated
in Figure1.8 in the stable regime withρ = 0.9, where the sample path behavior does
look similar to that of the RBM (1.11) with δ > 0.

Consider a GI/G/1 queue in which the service times and inter-arrival times that
defineRs andRa have finite first and second moments. It is assumed thatρ = 1, so
that α = µ, and we fix a constantδ > 0. From this single model, we construct a
parameterized family of models with queue-length process denoted{Q̃κ

: κ ≥ 1}, and
load equal toρκ = 1 − κ−1µ−1δ < 1.

For eachκ ≥ 1, the service process is defined by the renewal processRs, and the
arrival process is scaled as follows:

Raκ(t) = Ra(t(1 − κ−1µ−1δ)), t ≥ 0.

The arrival rate is thusακ = µ− κ−1δ, which gives the desired form for the loadρκ.
Define forκ ≥ 1,

Qκ(t;x) = κ−1Q̃κ(κ2t;κx),

Iκ(t;x) = κ−1[Rs(κ2t) −Rs(Z(κ2t;κx))], t ≥ 0, x ∈ R+,
(2.4)

where in this definition the initial condition for̃Q
q

is taken to beκx. Consequently,
we must restrict tox satisfyingκx ∈ Z+. The processIκ is interpreted as the idleness
process for the scaled queue-length processQκ.

From the representation (2.1) for Q̃ we obtain the following representation forQκ:

Qκ(t;x) = x+ Iκ(t;x) − κ−1
(
Rs(κ2t) − κ2tµ

)

+ κ−1
(
Ra((κ2 − κµ−1δ)t) − (κ2 − κµ−1δ)µt

)

− κ−1
(
κ2µ− (κ2 − κµ−1δ)µ

)
t, t ≥ 0.

The centering ofRa andRs is done so that the scaled process can be expressed as,

Qκ(t;x) = x+ Iκ(t;x) − δt+Nκ(t),

whereNκ is the sum of the scaled and centered renewal processes,

Nκ(t) :=Naκ(t) −N sκ(t)

:= κ−1
(
Ra((κ2 − κµ−1δ)t) − (κ2 − κµ−1δ)µt

)
− κ−1

(
Rs(κ2t) − κ2tµ

)

The Central Limit Theorem implies that the distribution ofNκ(t) is approximately
Gaussian for largeκ, with first and second moment approximated by,

E[Nκ(t)] ≈ 0, Var[Nκ(t)] ≈ σ2
N t,

σ2
N = (σ2

a + σ2
s)µ

3, and{σ2
a, σ

2
s} the respective variances of interarrivals and service.

These arguments are used in Section3.2.2 to show that(Qκ, Iκ,Nκ) converge
in distribution asκ → ∞ to a triple (Q, I,N ), whereN is Brownian motion with
instantaneous varianceσ2

N , andQ is the RBM defined by,

Q(t) = x− δt+ I(t) +N(t), t ≥ 0, Q(0) = x ∈ R+.
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2.1.4 Transient behavior and fluid models

The simplest approximation of the single server queue is thefluid model, defined for an
initial conditionq(0) = x ∈ R+ by the linear equation,

q(t) = x− µz(t) + αt, t ≥ 0, (2.5)

wherez is thecumulative allocation process. It is subject to the linear constraints,

0 ≤ z(t1) − z(t0) ≤ t1 − t0, 0 ≤ t0 ≤ t1 <∞,

with z(0) = 0. Lettingζ(t) denote the right derivative,ζ(t) := d+

dtz(t), the fluid-model
equation (2.8) is expressed as an ODE model,

d+

dtq(t) = −µζ(t) + α, t ≥ 0. (2.6)

Typically it assumed thatq is controlled using the non-idling policy so thatζ(t) = 1
whenq(t) > 0, and henceq(t;x) = [x− (µ− α)t]+ for all t ≥ 0.

0 4000 8000
0

100

200

300

400

t

q(t;x)Q(t;x)

0 4000 8000 12000
0

100

200

300

400

Figure 2.2: On the left is a sample pathQ(t) of the M/M/1 queue withρ = α/µ = 0.9,
andQ(0) = 400. On the right is a solution to the fluid model equationddtq = (−µ +
α)ζ, starting from the same initial condition.

The fluid model can be obtained by scaling the GI/G/1 model initialized at a large
initial condition. This is illustrated in Figure2.2where a sample path of the fluid model
is compared with a sample path of the GI/G/1 queue. The behavior of the stochastic and
deterministic processes look similar when viewed on this large spatial/temporal scale.

Consider again the GI/G/1 queuẽQ, and define forκ ≥ 1,

qκ(t;x) = κ−1Q̃(κt;κx),

zκ(t;x) = κ−1Z(κt;κx), t ≥ 0, x ∈ R+.
(2.7)

On lettingκ → ∞ we obtain convergence of the scaled processes to a pair(q,z) by
Proposition1.3.3. This limiting process is deterministic, and evolves according to the
continuous-time equation,
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q(t) = x− µz(t) + αt, t ≥ 0. (2.8)

SinceZ was defined using the non-idling policy it follows that the same holds forz,
so thatζ(t) = 1 whenq(t) > 0.

While (2.8) can be obtained as a limit of the scaled processes(qκ,zκ), it can
also be taken as a simplified model of the single server queue for capturing transient
behavior.

In conclusion, whether or not the fluid model, a CRW model, the GI/G/1 model,
or a complex refinement is appropriate depends upon the particular application and the
purpose of the model. Our primary motivation for consideration of the CRW model
(2.2) is its flexibility in modeling network behavior, combined with its tractability in
analysis.

2.2 Klimov model

We now consider a re-design of the single teller bank in which we explicitly model
the fact that there are several different classes of customers arriving to the bank. The
customers have different service requirements, and different requirements with respect
to delay. Figure2.3shows a special case of theKlimov modelin which there is a single
station with a single server andℓ buffers in which customers await service. Each buffer
is fed by one ofℓ arrival processes.

This single-station model can describe many very different physical systems. As
another important application, consider the following model of a queue in which ser-
vice requirements are modeled explicitly. At each timet = 0, 1, 2, . . . at most one
customer comes to the queue with a job that requires service. We letA(t) denote the
total number of service completions required to complete this job. Since this infor-
mation is available at timet, the server can discriminate based on job-length. Sup-
pose that for eachm ≥ 1 a buffer is created to hold customers whose job-length is
m. We thus arrive at the Klimov model in whichµi does not depend uponi, and
Am(t) = m1{A(t) = m}, m ≥ 1, t ≥ 1. This special case is the subject of Sec-
tion 5.1and Exercise4.4.

In the general Klimov model there areℓ different customer classes, and we are
faced with the choice of policy at the station:At which buffer should the server work at
a given time, based on observations of theℓ buffer levels?

It is simplest to begin with consideration of a fluid model. Consider the special
case shown in Figure2.3 with ℓ = 4, and letq denote the four-dimensional queue-
length process. For a given initial conditionx ∈ R

4
+ this has continuous paths, with

q(0) = x, and is determined by the cumulative allocation processz which also evolves
on R

4
+. The quantityzi(t) represents the total time that the station has worked on

buffer i up to timet, for anyt ≥ 0 andi ∈ {1, 2, 3, 4}. Consequently, the components
of z are non-decreasing, and since the server must split its effort across the four buffers
we have the additional linear constraints,

0 ≤
4∑

i=1

(
zi(t1) − zi(t0)

)
≤ t1 − t0, 0 ≤ t0 ≤ t1 <∞. (2.9)
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We again letζ(t) = d+

dtz(t), t ≥ 0, denote the four-dimensional process of allocation
rates. The cumulative allocation process is callednon-idling if

∑
ζi(t) = 1 whenever∑

qi(t) > 0.
Let α ∈ R

4
+ denote the vector of long-term arrival rates to the station, and let

B denote the diagonal matrix,B := −diag(µ1, . . . , µ4). For a given initial condition
x ∈ R

4
+, the queue-length process evolves according to

q(t) = x+Bz(t) + αt, t ≥ 0,

which is equivalently expressed as the ODE model,

d+

dtq(t) = Bζ(t) + α, t ≥ 0.

Because this can be interpreted as a state space model, for a given allocation processz,
the resulting queue-length processq is sometimes called the state trajectory.

α1 µ1

α4 µ4

α3 µ3

α2 µ2

Figure 2.3: Single-station scheduling problem

Suppose that a linear cost functionc : R
4
+ → R+ is given. The time-derivative of

the cost is given by,

d+

dtc(q(t)) = cT(Bζ + α) =
∑

i

ci(αi − µiζi(t)).

A myopic(or greedy) policy is defined to be any allocation process that minimizes the
right-hand side for eacht ≥ 0. In the Klimov model, the myopic policy is known as
thec-µ rule.

Definition 2.2.1.Thec-µ Rule

Consider the Klimov model consisting of a single station andℓ buffers. TheKlimov
indices{i1, . . . , iℓ} are defined so thatcikµik ≥ cilµil wheneverk ≤ l. Thec-µ rule
for the fluid model is the policy defined so that, for each1 ≤ n ≤ ℓ,

n∑

j=1

ζij = 1 whenever
n∑

j=1

qij > 0. (2.10)

In this instance, the myopic policy ispath-wise optimalfor this single-station
model. That is, for a given initial condition, ifq∗ denotes the state trajectory under
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the c-µ rule, andq denotes any other state trajectory from the same initial condition,
obtained with a different allocation processz, then

c(q∗(t)) ≤ c(q(t)), 0 ≤ t <∞.

Consider now a four dimensional CRW model of the form analogous to (2.2). This
is defined in discrete time as before, and we letQ(t) denote the four dimensional vector
of buffer-lengths, restricted to the integer latticeZ

4
+. Let(A,B) denote an i.i.d. process

whose marginal distribution is defined as follows. For eacht the distribution ofA(t) =
(A1(t), . . . , A4(t))

T is supported onZ4
+, andB(t) = −diag(M1(t), . . . ,M4(t)) is

diagonal. The distribution ofMi(t) has a Bernoulli distribution for eachi, with µi =
E[Mi(t)] = P{Mi(t) = 1}, and the arrival rate to bufferi is given byαi = E[Ai(t)] for
eachi andt. The assumption that the random service variablesMi(t) take on binary
values implies thatµi ≤ 1. This may be assumed without loss of generality by slowing
the natural time scale.

Given these primitive stochastic processes, the CRW model is defined as in (2.2),

Q(t+ 1) = Q(t) +B(t+ 1)U(t) +A(t+ 1), t ∈ Z+,

with initial conditionQ(0) ∈ Z
4
+. The allocation processU is defined asUi(t) = 1

if and only if serveri is busy. The physical description of the model leads to linear
constraints as in the fluid model:

Ui(t) ≥ 0 for eachi, andU1(t) + · · · + U4(t) ≤ 1, t ≥ 0.

The constraint thatQ evolves on the integer lattice implies additional constraints onU :
The components of the allocation process must take on binary values,Ui(t) ∈ {0, 1},
for eachi ∈ {1, . . . , 4} andt ≥ 0. Let U⋄ ⊂ {0, 1}4 denote the set of all allowable
allocations, andU⋄(x) := {u ∈ U⋄ : ui = 0 wheneverxi = 0}.

The myopic policy for the CRW model is defined in analogy with Definition2.2.1,

U(t) ∈ arg min E[c(Q(t+ 1)) | Q(0), . . . , Q(t)], t ≥ 0, Q(t) = x, (2.11)

where the minimum is overU(t) ∈ U⋄(x). Sincec is assumed linear, the conditional
expectation can be expressed

E[c(Q(t+ 1)) | Q(0), . . . , Q(t)] = c
(
E[Q(t+ 1) | Q(t) = x]

)
= 〈c, x+BU(t) + α〉

and hence the allocation at timet is given by,

U(t) ∈ arg min
u∈U⋄(x)

〈c, x+Bu+ α〉, t ≥ 0, Q(t) = x.

A solution to this minimization is expressed in terms of the Klimov indices,

Uij (t) = 1 if and only ifQij(t) ≥ 1 andQil(t) = 0 for l < j, (2.12)

and this solution is unique if the Klimov indices are uniquely specified (i.e.cikµik >
cilµil wheneverk < l.) The policy (2.12) is known as thec-µ rule for the CRW model.
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The Klimov model is a rare case in which the myopic policy is optimal for the
CRW model - this optimality is explained in Section5.5.1. Myopic policies are a
theme in this book because they are easily computable, and have attractive properties
for an appropriate choice ofc. For example, in many cases it is possible to choose the
cost function so that the resulting policy is in some sense ‘universally stabilizing’, and
can be implemented based on local information. An example is the class of MaxWeight
policies introduced in Section4.8.

2.3 Capacity and queueing in communication systems

The single server queue can describe the flow of customers through a bank. A very
different application is a communication model in which packets are sent through a
communication channel to a receiver. Theservice rateis equal to the rate at which
packets can be sent through the channel. This is limited due to noise, as well as inter-
ference from other users. Factors that contribute to delay again include arrival rates,
service rates, and variability.

Consider the queueing model in which data arrives for transmission in the form
of fixed-length packetsA = (A(1), A(2), . . . ). The arrival process is i.i.d., with finite
meanα = E[A(t)]. Once a packet arrives for transmission, the data in that packet is
queued until it can be coded and sent via the input sequenceX.

The basic additive white Gaussian noise (AWGN) channel with real-valued input
sequenceX and output sequenceY is described by

Y (t) = X(t) +N(t), t ≥ 0,

whereN is independent ofX. It is assumed that the noiseN is i.i.d. and Gaussian
with zero mean and varianceσ2, and that the input sequence is subject to the average
power constraintE[X(t)2] ≤ σ2

X for all t, whereσ2
X is a finite constant. The maximum

rate at which data can be transmitted is given by Shannon’s formula,

Cσ2
N

(σ2
X) = 1

2 log2

(
1 +

σ2
X

σ2

)
bits per time-slot. (2.13)

This model describes a version of the single server queue in which the arrival rate
is α and the maximal service rate isµ = Cσ2

N
(σ2
X). Any achievable transmission

rateR < Cσ2
N

(σ2
X) can be interpreted asR = ζµ whereζ ∈ [0, 1] is the allocation

rate. However, there is one important difference between the communication model
and standard queueing models. To implement the allocation ruleζ ≈ 1, so that data is
sent at rateR ≈ Cσ2

N
(σ2
X), it is necessary to use a coding scheme consisting of very

long block lengths. In a sense then, the variability of the service process increases with
the mean allocation rateζ. Nevertheless, as long as a strict bound onζ is enforced, this
system can be described reasonably accurately using a GI/G/1 or CRW model.

2.4 Multiple-access communication

Consider the multiple-access system illustrated in Figure2.4, where two users transmit
to a single receiver. The two users share a single channel which is corrupted by additive
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Figure 2.4: Multiple-access communication system with two users and a single re-
ceiver.
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Figure 2.5: Achievable rates in two multidimensional communication models.

white Gaussian noise (AWGN). The output of the system seen at the receiver is given
by

Y (t) = X1(t) +X2(t) +N(t), (2.14)

whereN is again i.i.d. Gaussian, and independent of the two inputs{X1,X2}. It is
assumed that useri is subject to the average power constraintE[Xi(t)

2] ≤ σ2
Xi

for all
t. This is known as theALOHA modelwhen the two users send data independently
[7, 336, 47]. Stability of ALOHA systems based on queueing models and channel
coding theory is addressed in [14, 405, 354].

The queueing system associated with the ALOHA model has two buffers that re-
ceive arriving packets of data modeled as the i.i.d. sequencesAi = (Ai(1), Ai(2), . . . ),
with finite finite meanαi = E[Ai(t)], i = 1, 2. Data at queuei is stored in its respective
queue until it is coded and sent to the receiver using the respective input sequenceXi.

The set of all possible data rates is given by the Cover-Wyner regionU illustrated
at left in Figure2.5. Any pair(R1, R2) ∈ U within this region can be achieved through
independent coding schemes at the two buffers. Additional information, such as knowl-
edge of the state of the other users’ queue, or joint-coding of data, does not improve
the achievable rate region (see [354].)

The capacity regionU depends critically on the channel model statistics. If, for
example, the noiseN is not Gaussian then there is in general no closed-form expression
for U. In wireless communication systems there is typically random fading, so that the
model (2.14) is refined through the introduction of fading processes{Gi : i = 1, 2},

Y (t) = G1(t)X1(t) +G1(t)X2(t) +N(t). (2.15)

Again, the capacity region is not known except in very special circumstances. Shown
at right in Figure2.5 is the form ofU that might be expected in a fading environment.
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2.5 Processor sharing model

Theprocessor-sharingmodel shown in Figure2.6represents a pair of stations. Arriving
to the system are two separate streams of customers. It is assumed that the two classes
of customers have different service requirements, as in the Klimov model considered
in Section2.2. However, in this network there are two servers, and the second server
has extra flexibility so that it is able to assist either station.

Station  2Station  1

Equivalent Klimov modelProcessor sharing model

αa αb
α1 α2

µa µb µc
µ1 µ2

Figure 2.6: On the left is a fluid model for the processor-sharing network. On the right
is an equivalent Klimov model.

The myopic policy is again easily computed, and we again find that this policy is
path-wise optimal for the fluid model when the cost is linear. This is most easily seen
by reducing the control problem to a version of the Klimov model.

Consider the special caseαa ≥ µa, and suppose that the policy is non-idling at
Station1. Under these conditions we define,

α1 = αa − µa, α2 = αb, µ1 = µb, µ2 = µc,

so that the processor sharing model is equivalent to the model shown at right in Fig-
ure2.6, described by the ODE model

d+

dtqi(t) = −µiζi(t) + αi, i = 1, 2. (2.16)

If c : R
2
+ → R+ is a linear cost function it then follows thatc1 > 0 and hence the

myopic policy is non-idling at Station1 as previously assumed. The optimal policy is
a priority policy, thec-µ rule, in which Station2 gives strict priority to buffer1 if and
only if c1µ1 > c2µ2. This priority policy is again path-wise optimal since the fluid
model is identical to the Klimov model analysed previously.

In general, if the processor sharing model is described using a stochastic model,
such as the CRW model, then there is no exact correspondence with a Klimov model.
However, as described in detail in Example4.2.2, the fluid-model analysis reveals struc-
ture of the optimal policy for the stochastic model.
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2.6 Inventory model

Figure2.7shows amake-to-stockproduction facility in which a single product is pro-
duced. The recurrent demand is not entirely predictable, but it is assumed that some
statistics such as the mean and variance are known. In this simple example the only
control decisions are whether to produce or to remain idle at the station, and whether
to order new raw material.

µ
d

Surplus Deficit
λ

Figure 2.7: Simple make-to-stock system.

If the supplier does not maintain adequate inventory of finished work, then it is
likely that she will be forced to pay high backorder costs, or cost from lost sales. Con-
versely, an excessively large inventory is costly due to holding costs or perishability of
the product produced.

A standard policy for a system of this form is based on abase-stock, or hedging-
point x. When there is deficit, or surplus inventory falls belowx, then production
proceeds at the fastest rate possible, modeled asµ in Figure2.7. Production ceases
when surplus inventory is above the hedging-point.

If production and demand are perfectly predictable then a fluid model is justifiable,
and an optimal hedging-point isx = 0. In practice, the production system is subject to
variability due to breakdown or preventative maintenance, as well as uncertainty with
respect to demand. When taking this randomness into account one finds that the best
hedging-point value may be large.

After understanding how to control this simple model we will find that it serves
as a vital building block for understanding truly complex networks. Techniques for
computing optimal hedging-point values in this simple model and in network models
are developed in Chapters7–9.

The inventory model is also a first step towards understanding resource allocation
in a power grid.

2.7 Power transmission network

Figure1.4 shows the California power grid. Demand and supply of electric power are
subject to sudden and unexpected changes due to local weather conditions, equipment
failure, or generator outages. It is common practice for the system operator to main-
tain a substantial amount of reserve production capacity to meet seasonal and hourly
fluctuations in demand, and in order to respond to unexpected changes in the market
environment.

Secondary sources of power generation used to ensure adequate reserves are
known asancillary services. In the simple example shown in Figure2.8 there is a
single customer (a large city) that is served by a single primary generator, together with
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ancillary service. The marginal cost of power production is higher for ancillary service,
but its ramping-rate is significantly higher than that of the primary generator. Both the
primary and the ancillary generators are located away from the city, and connected by
a transmission line with finite capacity.

K

G(t)

Ga(t)

Figure 2.8: Power model with two suppliers providing power to a single utility

Reliability and efficiency of the power system is intimately related to power re-
serves. Too little reserve increases the chance of very costly black-outs, while too
much reserve may waste valuable resources. Hence, in-spite of the fact that electric
power is not stored, choosing appropriate reserves is a decision problem very similar
to the choice of hedging-points in an inventory model.

In fact, by viewing reserve as a ‘queue level’ we can construct a network model
that is very similar to an inventory model. Given current generation capacitiesGp(t)
andGa(t) from primary and ancillary services, and given the demand for powerD(t),
the reserve at timet is denoted

Q(t) = Gp(t) +Ga(t) −D(t) . (2.17)

A two dimensional CRW model can be used to describe the behavior of this system with
state processX(t) = (Q(t), Ga(t))T, subject to conditions on demand and generation.
The two-dimensional allocation sequence is defined as,

U(t) = (Up(t), Ua(t))T, t ≥ 0,

whereUp(t) = Gp(t + 1) − Gp(t), andUa(t) = Ga(t + 1) − Ga(t). Demand is
modeled as a random walk of the form,

D(t+ 1) = D(t) + E(t+ 1), t ≥ 0, D(0) = 0,

in which the increment processE is a bounded, i.i.d. sequence. On defining the two
dimensional increment process,

A(t) := −(E(t), 0)T, t ≥ 0,

and the2 × 2 matrix

B =

[
1 1
0 1

]
, (2.18)

the state processX is expressed fort ≥ 0 in the recursive form,
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X(t+ 1) = X(t) +BU(t) +A(t+ 1), t ≥ 0. (2.19)

The initial conditionX(0) = x ∈ X := R × R+ is interpreted asx1 = Q(0) =
Gp(0) +Ga(0), andx2 = Ga(0).

In the CRW model (2.19) the allocation sequenceU is adapted toX, and is subject
to the constraintU(t) ∈ U(X(t)) for all t ∈ Z+, where

U := {u = (up, ua)T ∈ R
2 : −ζp− ≤ up ≤ ζp+ , −ζa− ≤ ua ≤ ζa+},

U(x) := {u ∈ U : x+Bu ∈ X}, x ∈ X.
(2.20)

An effective policy for this network can be constructed based on hedging-points
{xp, xa} as follows: Power from the primary source is ramped up whenever reserves
fall below a thresholdxp, and power from the ancillary source is ramped up if reserves
fall below a thresholdxa that is strictly less thanxp.

We revisit this example in Example7.5.2where we introduce a cost function onX

designed to take into account the costs of power generation, excess power reserves, and
the high cost of not meeting demand. We find that the optimal thresholds scale roughly
linearly with variability in demand.

Also, xa scales inversely withζa+, andxp scales inversely with the sum of the
ratesζa+ + ζp+. In this way we quantify the value of responsive power generation.

2.8 Optimization in a simple re-entrant line

A re-entrant lineis a network model in which there is a single arrival stream and routing
is deterministic. The buffers are numbered so that an arriving customer visits the first
queue, then the second, and so on until it is processed by the last queue and leaves the
system. Customers may revisit a station several times before exiting.

Station  1

µ1

µ3

Q1(t)

Q3(t)
Station  2

µ2

Q2(t)
α1

Figure 2.9: Simple re-entrant line

A simple example is illustrated in Figure2.9. We begin with consideration of the
fluid modelq evolving onR

3
+. This deterministic process is described by the ODE

model,

d+

dtq1(t) = α1 −µ1ζ1(t) ,
d+

dtq2(t) = µ1ζ1(t)−µ2ζ2(t) ,
d+

dtq3(t) = µ2ζ2(t)−µ3ζ3(t) ,
(2.21)

or in matrix form,
d+

dtq(t) = Bζ(t) + α, t ≥ 0,

with
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B =



−µ1 0 0
µ1 −µ2 0
0 µ2 −µ3


 , α =



α1

0
0


 . (2.22)

The constraints on the allocation rates are given byζ(t) ∈ U, t ≥ 0, where

U := {u ∈ R
3
+ : ζ1 + ζ3 ≤ 1, ζ2 ≤ 1} .

A policy for (2.21) is callednon-idling if

ζ1(t) + ζ3(t) = 1 wheneverq1(t) + q3(t) > 0;

ζ2(t) = 1 wheneverq2(t) > 0.

Control of networks is more subtle in situations where there is re-entry. A short
survey of control approaches is given here.

Buffer priority policies In a buffer priority policy the buffers at a station are ordered
in preference for service, exactly as in the Klimov model. Priority policies are always
assumed non-idling.

Two priority policies defined for any re-entrant line are,

(i) TheLast-Buffer First-Served(LBFS) policy in which buffers nearest the exit buffer
receive priority. In this example, this means thatζ3(t) = 1 wheneverq3(t) > 0,
andζ2(t) = 1 wheneverq2(t) > 0. Once the third buffer empties for somet > 0
it stays empty, so thatddtq3(t) = 0 = µ2ζ2(t) − µ3ζ3(t).

(ii) The First-Buffer First-Served(FBFS) policy gives priority to buffers in the oppo-
site order. Hence, in this example, the LBFS policy gives priority to buffer1 over
buffer 3 at Station1 until q1(t) = 0, and henceforthζ1(t) = α1/µ1.

Myopic policies A myopic policyis defined exactly as in the Klimov model. IfX =
R

3
+ (i.e. there are no buffer constraints), then for a given cost functionc : X → R

3
+, the

allocation rate at timet for the myopic policy is defined by,

ζ(t) ∈ arg min d+

dtc(q(t)), (2.23)

where the minimum is over all allocation rates inU, subject to the constraint that
d+

dtqi(t) ≥ 0 wheneverqi(t) = 0.
A special case is theℓ1-norm, c(x) = x1 + x2 + x3, x ∈ R

3
+, so thatc(q(t))

represents the total customer population at timet. For this linear cost function the
derivative is expressed,

d+

dtc(q(t)) = (α1 − µ1ζ1(t)) + (µ1ζ1(t) − µ2ζ2(t)) + (µ2ζ2(t) − µ3ζ3(t))

= α1 − µ3ζ3(t), t ≥ 0.

We conclude that the LBFS priority policy is precisely the non-idling myopic policy
whenc is theℓ1 norm.

Copyright Cambridge University Press 2007. On-screen viewing permitted. Printing not permitted. 
http://www.cambridge.org/us/catalogue/catalogue.asp?isbn=9780521884419



Control Techniques for Complex Networks Draft copy April 22, 2007 51

Time-optimality Consider the twoworkload vectorsdefined by

ξ1 = (µ−1
1 + µ−1

3 , µ−1
3 , µ−1

3 )T

ξ2 = (µ−1
2 , µ−1

2 , 0)T,

and associated load parameters,

ρ1 = 〈ξ1, α〉 = α1(µ
−1
1 + µ−1

3 )

ρ2 = 〈ξ2, α〉 = α1µ
−1
2 .

It is shown in Proposition4.2.2below that the minimum time thatq can reach the origin
is given by,

T ∗(x) = max
s=1,2

ws(0)

1 − ρs
= max

s=1,2

〈ξs, x〉
1 − ρs

, whenq(0) = x.

A policy is calledtime-optimalif this minimum time is achieved for each initial condi-
tion.

Station2 is called thebottleneckif ρ1 < ρ2 < 1. This model is most interesting in
this case, since then a tradeoff must be made between draining the system, and avoiding
starvation at the bottleneck.

The two-dimensionalworkload process(in units of time) is defined byw(t) =
(〈ξ1, q(t)〉, 〈ξ2, q(t)〉)T, t ≥ 0. Under any admissible allocation processz,

d+

dtws(t) ≥ −1 + ρs, s = 1, 2, t ≥ 0,

and this lower bound is attained forws(t) if and only if Stationi is working at maximal
rate. For example,d

+

dtw2(t) = −1 + ρ2 if and only if ζ2(t) = 1. Consequently, the
minimum time thatws( · ) can reach zero is given byws(0)/(1 − ρs). Based on these
observations, it is not difficult to show that a policy is time-optimal if and only if the
following two properties hold wheneverq(t) 6= 0,

d+

dtw1(t) = −1 + ρ1 whenever
w1(t)

1 − ρ1
≥ w2(t)

1 − ρ2

d+

dtw2(t) = −1 + ρ2 whenever
w2(t)

1 − ρ2
≥ w1(t)

1 − ρ1
.

(2.24)

A proof for general networks is presented in Proposition4.3.3.

The FBFS policy satisfies these conditions and is hence time-optimal in this exam-
ple.

The LBFS policy is not necessarily time-optimal ifρ1 < ρ2 < 1. Suppose that
µ1 = µ3 so that2µ−1

1 α1 = ρ1 < ρ2 = µ−1
2 α1, or µ1 > 2µ2. Consider an initial

condition satisfyingq1(0) = q2(0) = 0, andq3(0) = x3 > 0. The minimal draining
time is then given by,

T ∗(x) = max
s=1,2

〈ξs, x〉
1 − ρs

=
〈ξ1, x〉
1 − ρ1

=
x3

µ1 − 2α1
.
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Under the LBFS policy, the first buffer grows in size until the first time thatq3(t)
reaches zero, given byT1 = x3/µ1. Hence, during this time interval the work destined
for Station2 grows, yet Station2 remains idle. When work commences at buffer 1
at timeT1 we haveq1(T1) = α1T1 andq2(T1) = 0. Consequently, under the LBFS
policy, the first time at whichq reaches the origin, is given by

T ◦(x) = T1 +
α1T1

µ2 − α1
=

µ2

µ2 − α1

x3

µ1
. (2.25)

This shows that LBFS is not time-optimal sinceT ◦(x) > T ∗(x) from this initial con-
dition.

x3

x2 = 0
x2 > 0

x1

Figure 2.10: Optimal fluid policy for the three buffer re-entrant line with parameters
defined in (2.26). In this illustration, the grey regions indicate those states for which
buffer three is given exclusive service.

Infinite-horizon optimal control Another approach to policy-synthesis is through
consideration of thetotal cost, defined by

J(x) =

∫ ∞

0
c(q(t)) dt, q(0) = x.

A policy is called infinite-horizon optimal for the fluid model if it minimizes the total
costJ(x) for each initial condition. We letJ∗(x) denote the minimal value.

An infinite-horizon optimal policy for the simple re-entrant line is described as fol-
lows, wherem∗

x is a positive constant determined by the parameters of the network:

(i) Serveq3(t) exclusively (ζ3(t) = 1) wheneverq2(t) > 0 andq3(t) > 0;

(ii) Serveq3(t) exclusively wheneverq2(t) = 0, andq3(t)/q1(t) > m∗
x;

(iii) Give q1(t) partial service withζ1(t) = µ2/µ1 wheneverq2(t) = 0, and

q3(t) < m∗
xq1(t)
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Figure 2.11: Trajectory of buffer levels and evolution of the costc(q(t)) = |q(t)| for the
simple re-entrant line. The first figure illustrates the optimal policy. The second shows
the myopic policy, which is precisely the last-buffer first served priority policy. The
optimal policy holds off on draining the last buffer to avoid starvation at the bottleneck.

For example, taking the service rates and arrival rates as follows,

µ1 = µ3 = 22, µ2 = 10, andαT = (9, 0, 0) , (2.26)

the constantm∗
x is equal to one, and hence the optimal policy is of the form illustrated

in Figure2.10.
Consideration of a stochastic model brings further subtleties. In particular, it is

difficult to ensure that Station2 does not idle while providing partial service to buffer3.
These issues are addressed in Chapters4, 8, 9 and10, among others.

2.9 Contention for resources and instability

The model shown in Figure2.12 is a multiclass network with multiple arrivals. It
is similar to the simple re-entrant line considered previously, and we can once again
construct effective policies for a fluid model with little effort. However, for certain
values of the service rates, a non-idling policy similar to LBFS isdestabilizingfor this
model even though there exist many stabilizing policies.

Assume that the service rates at the four buffers satisfy

µ1 > µ2 andµ3 > µ4. (2.27)

The myopic policy is again defined as in (2.23). If the cost function is defined as the
total inventory,c(x) = |x| =

∑
xi, then at Station1 the myopic policy will setζ4 = 1

providedq4(t;x) > 0, andq2(t;x) > 0. As soon asq2(t;x) = 0, the draining-rate
of inventory from the system is compromised unless the second buffer is fed via buffer
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Station  1

µ1

µ4

Station  2

µ2

µ3

α1

α3

Figure 2.12: Kumar-Seidman-Rybko-Stolyar (KSRS) network. This is a multiclass
network multiple arrivals. At each station the scheduling problem amounts to determine
processing rates of the two materials waiting in queue.

one. If q1(t;x) > 0 andq2(t;x) = 0, then the myopic policy setsζ1 = µ2/µ1, so
that the second buffer can continue to drain at maximum rate. The myopic policy is
stabilizing whenever a stabilizing policy exists.

Consider now the adversarial case: the two stations schedule in a mutually myopic
fashion. Station1 schedules to minimize

d+

dt q4(t;x),

and Station2 chooses the analogous rule to determine its own processing rates. As-
suming that each station is non-idling, this gives the priority policy in which buffers
two and four have strict priority at their respective stations,

ζ4(t;x) = 1 whenq4(t;x) > 0; ζ2(t;x) = 1 whenq2(t;x) > 0. (2.28)

How does this policy perform?
From the initial conditionx = (1, 0, 0, 0)T the state trajectory can be computed for

smallt,
q(t;x) = x+ t(α1 − µ1, µ1 − µ2, α3, 0)

T.

At time T1 = (µ1 − α1)
−1 the first buffer empties, and we then have, fort > T1,

t ≈ T1,
q(t;x) = q(T1;x) + t(0, α1 − µ2, α3, 0)

T.

At time T2 = T1 + q(T1;x)/(µ2 −α1) the second buffer will drain, and all of the work
will be at buffer three.

The main point is, during the entire time interval[0, T2] the exit buffer at Station1
is starved of work. Starting from timeT2, an analogous situation arises, where now the
exit buffer at Station2 is temporarily starved. We can conclude that eitherζ4(t) = 0 or
ζ2(t) = 0 for all t ≥ 0. This implies that

ζ2 + ζ4 ≤ 1, (2.29)

so that buffers2 and4 behave as if they are located at a single station. The inequality
(2.29) resulting from this policy is known as thevirtual stationconstraint. The ‘virtual
load’ is defined by,

ρv =
α1

µ2
+
α3

µ4
. (2.30)
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Figure 2.13: Sample paths of the KSRS model. Each plot shows a simulation of the four
buffer levels in the KSRS model for identical initial conditions. Shown at left are results
in which the service times have exponential distributions, and the two arrival processes
are Poisson processes. In the figure shown at right the fluid model was simulated in
which there is no variability.

The virtual load has nothing in common with the usual notion of network load (see
e.g. Section2.8.) The definition ofρv is dependent upon the specific policy under
consideration.

To understand the dynamics ofq we consider an associatedvirtual workloadpro-
cess,

wv(t) =
q1(t) + q2(t)

µ2
+
q3(t) + q4(t)

µ4
, t ≥ 0. (2.31)

We can compute,

d+

dtwv(t) =
α1 − µ2ζ2

µ2
+
α3 − µ4ζ4

µ4
=
α1

µ2
+
α3

µ4
− (ζ2 + ζ4).

If ρv > 1 then d+

dtwv(t) ≥ −(1 − ρv) > 0 for all t, so that|q(t;x)| → ∞ ast→ ∞.

A specific example is given by

µ1 = µ3 = 10; µ2 = µ4 = 3; α1 = α3 = 2,

in which the virtual load is given byρv = 2(1/3 + 1/3) > 1. We conclude that, for
these parameters, the controlled system is unstable in the strongest possible sense. The
network load, defined in Chapter4, is given byρ• = 2(1/3 + 1/10) < 1, and we will
see that this implies that there are many stabilizing policies.

Figure2.13shows two simulation of the KSRS model based on these parameters
with common initial condition. In the simulation shown at left the service times have
exponential distributions, and the two arrival processes are Poisson processes. In the
figure shown at right the fluid model was simulated in which there is no variability. In
each case the total inventory diverges to infinity linearly with time.

This example also illustrates the potentially disastrous impact of boundary con-
straints. Suppose that a CRW model of this network is constructed, and the allocation
sequenceU is defined using a myopic policy as in the Klimov model (2.11), with
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c(x) = |x|. This is precisely the adversarial priority policy given in (2.28). The my-
opic policies for the fluid and stochastic models differ because a server cannot work on
an empty buffer in a discrete state-space model.

An important lesion from this section is that a myopic policy can be de-stabilizing
in the CRW model.

2.10 Routing model

The model shown in Figure2.14represents a network with controlled routing. There
are three buffers - one at the router, and two at the down-stream nodes. However, it is
assumed that the service rateµr at the router is relatively fast so that we may set this
buffer level equal to zero in considering the model’s dynamic behavior.

router

α
µ

1

µ
2

r

Figure 2.14: Simple routing model

The two-dimensional fluid model is described by the pair of equations,

d+

dtqi(t) = −µiζi(t) + µrζ
r
i (t), t ≥ 0, i = 1, 2.

Under the assumption that the bufferqr(t) at the router remains empty, we must have
d
dtqr(t) = 0 for eacht, and henceζr1(t) + ζr2(t) ≡ αr/µr.

Consider first how a time-optimal policy is constructed. First, observe that on
maintaining the assumption that the buffer at the router remains empty, we have

d+

dt |q(t)| = −µ1ζ1(t) − µ2ζ2(t) + µr(ζ
r
1(t) + ζr2(t))

= −µ1ζ1(t) − µ2ζ2(t) + αr, t ≥ 0.

Suppose thatαr > mini µi. Under this assumption the router can maintain non-zero
inventory at each downstream buffer up until|q(t)| = 0, so that ddt |q(t)| = −µ1−µ2 +
αr whenq(t) 6= 0 and the two queues are operating under the non-idling policy. On
integrating this identity from0 to T we conclude that, wheneverq(t) 6= 0 on [0, T ],

0 < |q(T )| = |q(0)| +
∫ T

0

d
dt |q(t)| dt = x− (µ1 + µ2 − αr)T.

For a given initial conditionq(0) = x ∈ R
2
+, it follows that the minimal draining time

is given by

T ∗(x) =
x

µ1 + µ2 − αr
, x ∈ R

2
+. (2.32)

Moreover, a policy for this network is time-optimal if and only ifζ1(t) = ζ2(t) = 1 for
all t ∈ [0, T ∗(x)).
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q1 q1

xx

q 2 q 2

Figure 2.15: Optimization of the simple routing model. For a given linear cost function
on the two down-stream buffer levels, both trajectories are path-wise-optimal when
c1 = c2. When c1 < c2 then the trajectory shown at left is the unique path-wise
optimal solution.

Q2

Q1

Q2

Q1
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Q1
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q1

µ1
=

q2

µ2
x

Figure 2.16: A naive translation of the myopic policy to the stochastic model may not
be stabilizing. In the simulation shown at left, the queue length processQ explodes
along theQ1-axis.

Consider now a myopic policy based on a linear cost functionc(x) = cTx with
c ∈ R

2
+. The rate of decrease of cost is expressed,

d+

dtc(q(t)) = [−µ1ζ1(t) + µrζ
r
1(t)]c1 + [−µ2ζ2(t) + µrζ

r
2(t)]c2, t ≥ 0. (2.33)

Based on this expression we conclude that the myopic policy is non-idling at the two
buffers, so thatζi = 1 wheneverqi > 0.

The allocation rates at the router depend upon the specific values of the cost pa-
rameters. We consider two special cases:

CASE 1 If c1 < c2 then the myopic policy that minimizes (2.33) overζ ∈ U sends all
arrivals to buffer1, up until the first time thatq2(t) = 0. From this time up until
the emptying time for the network, the policy maintainsq2(t) = 0, but sends
material to this buffer at rateµ2, so thatζ1 + ζ2 = 1 wheneverq(t) 6= 0.

CASE 2 When the cost parameters are equal then (2.33) may be simplified,

d+

dtc(q(t)) = [−µ1ζ1(t) − µ2ζ2(t) + αr]c1, t ≥ 0.

In this case the router has extra flexibility: A myopic policy is any rule that
dictatesζ1(t) = ζ2(t) = 1 wheneverq(t) 6= 0.
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In each case we conclude that the myopic policy is path-wise optimal, and hence also
time-optimal. A typical optimal state trajectory in Case 1 is illustrated at left in Fig-
ure2.15.

The priority policy described in Case 1 is also optimal in Case 2. However, another
policy is perhaps more easily justified, or more ‘fair’. Suppose that each increment
of fluid that enters the network attempts to minimize its own delay, where the delay
through theith downstream queue is equal to

Di =
qi
µi
, i = 1, 2.

Fluid is routed to buffer 1 wheneverD1 < D2, and to buffer 2 whenD1 > D2. Hence,
wheneverq 6= 0,

ζT =





(1, 1, 1, 0) µ−1
1 q1 < µ−1

2 q2

(1, 1, 0, 1) µ−1
1 q1 > µ−1

2 q2
(
1, 1, µ1

µ1+µ2

αr

µr
, µ2

µ1+µ2

αr

µr

)
µ−1

1 q1 = µ−1
2 q2

This is known as theshortest expected delaypolicy.
A state trajectory resulting from this policy is shown at right in Figure2.15. This

policy appears more reasonable from a ‘fairness’ point of view. However, other con-
siderations might lead to a different switching curve inR

2
+.

Consider now the following two-dimensional CRW network model,

Q(t+ 1) = Q(t) − S1(t+ 1)U1(t)1
1 − S2(t+ 1)U1(t)1

2

+A(t+ 1)U r1 (t)11 +A(t+ 1)U r2 (t)12, t ≥ 0,
(2.34)

where1j denotes thejth basis element inR2 (e.g.11 = [1, 0]T.) It is assumed that
A andS are independent processes. The marginal distribution of the arrival process
A has finite support onZ+, and the marginal distribution of the service processSi is
Bernoulli for eachi = 1, 2.

Consider Case 1 in whichc1 < c2. In the myopic policy constructed for the fluid
model, the router sends all customers to buffer one whenever buffer two is non-empty.
A direct translation of this policy is expressed,

U r1 (t) = 1 wheneverQ2(t) ≥ 1. WhenQ2(t) = 0, thenU r2 (t) = 1. (2.35)

How does this perform in the face of variability?
Consider the model obtained via uniformization of a network with Poisson arrivals

and exponential service. The resulting CRW model is of the form (2.34) with

P{(S1(t), S2(t), A3(t))
T = 1i} = µi, i = 1, 2, and αr for i = 3. (2.36)

As illustrated in the simulation at left in Figure2.16, the policy (2.35) does not perform
well at all! The problem is, whenQ2(t) = 0 there is a delay before new work can be
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routed to the second queue. Thisstarvationof a critical resource results in instability
in this example, just as in the KSRS network model.

The policy considered in Case 2 above is defined by the interior switching curve,

U r1 (t) = 1 wheneverQ2(t)/µ2 ≥ Q1(t)/µ1

As shown at right in Figure2.16, this policy avoids idleness of the two down-stream
stations, and the overall network is stable.

2.11 Braess’ paradox

The myopic policy is path-wise optimal for the fluid model of the simple routing net-
work if αr ≥ mini µi. This optimality holds for both the global myopic policy, and the
individual-myopic policy in which traffic attempts to minimize its own delay.

We have also seen that these conclusions fail drastically when variability is intro-
duced in the network model. Similar conclusions hold with the introduction of delay.

Delay

router
Delay

µ1

µ2

αr

Figure 2.17: A routing model with delay.

Delay

router
Delay

µ1

µ2

αr

Figure 2.18: Routing model with delay, and an additional choice for one traffic class:
more opportunities for optimization?

Consider a fluid model of the form (1.6) for the network shown in Figure2.17: The
proportion of traffic sent to the upper line is denotedζr1 , and the proportion directed to
the lower line isζr2 . Given the current vector of queue-lengthsq(t) ∈ R

2
+, the delay

along the upper path isD1(t) = q1(t)
µ1

+ d. The delay along the lower path is

D2(t) = d+
1

µ2
q2(t+d) = d+

1

µ2

[
q2(t)+(zr2(t)−zr2(t−d))αr−(z2(t+d)−z2(t))µ2

]
.

The more complicated expression is a consequence of the memory resulting from delay.
Note that the value ofq2(t+ d) can be computed at timet based on the history of

routing decisions. The individual-myopic policy is essentially unchanged:

(i) WhenD1 < D2 thenζr1 = 1,
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q1

µ1

=
q2

µ2

+
d

µ2

(α − µ2r )

q1

µ1

=
q2

µ2

q1 q1

q 2 q 2

q(t;x)

x x
q(t;x)

Figure 2.19: Trajectory for the routing model with delay. Steady-state delay is doubled
when additional choices are presented.

(ii) whenD2 > D1 thenζr2 = 1, and

(iii) when D1 = D2 thenζr1 , ζ
r
2 are both positive, and are computed according to the

formula d
dtD1 = d

dtD2, or

1

µ1

d
dtq1(t) =

1

µ2

d
dtq2(t) +

1

µ2

(
(ζr2(t) − ζr2(t− d))αr − (ζ2(t+ d) − ζ2(t))µ2

)

This gives a nonlinear trajectory as shown at left in Figure2.19. Note that eventually
q(t) = 0, so that the delay experienced by arriving traffic is exactlyd.

Suppose now that we present the traffic with an additional choice. On exiting
buffer 1, traffic can proceed to the delay line as before, or it may move to buffer 2. This
new model is illustrated in Figure2.18. Given this additional choice, if traffic behaves
in an individually-myopic fashion, then on exiting buffer 1 traffic will flow to buffer 2
wheneverq2(t)µ2

< d since it will then experience decreased delay.
Consider the case whereαr > µi, i = 1, 2, butαr < µ1 +µ2. The latter condition

is required to ensure that the model may be stabilized. As shown at right in Figure2.19,
this individual-myopic policy will result in an equilibrium (following a transient period)
satisfying

q1
µ1

=
q2
µ2

= d.

Consequently, at equilibrium the traffic will experience a delay of2d. This is precisely
double the delay found at equilibrium for the model shown in Figure2.17 in which
communication traffic is presented with fewer choices.
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2.12 Notes

It would take a volume as large as this book to give a complete history of all the con-
cepts surveyed in this chapter. More background on optimization, dynamics in net-
works, and other general concepts introduced here is provided in the Notes sections of
subsequent chapters.

The treatment in Section2.1barely scratches the surface. Modeling for the single
server queue is treated in the encyclopedic book of Cohen [114]. Whitt [493] contains
a survey on diffusion approximations for the single server queue, as well as general-
izations. See also Glynn [213], and the monographs Kleinrock [305], Asmussen [24],
Chen and Yao [99], and Whittle [498].

Thec-µ rule was introduced by Smith in [453], and optimality was established for
a single station model in the monograph of Cox and Smith [119]. In the half century
since its introduction, thec-µ rule has been generalized to many different models and
cost citeria (e.g. [22, 307, 308, 231, 338, 90, 140, 95, 436, 477, 485, 300, 263, 99, 325].)
Priority policies arise in the theory ofbandit processesof Nash [380], Gittens [209] and
Whittle [495, 498]. See Tsitsiklis [473] for a streamlined treatment of these problems,
and more recent extensions of Niño-Mora [387]. Altman [10] contains a survey on
applications to queues, and an extensive history on priority policies.

Versions of the processor sharing model have been considered in [235, 239, 40,
326].

More on models for multiple access communication can be found in Shamai and
Wyner [439], Gallager [195], and Hanly and Tse [470, 228]. Cover and Thomas is an
excellent reference [118], as well as Cover’s survey on broadcast channels [117]. For
more on resource allocation in wireless models see the Notes section in Chapter6.

Bertsekas and Gallager’s book [47] tells much more about Braess’ paradox, and
routing in communication networks.

Inventory models based on the simple example contained in Section7.4 can be
found in thousands of articles since the seminal work of Clark and Scarf [22, 422, 113,
423, 205]. The discussion on power transmission networks is adapted from [104, 110].

The network described in Section2.9is among several examples introduced in the
1990s to show that a network can be unstable under seemingly innocuous conditions.
Instability of the KSRS fluid model under a particular non-idling policy was established
by Kumar and Seidman in [320]. The corresponding CRW model under a priority
policy was treated in Rybko and Stolyar in [420] (see also [341].) The virtual station
condition introduced in [132] helped to clarify the dynamics of instability in these
examples.

Instability under a global first-in first-out (FIFO) policy was established in partic-
ular examples constructed by Bramson and by Seidman [84, 83, 428]. Some positive
results are contained in [100].

In certain network/policy combinations it is possible that stability depends upon
detailed statistics of the network. This is evident in policies based upon safety-stocks
where the appropriate safety-stock level depends on higher order statistics (beyond the
steady state means of arrival and service processes.) More exotic behavior is reported
in [189, 129].

Copyright Cambridge University Press 2007. On-screen viewing permitted. Printing not permitted. 
http://www.cambridge.org/us/catalogue/catalogue.asp?isbn=9780521884419



Chapter 3

The Single Server Queue

In this chapter we consider the CRW model for the single server queue introduced in
Section2.1. Recall that this is defined by the recursion,

Q(t+ 1) = Q(t) − S(t+ 1)U(t) +A(t+ 1), t ∈ Z+, (3.1)

with given initial conditionQ(0) = x ∈ Z+.
It is assumed that the joint arrival-service process{A(t), S(t) : t ≥ 1} is i.i.d.

with a finite second moment; the common marginal distribution ofS = {S(t) : t ≥ 1}
is Bernoulli; and the marginal distribution ofA is supported onZ+. Unless stated
otherwise, the allocation sequenceU is defined as the non-idling policy (i.e.U(t) = 1
if Q(t) ≥ 1).

Our first task in this chapter is to obtain a sample path representation ofQ using
the Skorokhod map. This representation has many consequences, such as an explicit
expression for the process in steady-state, and approximations by simpler continuous
time processes, such as the fluid model introduced in Section2.1.4.

The single server queue is a Markov chain onZ+ whose transition probability
is denotedP , and expectation operatorEx whenQ(0) = x ∈ Z+. The transition
probability has the explicit representation, for anyx, y ∈ Z+,

P (x, y) = P{Q(t+1) = y | Q(t) = x} = P{[x−S(t+1)]+ +A(t+1) = y}. (3.2)

We then ask, when is the chain stable? Is the invariant measureπ computable? What
are the steady-state statistics, such as the mean queue-length and average delay?

We find that stability of the stochastic model is equivalent to stability of the deter-
ministic fluid model, expressed under the non-idling policy by

q(t;x) = [x− (µ− α)t]+, t ≥ 0,

wherex ∈ R+ is given as the initial condition. For either model, stability is character-
ized in terms of the systemloadρ :=α/µ. If ρ < 1 thenµ−α > 0, so thatq(t;x) = 0
for all sufficiently larget. In this case we find that several Lyapunov functions for the
fluid model also serve as Lyapunov functions for the stochastic modelQ.

62
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We recall here the basic Lyapunov drift condition (V3) for any Markov chain on
a denumerable state spaceX: for a non-negative valued functionV on X, a finite set
S ⊂ X, b <∞, and a functionf : X → [1,∞),

DV (x) ≤ −f(x) + b1S(x), x ∈ X. (V3)

The generator for the Markov chainQ is defined as the “discrete derivative”: For each
x ∈ Z+,

DV (x) :=E[V (Q(t+1))−V (Q(t)) | Q(t) = x] =

∞∑

y=0

P (x, y)[V (y)−V (x)] (3.3)

Whenf ≡ 1 then (V3) is known asFoster’s Criterion.
For the fluid model, a natural “generator” is defined for differentiable functionsV

by,

D0V (x) := d+

dtV (q(t;x))
∣∣∣
t=0

, (3.4)

and the deterministic, continuous time version of (V3) is expressed,

D0V (x) ≤ −f(x) x 6= 0,

whereV : R+ → R+ is differentiable, andf(x) > 0 for x > 0. Two canonical
Lyapunov functions for the fluid model are value functions: Theminimal draining
time, and thetotal cost,

T ∗(x) = min{t : q(t;x) = 0} =
x

µ− α
(3.5)

J∗(x) =

∫ ∞

0
c(q(t;x)) dt = 1

2

x2

µ− α
, x ∈ R+, (3.6)

where in the single queue we always takec(x) ≡ x. The “∗” indicates that the non-
idling policy is optimal forq, in that it minimizes the time to drain, as well as the total
cost, over all admissible allocation processesz. Each of these value functions serves
as a Lyapunov function for the fluid model, in the sense that a continuous-time version
of (V3) holds:

D0T
∗ (x) = −1{x > 0}, and D0J

∗ (x) = −x, (3.7)

assuming of course thatρ < 1 so thatT ∗ andJ∗ are finite-valued.
The identities (3.7) are applied in Section3.3.1, where it is also shown that either of

these value functions serves as a Lyapunov function for the CRW model (3.1). Foster’s
criterion holds withV = T ∗, and Condition (V3) is satisfied withf(x) ≡ 1 + 1

2x for
the functionV = J∗. These bounds combined with TheoremA.2.2 imply that Q is
ergodic with finite steady-state mean whenρ < 1.

ThePoisson equationfor the CRW queue withc the identity function is expressed,

Dh (x) = −x+ η, x ∈ Z+, (3.8)

Copyright Cambridge University Press 2007. On-screen viewing permitted. Printing not permitted. 
http://www.cambridge.org/us/catalogue/catalogue.asp?isbn=9780521884419



Control Techniques for Complex Networks Draft copy April 22, 2007 64

whereη denotes the steady state mean ofQ(t). Poisson’s equation arises in the ergodic
theory of Markovian models, and a generalization is used to define the dynamic pro-
gramming equations for average-cost optimal control in Section4.1.3and Chapter9.

Theorem3.0.1establishes formulae for the steady-state mean as well as theassoci-
ated solution to Poisson’s equation. The formula (3.10) for the steady-state mean may
be viewed as an analog of the celebratedPollaczek-Khintchine formulafor the M/G/1
queue. The Pollaczek-Khintchine formula expresses the average queue length in terms
of the ‘mean drift’µ− α, and the variance of the joint service/arrival process.

The identityD0J
∗ (x) = −x can be interpreted as a version of Poisson’s equation

for the fluid model. The solution to Poisson’s equation for the CRW model given in
(3.11) is a perturbation of the total costJ∗.

Theorem 3.0.1. (Stability of the Single Server Queue)Consider the CRW queueing
model (3.1) satisfyingρ = α/µ < 1, and define

m2 = E[(S(1) −A(1))2], m2
A = E[A(1)2], σ2 = ρm2 + (1 − ρ)m2

A. (3.9)

Then,

(i) Q is positive recurrent: There is a unique invariant measureπ on Z+, with
steady-state mean

η := Eπ[Q(0)] = 1
2

σ2

µ− α
(3.10)

(ii) The functionh∗ : Z+ → R+ defined in (3.11) solves Poisson’s equation (3.8),

h∗(x) = J∗(x) + 1
2µ

−1
(m2 −m2

A

µ− α

)
x , x ∈ Z+. (3.11)

Proof. The existence ofπ follows from Proposition3.4.3. Proposition3.4.8establishes
the formula forh∗ and the expression forη. PropositionA.3.11 implies thath∗ is the
unique solution to Poisson’s equation that is bounded from below withh∗(0) = 0. ⊓⊔

The higher order statistics are summarized in thelog moment generating function
(log-MGF) defined as the steady-state expectation,

ΛQ(ϑ) := log
(
Eπ

[
eϑQ(0)

])
, ϑ ∈ R. (3.12)

The log MGF forQ can be computed in terms of the two log MGFs,

Λ(ϑ) := log
(
E
[
eϑ(A(1)−S(1))

])
ΛA(ϑ) := log

(
E
[
eϑA(1))

])
, ϑ ∈ R. (3.13)

To avoid complications we assume that the arrival process is bounded.

Theorem 3.0.2. (Large Deviations in the Single Server Queue)Consider the CRW
queueing model (3.1) satisfyingρ = α/µ < 1. Suppose thatA is a bounded sequence,
and thatP{A(t) > S(t)} > 0. Then,
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lim
n→∞

n−1 log
(
Pπ{Q(t) ≥ n}

)
= −ϑ0, (3.14)

whereϑ0 > 0 is the second zero ofΛ,

ϑ0 := max{ϑ : Λ(ϑ) ≤ 0}. (3.15)

Proof. This follows from Proposition3.4.4(i) where the log MGFΛQ is computed. It
is shown in particular thatΛQ(ϑ) is finite for ϑ < ϑ0, and infinite forϑ > ϑ0, which
implies the desired conclusion. ⊓⊔

In Section3.5 we find that the parameterϑ0 also appears in the analysis of the
queue length process in the transient phase prior to a ‘buffer overflow’.

This chapter introduces an approach to performance evaluation to be developed
over the course of the book. To establish formulae for the mean queue length or the
MGF we do not computeπ. Instead, to compute the steady state mean of a functionf
onX, we search for solutions to invariance equations similar to Poisson’s equation,

Dh = −f + g (3.16)

whereg is a function onX whose mean is known. Subject to a growth condition on
the functionh, (3.16) implies thatπ(f) = π(g). This result is a refinement of the
Comparison Theoremgiven in the appendix. This is recalled in Theorem3.3.2since it
is the basis of the proofs of many of the main results in this chapter.

Whenever possible, results for the CRW model are stated for the RBM model.
These results are collected together in subsections, typically located at the end of each
section. This advanced material can be skipped without loss of continuity.

We begin with various sample path representations forQ.

3.1 Representations

The recursion (3.1) can be represented in different forms for different purposes. An
immediate representation is via the reflected random walk.

3.1.1 Lindley recursion

The single server queue can be reduced to the reflected random walk to obtain the
Lindley recursion:

Proposition 3.1.1. The processX := Q − A is a version of the reflected random
walk, with initial conditionX(0) = Q(0) and incrementsE(t) = A(t − 1) − S(t) for
t ≥ 1, whereA(0) := 0.

Proof. We have from the definitions,

X(t+ 1) :=Q(t+ 1)−A(t+ 1) = [Q(t)−S(t+ 1)]+ = [X(t)+A(t)−S(t+ 1)]+.
(3.17)

HenceX(t+ 1) = [X(t) + E(t+ 1)]+ as claimed. ⊓⊔

Copyright Cambridge University Press 2007. On-screen viewing permitted. Printing not permitted. 
http://www.cambridge.org/us/catalogue/catalogue.asp?isbn=9780521884419



Control Techniques for Complex Networks Draft copy April 22, 2007 66

One warning is required here: although it is true thatX is a reflected random walk,
the processE is not stationary sinceE(1) = −S(1), while E(i) = A(i− 1) − S(i) for
i ≥ 2. Moreoever, although{E(t) : t ≥ 2} is stationary, it is not i.i.d. unlessA and
S are independent. The recursion (3.17) remains a useful representation since we can
translate standard results for a reflected random walk to the CRW queue.

The reader will likely ask,why not take the reflected random walk as the model
for Q? The answer is that the recursion (3.1) is most easily generalized to multidimen-
sional networks.

3.1.2 Skorokhod map

Iteration of the projection[ · ]+ that definesX in (3.17) leads to a second useful repre-
sentation for the single server queue.

Consider an arbitrary reflected random walkX with increment processE and
initital conditionX(0) = x. Let F denote the unreflectedfree process, defined via
F (0) = x and,

F (t) = x+
t∑

i=1

E(i), t ≥ 1. (3.18)

TheSkorokhod mapis then defined as the mapping,

[F ]S(t) := max
0≤i≤t

(
max[F (t), F (t) − F (i)]

)
, t ≥ 0. (3.19)

Proposition3.1.2(i) asserts that this is indeed a representation ofX. This will be
generalized to continuous time models, and is applied to construct fluid and diffusion
approximations for the queue process. For approximation it is useful that the map is
also continuous.

Proposition 3.1.2. The Skorokhod map (3.19) has the following properties:

(i) Consistency: The solutionX is precisely the reflected random walk,X(t+1) =
[X(t) + E(t+ 1)]+, t ≥ 0, withX(0) = x given.

(ii) Continuity: Suppose thatF ,F ′ are two different processes giving rise to two
reflected processesX = [F ]S andX ′ = [F ′]S. We then have, for eacht ≥ 1,

|X(t)−X ′(t)| ≤ max
0≤i≤t

(
max

[
|F (t)−F ′(t)|, |(F (t)−F ′(t))−(F (i)−F ′(i))|

])
.

(iii) Monotonicity: Suppose thatF ,F ′ are two different processes giving rise to
two reflected processesX andX ′ in whichF ′(t1)−F ′(t0) ≥ F (t1)−F (t0) for
all t1 ≥ t0 ≥ 0, andF ′(0) ≥ F (0). ThenX ′(t) ≥ X(t) for all t.

Proof. We first establish the bound[F ]S(t) ≤ X(t) for any t. We begin with two
obvious properties,

F (t) ≤ X(t) and X(t+ 1) −X(t) ≥ E(t+ 1) = F (t+ 1) − F (t), t ≥ 0.

Copyright Cambridge University Press 2007. On-screen viewing permitted. Printing not permitted. 
http://www.cambridge.org/us/catalogue/catalogue.asp?isbn=9780521884419



Control Techniques for Complex Networks Draft copy April 22, 2007 67

The second bound can be iterated to conclude that all increments ofF are bounded
above by the increments ofX. SinceX is non-negative valued, we obtain for each
0 ≤ i ≤ t,

X(t) = X(i) +X(t) −X(i) ≥ X(i) + F (t) − F (i) ≥ F (t) − F (i).

Maximizing overi gives[F ]S(t) ≤ X(t).

t

X(t) = X(t−) + F (t)

F (t)

− F (t−)

t− t+

Figure 3.1: Skorokhod representation for the single server queue.X(t) = F (t) −
F (t−) for timepointst = t−, . . . , t+, wheret− is the largest time not exceedingt
satisfyingX(t−) = 0, andt+ is the next time thatX(t+) = 0.

The fact that this lower bound is attained is illustrated in Figure3.1. Let t− denote
the largest integeri ≤ t such thatX(i) = 0. If no suchi exists thenX(t) = F (t), so
that [F ]S(t) = X(t) as claimed. Otherwise, it is clear from the figure that,

X(t) = X(t−) + F (t) − F (t−) = F (t) − F (t−).

This shows that the maximum in (3.19) is indeed attained att−.
The continuity result is then immediate from the bound,

∣∣( max
0≤i≤k

ai
)
−

(
max
0≤j≤k

bj
)∣∣ ≤ max

0≤i≤k
|ai − bi|

which holds for any collection of real numbers{ai, bj}.
Monotonicity follows directly from the definition. ⊓⊔

3.1.3 Loynes construction

Our first application of the Skorokhod map (3.19) is an explicit representation for the
invariant measure of a reflected random walkX. TheLoynes constructionof a station-
ary version of the queue length process is based on initializing the process at a time in
the distant past, denoted−T , and then lettingT → ∞.

Suppose that the i.i.d. processE is defined on the two-sided time intervalZ, and
letXT (t) denote the random walk on the time set{−T,−T + 1, . . . }, initialized with

Copyright Cambridge University Press 2007. On-screen viewing permitted. Printing not permitted. 
http://www.cambridge.org/us/catalogue/catalogue.asp?isbn=9780521884419



Control Techniques for Complex Networks Draft copy April 22, 2007 68

XT (−T ) = 0. The Skorokhod map provides a representation ofXT (0) in terms of the
free processFT (t) :=

∑t
i=−T+1 E(i),

XT (0) = max
−T≤i≤0

(
max[FT (0), FT (0) − FT (i)]

)
.

On writingFT (0) − FT (i) =
∑0

j=i+1 E(j) for −T ≤ i ≤ −1 we obtain,

XT (0) = max
−T≤i≤−1

[ 0∑

j=i+1

E(j)
]
+

(3.20)

Proposition 3.1.3. The random walk satisfies, for anyy ∈ Z+,

P{X(t) ≥ y | X(0) = 0} ↑ P{X+
∞ ≥ y}, t ↑ ∞,

where

X+
∞ := sup

0≤i<∞

[ i∑

j=0

E(j)
]

+
(3.21)

Proof. The proof is based on the representation,

P{X(t) ≥ y | X(0) = 0} = P{XT (0) ≥ y} (3.22)

Applying (3.20), we find thatXT (0) is equal in distribution to the random variable,

X+
T := sup

0≤i<T−1

[ i+1∑

j=0

E(j)
]
+

We obviously haveX+
T ↑ X+

∞ asT → ∞ (where the limit may take on infinite values.)
This combined with (3.22) shows that the desired convergence holds whenX(0) = 0.

⊓⊔

As an immediate consequence of Proposition3.1.3(usingQ(t) = X(t) + A(t))
we obtain an ergodic theorem for the CRW queue: For anyy ∈ Z+,

lim
t→∞

P{Q(t) ≥ y | Q(0) = 0} = P{X+
∞ +A∞ ≥ y}

whereA∞ is independent ofX+
∞, and distributed as a typical arrival increment. When

ρ < 1 we will find thatX+
∞ < ∞ a.s., and the ergodic theorem can be generalized to

arbitrary initial conditions throughcoupling(see also SectionA.5.)

3.2 Approximations

In this section we provide several applications of the Skorokhod representation for the
CRW queue, combined with an extension of the continuity result Proposition3.1.2,
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to obtain approximations of the queue by a deterministic fluid model, or the reflected
Brownian motion model described informally in the introduction.

The definition of the Skorokhod map is extended as follows: Suppose thatF : R+ →
R is any function of continuous time, and define the Skorokhod map as in (3.19) by,

[F ]S(t) := sup
0≤s≤t

(
max[F (t), F (t) − F (s)]

)
, t ≥ 0. (3.23)

The proof of the following result is similar to the proof of Proposition3.1.2.

Proposition 3.2.1. The Skorokhod map (3.23) is continuous: Suppose thatF ,F ′ are
two different processes giving rise to two reflected processesX = [F ]S and X ′ =
[F ′]S. We then have, for eacht ≥ 0,

|X(t) −X ′(t)| ≤ sup
0≤s≤t

(
max

[
|F (t) − F ′(t)|, |(F (t) − F ′(t)) − (F (s) − F ′(s))|

])
.

3.2.1 Fluid models

Recall that theload for the queue is defined asρ = α/µ. The following result is
immediate:

Proposition 3.2.2. The following hold for the single server queue:

(i) ρ < 1 if and only if the queue is stabilizable. That is, for eachx ≥ 0 there exists
z such thatq(t) = 0 for all t sufficiently large. In this case the minimal draining
timeT ∗(x) is finite for each initial condition, and is given by (3.5).

(ii) ρ ≤ 1 if and only if the origin is a potential equilibrium. That is,z can be
chosen so thatq(t) = 0 for all t whenq(0) = 0

⊓⊔

In Section2.1.4we described how the fluid model approximates the transient be-
havior of the queue, viewed from a large initial condition. This observation can be
refined through a limiting argument based on the Strong Law of Large Numbers. We
extend the definition of the domain ofQ to arbitrary initial conditions inR+ and arbi-
trary time pointst ∈ R+ as follows: LetQ(t;x) denote the continuous, piecewise linear
process that coincides with the CRW model at the integer time pointst = {0, 1, 2, . . . },
with initial condition⌊x⌋ (the integer part ofx.) The domain of the random walkX is
defined similarly. The free processF (t;x) is the continuous, piecewise linear function
with initial conditionF (0;x) = Q(0;x) satisfying,

F (t;x) = ⌊x⌋ +

t∑

i=1

E(i), t = 1, 2, . . . . (3.24)

Recall that we defineE(i) = −S(i) + A(i − 1) in the CRW model (see Proposi-
tion 3.1.1.)

Letκ ≥ 1 denote a scaling parameter, and define the scaled processes,
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qκ(t;x) = κ−1Q(κt;κx),

xκ(t;x) = κ−1X(κt;κx),

fκ(t;x) = κ−1F (κt;κx) t ∈ R+, x ∈ R+.

The processX can be represented using the continuous time version of the Skorokhod
map,

X(t;x) = [F ]S(t;x) := max
0≤s≤t

(
max[F (t;x), F (t;x) − F (s;x)]

)
, t ≥ 0.

It immediately follows that the scaled processxκ has an analogous representation,

xκ(t;x) = [fκ]S(t;x) := max
0≤s≤t

(
max[fκ(t;x), fκ(t;x) − fκ(s;x)]

)
, t ≥ 0,

(3.25)
which is very similar to the representation ofq,

q(t;x) = [f ]S(t;x) := max
0≤s≤t

(
max[f(t;x), f(t;x) − f(s;x)]

)
, t ≥ 0, (3.26)

wheref(t;x) := x− (µ− α)t.
These representations combined with continuity of the Skorokhod map lead to the

following conclusions,

Proposition 3.2.3. For eachx ∈ R+ we have with probability one,

lim
κ→∞

qκ(t;x) = lim
κ→∞

xκ(t;x) = q(t;x),

whereq is the deterministic, continuous-time solution to the fluid model equations (2.5)
under the non-idling policy forz.

Proof. Applying the Strong Law of Large Numbers TheoremA.5.8we have with prob-
ability one,

fκ(t;x) → f(t) := x− (µ− α)t, κ→ ∞, t ≥ 0.

The Skorokhod map (3.25) is continuous, so we must havexκ(t;x) → q(t;x). In fact,
on applying Proposition3.2.1and the triangle inequality we obtain the explicit bound,

|xκ(t;x) − q(t;x)| ≤ 2|fκ(t;x) − f(t;x)| + sup
0≤s≤t

|fκ(s;x) − f(s;x)|. (3.27)

The fact thatqκ(t;x) → q(t;x) then follows from the representationX :=Q−A. ⊓⊔

3.2.2 Heavy-traffic and Brownian models

In perhaps the most common application of the Skorokhod map, the free process is
given directly as Brownian motion onR, with initial conditionx. The resulting process
X is precisely thereflected Brownian motion(RBM) described in Section1.3.3. Here
we provide a formal definition:
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Definition 3.2.1.Reflected Brownian motion

Let F (t) = x − δt + N(t), t ≥ 0, wherex ∈ R+, δ ∈ R, andN is a driftless
Brownian motion. The associatedreflected Brownian motionis defined asX := [F ]S,
or equivalently

X(t) = max
0≤s≤t

(
max

[
x− δt+N(t),N(t) −N(s) − (t− s)δ

])
, t ≥ 0. (3.28)

In Proposition3.2.3we saw that the fluid model can be obtained through a ‘Law
of Large Numbers scaling’ by appealing to continuity of the Skorokhod map. Alterna-
tively, the free process (3.24) for the CRW model can be scaled to obtain a Brownian
motion, and the resulting queue length process converges to an RBM.

This limiting argument is most natural inheavy-traffic, which means thatρ < 1 is
very nearly unity. The approximation is illustrated in Figure1.8 in the stable regime
with ρ = 0.9, where the sample path behavior does look similar to that of the RBM
(3.28).

To illustrate the construction of a limiting RBM model consider first a queue satis-
fying E[A(t)] = E[S(t)] = 1

2 so thatρ = 1. As always, we assume thatA(t) has finite
variance. Given a constantδ > 0 we define a “thinning” ofA as follows: At each time
t a weighted coin is flipped, independent of the past, with a probability of ‘heads’ given
by 1 − 2κ−1δ. With the occurrence of a heads we takeAκ(t) = A(t), and otherwise
Aκ(t) = 0. That is, for eacht and eachκ ≥ 2δ,

Aκ(t) =

{
A(t) with prob.1 − 2κ−1δ

0 with prob.2κ−1δ

We then haveακ :=E[Aκ(t)] = (1−2κ−1δ)E[A(t)] = 1
2 −κ−1δ, andµ−α = κ−1δ >

0.
The scaled queue-length process and free process are then defined by,

Qκ(t;x) = κ−1Qκ(κ2t;κx),

F κ(t;x) = κ−1
(
⌊κx⌋ +

κ2t∑

i=1

Eκ(i)
)
, t = κ−2, 2κ−2, . . . ,

(3.29)

whereEκ(i) = Aκ(i − 1) − S(i). For arbitraryt ∈ R+, each of these processes is
defined by linear interpolation to form a continuous function.

The processF κ converges to a Brownian motion with drift−δ. To see this, de-
compose the free process into three parts:F κ(t;x) = xκ − δκ(t) + Nκ(t), where
xκ = κ−1⌊κx⌋,

δκ(t) = −κ−1
κ2t∑

i=1

(Aκ(i−1)−A(i−1)), and Nκ(t) = κ−1
κ2t∑

i=1

(A(i−1)−S(i)).
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We obviously havexκ → x asκ → ∞. The Central Limit Theorem asserts that the
distribution ofNκ(t) is approximately Gaussian for largeκ. An application of the
functional form Theorem1.3.8gives,

Nκ → N , κ→ ∞,

whereN is a driftless Brownian motion with instantaneous covarianceσ2 = E[(A(t)−
S(t))2], and the convergence is in distribution.

By construction we haveE[δκ(t)] = δt whenκ2t is an integer, and

Var(δκ(t)) = κ−2
κ2t∑

i=1

Var[Aκ(i− 1) −A(i− 1)] ≤ t(2δκ−1)E[A(1)2].

The last bound usesVar[Aκ(i) − A(i)] ≤ E[(Aκ(i) − A(i))2] = P{Aκ(i) 6=
A(i)}E[A(i)2 ], i ≥ 1. Henceδκ(t) → δt in theL2 sense sinceVar(δκ(t)) → 0 as
κ→ ∞.

We conclude thatF κ(t;x) → x − δt + N(t) in distribution. To apply the same
technique used in the proof of the simpler fluid limit Proposition3.2.3requires some
magic. A technique known as theSkorokhod embeddingpermits the construction of an
entirely new probability space for which the convergence ofF κ(t;x) to x− δt+N(t)
is with probability one. This can be deduced from Billingsley [65, Theorem 37.7]. In
this way we obtain,

Proposition 3.2.4. For eachx ∈ R+, the scaled processQκ( · ;x) converges in
distribution to the RBM onR+ with drift δ and instantaneous covarianceσ2 =
E[(A(1) − S(1))2]. ⊓⊔

3.3 Stability

The Loynes construction summarized in Proposition3.1.3 implies a general ergodic
theorem for the CRW queue. Though stated for i.i.d. service and arrivals, it is easily
extended to stationary, possibly dependent(S,A). Of course, to obtain a meaningful
limit one requiresX+

∞ <∞ a.s., which requiresρ < 1.

3.3.1 Fluid and stochastic Lyapunov functions

Whenρ < 1 the queue length process is stable, in the sense that it admits a stationary
version, with marginal distributionπ. It is also stable in the sense that the process drifts
downward whenever it is large. To quantify this observation we construct a Lyapunov
functionV : X → R+ satisfying (V3).

We first revisit the generator for the fluid model (3.4) applied to the value functions
T ∗ and J∗. The following identity follows from the definition ofT ∗, and the fact that
d
dtq(t;x) = −(µ− α) whenq(t;x) > 0:

d
dtT

∗(q(t;x))
∣∣∣
t=0

= −1, x > 0. (3.30)
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This can also be interpreted as an instance of thefundamental theorem of calculus. We
have,

T ∗(q(t;x)) =

∫ ∞

t
1{q(s;x) > 0} ds,

so that ddtT
∗(q(t;x)) = −1{q(t;x) > 0}. Similarly, for the total cost

J∗(q(t;x)) =

∫ ∞

t
q(s;x) ds, x ∈ R+, t ≥ 0,

so that by the fundamental theorem of calculus,

d
dtJ

∗(q(t;x)) = −q(t;x), x ∈ R+, t ≥ 0. (3.31)

The “drift conditions” (3.30) and (3.31) for the fluid model suggest that we apply
the generator forQ to these value functions. We have,

E[Q(t+ 1) | Q(t) = x] = x− (µ− α), x 6= 0, (3.32)

and hence the functionT ∗ satisfies (V3) in the form of Foster’s criterion withS = {0}:

DT ∗ (x) := E[T ∗(Q(t+ 1)) − T ∗(Q(t)) | Q(t) = x] = −1, x 6= 0. (3.33)

That is,T ∗(Q(t)) decreases on-average by1 at each time increment, up until the first
time that the queue empties. This behavior forQ is entirely analogous to the behavior
of the fluid model, as captured by the identity (3.30).

We obtain similar conclusions for the total costJ∗. First observe that for non-zero
x,

E[(Q(t+ 1))2 | Q(t) = x] = E[(x− S(t+ 1) +A(t+ 1))2]

= x2 − 2(µ− α)x+ E[(−S(t+ 1) +A(t+ 1))2].
(3.34)

We thus obtain a version of (V3),

DJ∗ (x) = −x+ 1
2

m2

µ− α
, x 6= 0, (3.35)

wherem2 = E[(−S(t) +A(t))2].
Equation (3.35) forms the first step in constructing a solution to Poisson’s equation

in Section3.4. We first consider the consequences of the bound obtained forT ∗.

3.3.2 Consequences of Foster’s criterion

Based on (3.33), Proposition3.3.1establishes solidarity between the mean hitting time
to the origin for the CRW model,

τ0 := min{t ≥ 1 : Q(t) = 0},

and the minimal draining time for the fluid model.
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Thecoefficient of variationof a random variableX is defined to be the ratio of the
variance and the first moment squared:CV(X) := Var[X]/(E[X])2 . If the coefficient
of variation is small, then the variability ofX is small compared to its mean, and we
might say thatX is ‘nearly deterministic’. For the random timeτ0, we obtain from
Proposition3.3.1the following expression for the coefficient of variation:

CVx(τ0) :=
Varx

[
τ0

]
(
Ex

[
τ0

])2 =
σ2

1

µ− α

1

x
, x ≥ 1,

whereσ2
1 = Var[S(1) − A(1)]. It is evident that the coefficient of variationCVx(τ0)

is small, and hence the approximationτ0 ≈ T ∗(x) is relatively accurate, providedx is
much larger thanσ2

1(µ− α)−1. The Pollaczek-Khintchine formula (3.10) implies that
σ2

1(µ− α)−1 is approximately twice the steady-state mean ofQ(t) whenρ ≈ 1.
The ideas used in the proof of Proposition3.3.1are applied elsewhere in the book

to obtain performance bounds for network models. In particular, this is the focus of
Section8.2.

Proposition 3.3.1. Consider the CRW queueing model (3.1) satisfyingρ = α/µ < 1.
The following hold for any non-zero initial conditionx ∈ Z+, with τ0 equal to the first
hitting time to the origin,

Ex

[
τ0

]
= T ∗(x), Varx

[
τ0

]
=

σ2
1

(µ− α)2
T ∗(x), x ≥ 1,

whereσ2
1 = Var[A(1) − S(1)].

The proof is based on the Comparison Theorem from the Appendix which we
specialize here for the single server queue:

Theorem 3.3.2. (Comparison Theorem for the Single Server Queue)Consider
the single server queue with generator defined in (3.3). Suppose that non-negative
functionsV, f, g onZ+ satisfy the bound,

DV ≤ −f + g. x ∈ Z+. (3.36)

Then for eachx ∈ Z+ and any stopping timeτ we have

Ex

[
V (Q(τ)) +

τ−1∑

t=0

f(Q(t))
]
≤ V (x) + Ex

[τ−1∑

t=0

g(Q(t))
]
.

⊓⊔

Proof of Proposition3.3.1. The identity (3.33) can be equivalently expressed,

E[T ∗(Q(t+ 1)) | Ft] = T ∗(Q(t)) − 1 if τ0 > t, (3.37)

where the history (filtration) is defined byFt := σ{Q(0), . . . , Q(t)}. This implies that
M(t) := t ∧ τ0 + T ∗(Q(t ∧ τ0)), t ≥ 0, is a martingale: IfQ(0) ≥ 1 then,
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E[M(t+ 1) | Ft] = M(t) t ≥ 0.

If the martingaleM is uniformly integrable, this implies the formula for the mean
hitting time to the origin via,

E[M(τ0)] = M(0) = T ∗(x),

combined with the identityM(τ0) = τ0.
To see thatM is uniformly integrable we obtain a uniform bound as follows:

|M(t)−M(0)| =
∣∣∣
t−1∑

i=0

(M(i+1)−M(i))
∣∣∣ ≤ τ0+

1

µ− α

τ0−1∑

i=0

|Q(i+1)−Q(i)|. (3.38)

We have the boundEx[τ0] ≤ T ∗(x) < ∞ from (3.37) and the Comparison Theo-
rem3.3.2. Moreover,

Ex

[τ0−1∑

i=0

|Q(i+ 1) −Q(i)|
]

=
∞∑

i=0

Ex

[
1{τ0 > i}|A(i + 1) − S(i+ 1)|

]

=
∞∑

i=0

Ex

[
1{τ0 > i}

]
E
[
|A(i+ 1) − S(i+ 1)|

]
,

where the last equality follows from the fact that(A,S) is i.i.d., and{τ0 > i} is Fi
measurable. An equivalent expression follows,

Ex

[τ0−1∑

i=0

|Q(i+ 1) −Q(i)|
]

= E
[
|A(1) − S(1)|

]
Ex

[
τ0

]
,

and the right hand side is finite by Foster’s criterion and TheoremA.4.1. It follows that
Ex[maxt≥0 |M(t)|] <∞, which implies uniform integrability.

For the variance representation we first write,

Varx
[
τ0

]
= Varx

[
M(τ0)

]
= Ex[(M(τ0) −M(0))2]

Exactly as in (3.38) we have the telescoping series representation,

M(τ0) −M(0) =

τ0−1∑

i=0

(M(i+ 1) −M(i)) =
∞∑

i=0

(M(i+ 1) −M(i))1(τ0 > i).

The random variables{(M(i + 1) −M(i))1(τ0 > i) : i ≥ 0} are uncorrelated, with

Ex

[(
(M(i+ 1) −M(i))1(τ0 > i)

)2 | Fi
]

= Ex

[
(−1 + (µ− α)−1(A(i+ 1) − S(i+ 1)))2 | Fi

]
1(τ0 > i)

= (µ− α)−2Var[A(1) − S(1)]1(τ0 > i), i ≥ 0.

Consequently, usingσ2
1 = Var[A(1) − S(1)],
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Varx
[
τ0

]
=

∞∑

i=0

Ex

[(
(M(i + 1) −M(i))1(τ0 > i)

)2
]

= (µ− α)−2σ2
1Ex

[τ0−1∑

i=0

1(τ0 > i)
]

= (µ− α)−2σ2
1Ex[τ0].

The formulaEx[τ0] = T ∗(x) established in (i) completes the proof of (ii). ⊓⊔

3.3.3 Stability of the RBM model

To extend the Lyapunov function criteria for stability to the RBM model (3.28) we
require a generator. This is described in detail in Section8.7.1 for a more general
Brownian network model. The definition of the generator is based onItô’s formula.

In the RBM model considered here, Itô’s formula provides a representation of
h(X(t)) for any twice continuously differentiable (C2) functionh : R → R,

h(X(t)) = h(x) +

∫ t

0
[−δh′(X(s)) + 1

2σ
2h′′(X(s))] ds

+

∫ t

0
h′(X(s)) dN(s) +

∫ t

0
h′(0) dI(s).

(3.39)

Borrowing from McKean [291, 353], this can be interpreted as a second order Taylor
series expansion,

“h(X(t + dt)) = h(X(t)) + h′(X(t))dX(t) + 1
2h

′′(X(t))(dX(t))2”,

with the convention that(dX(t))2 = σ2dt. We have used the fact that the idleness
process can only increase whenX is zero, giving,

∫ t

0
h′(X(s)) dI(s) =

∫ t

0
h′(0) dI(s) = h′(0)I(t).

The representation (3.39) leads to the following formulation of the generator: For
aC2 functionh,

Dh = −δh′ + 1
2σ

2h′′. (3.40)

The point is, Itô’s formula implies the representation,

M(t) := h(X(t)) − h(x) −
∫ t

0
[Dh (X(s))] ds − h′(0)I(t) =

∫ t

0
h′(X(t)) dN(t).

It follows thatM is a martingale wheneverh′ has polynomial growth.
A version of the Comparison Theorem holds for this model: If the bound (3.36)

holds,DV ≤ −f + g whereV, f, g are non-negative valued andC2 (not necessarily
with polynomial growth), then for any stopping timeτ ,
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Ex

[
V (X(τ)) +

∫ τ

0
f(X(t)) dt

]
≤ V (x) + Ex

[∫ τ

0
g(X(t)) dt + V ′(0)I(τ)

]
.

Condition (V3) for the RBM model is expressed exactly as in the CRW model:
DV ≤ −f + b1S wheref ≥ 1, b < ∞ is constant, andS = [0, x0] for some
x0 > 0. This is again a necessary and sufficient condition for positive recurrence
of X [368, 366]. A natural candidate is the fluid value function,

J∗(x) := 1
2δ

−1x2, x ≥ 0. (3.41)

Applying the generator (3.40) we obtain,

DJ∗ (x) = −δ[δ−1x] + 1
2σ

2[δ−1]. (3.42)

HenceJ∗ solves (V3) providedδ > 0.

3.4 Invariance equations

We now turn to properties of the invariant measureπ for a stable queue, and return to
the Pollaczek-Khintchine formula.

3.4.1 The M/M/1 queue

For the M/M/1 queue the invariant measure is geometric:

Proposition 3.4.1. Whenρ = α/µ < 1, the invariant measure for the M/M/1 queue
is given by

π(x) = (1 − ρ)ρx, x = 0, 1, 2, . . . . (3.43)

Moreover, the detailed balance equations hold,

π(x)P (x, y) = π(y)P (y, x), x, y = 0, 1, 2, . . . . (3.44)

Proof. We begin with the detailed balance equations: Forx ≥ 1 we haveP (x, x−1) =
µ, P (x, x+ 1) = α, and hence

π(x)P (x, x − 1) = (1 − ρ)ρxµ = (1 − ρ)ρx−1α = π(x− 1)P (x − 1, x),

where we have usedρ := α/µ. Similarly, for anyx ∈ Z+,

π(x)P (x, x + 1) = (1 − ρ)ρxα = (1 − ρ)ρx+1µ = π(x+ 1)P (x + 1, x),

This establishes (3.44).
To see thatπ is invariant we sum (3.44) over allx ∈ Z+:

∞∑

x=0

π(x)P (x, y) =
∞∑

x=0

π(y)P (y, x) = π(y),

where the final equation follows from the fact thatP is a transition matrix, satisfying
P (y,Z+) = 1 for y ∈ Z+. ⊓⊔
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Since the invariant measure for the M/M/1 queue is geometric, the formula for the
steady-state mean queue length can be computed directly:

Proposition 3.4.2. The steady-state mean and solution to Poisson’s equation (3.8) for
the M/M/1 queue are, respectively,

η := Eπ[Q(t)] =
ρ

1 − ρ
, h∗(x) = 1

2

x2 + x

µ− α
, x ∈ R+. (3.45)

Proof. The steady-state mean is by definitionη =
∑∞

n=0 nπ(n) = ρ
1−ρ . The fact

that the functionh∗ given in (3.45) solves Poisson’s equation follows from routine
calculations that are worked out in the proof of the more general Theorem3.0.1. ⊓⊔

To see that Proposition3.4.2 is consistent with Theorem3.0.1 observe that the
variance constantm2 given in (3.9) is m2 = E[(S(1) − A(1))2] = 1 sinceA(1) =
1 − S(1) with probability one. Also, sinceA(1) has a Bernoulli distribution we have
m2
A = E[A(1)2] = α, which gives,

σ2 = ρm2 + (1 − ρ)m2
A = ρ(1 − α) + α.

Using1 − α = µ andρ = α/µ we obtainσ2 = 2α, and Theorem3.0.1gives,

η := Eπ[Q(t)] = 1
2

σ2

µ− α
=

α

µ− α
=

ρ

1 − ρ
,

h∗(x) = J∗(x) + 1
2µ

−1
(m2 −m2

A

µ− α

)
x = 1

2

x2 + x

µ− α
, x ∈ R+.

3.4.2 Existence ofπ and its Moment Generating Function

We have seen in Proposition3.1.3the form of a invariant measure, should one exist.
Foster’s criterion is satisfied in the form (3.33) with V = T ∗, so that existence follows
from Kac’s TheoremA.2.1, which states that the invariant measure can be expressed,

π(x) =
(
Ex[τx]

)−1
, x ∈ Z+.

Proposition 3.4.3. Consider the CRW queueing model (3.1) satisfyingρ = α/µ < 1.
Then, there is a unique invariant measureπ on Z+. ⊓⊔

It is in principle possible to calculate the invariant measure for the CRW model
providedρ < 1 and the marginal distribution ofA has finite support. However, this
calculation is typically complex, so that in practice then we seek partial statistics of
π rather than a complete characterization. In particular, to obtain the formula for the
steady-state mean described in the Pollaczek-Khintchine formula, we find that it is
more convenient to obtain steady-state statistics using the Comparison Theorem.

The most direct application of the Comparison Theorem involves computation of
the log-MGFΛQ for Q. The formula obtained in Proposition3.4.4 is based on the
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two log MGFs defined in (3.13). Recall thatϑ0 > 0 is defined in (3.15) as the second
zero, Λ(ϑ0) = 0. The moment generating functions (rather than logarithmic MGFs)
are given byλ = eΛ, λQ = eΛQ , etc.

Proposition 3.4.4. Under the assumptions of Theorem3.0.2the moment generating
function forQ is given by,

λQ(ϑ) := Eπ[e
ϑQ(0)] =





(1 − ρ)
λA(ϑ) − λ(ϑ)

1 − λ(ϑ)
, ϑ < ϑ0

∞, ϑ ≥ ϑ0

We first establish two identities with respect to the generator.

Lemma 3.4.5. Suppose that the conditions of Theorem3.0.2hold. We then have the
following identities,

(i) On settingh(x) = eϑx, f(x) = (1−λ(ϑ))h(x), andg(x) = 1{x = 0}[λA(ϑ)−
λ(ϑ)] we haveDh = −f + g wheneverλA(ϑ) <∞.

(ii) Dh0 = −f0 + g0 with h0(x) = µ−1x, f0(x) = 1(x = 0), andg0(x) = 1− ρ.

Proof. For anyϑ < ϑ0 andx ∈ Z+ we have, on settingu = 1{x ≥ 1},

E[eϑQ(t+1) | Q(t) = x] = E[eϑ(x−S(1)u+A(1))]

= [uλ(ϑ) + (1 − u)λA(ϑ)]eϑx.

Using the non-idling assumption we have(1 − u)eϑx = 1 − u, and thus for anyx,

E[eϑQ(t+1) | Q(t) = x] = λ(ϑ)eϑx + (1 − u)[λA(ϑ) − λ(ϑ)], (3.46)

which gives (i).
Part (ii) is essentially given in (3.32). This can be refined to giveDh0 :=

µ−1
E[Q(t+ 1) −Q(t) | Q(t) = x] = µ−1(−µ1(x 6= 0) + α), which implies (ii). ⊓⊔

Proof of Proposition3.4.4. We first explain why the second zeroϑ0 exists.
The functionΛ is convex, finite-valued, and satisfiesΛ(0) = 0. Its derivative at

zero coincides with the mean ofA(1) − S(1),

Λ′(0) = λ′(0) = E
[
(A(1) − S(1))eϑ(A(1)−S(1))

]∣∣∣
ϑ=0

= −(µ− α),

which is negative sinceρ < 1. Finally, Λ(ϑ) → ∞ asϑ → ∞ under the assumption
thatP{A(1) − S(1) ≥ 1} > 0 using the bound,

Λ(ϑ) ≥ log
(
P{A(1) − S(1) ≥ 1}eϑ

)
, ϑ ≥ 0.

It follows that the second zeroϑ0 > 0 exists as claimed.

Copyright Cambridge University Press 2007. On-screen viewing permitted. Printing not permitted. 
http://www.cambridge.org/us/catalogue/catalogue.asp?isbn=9780521884419



Control Techniques for Complex Networks Draft copy April 22, 2007 80

The remainder of the proof is based on Lemma3.4.5. The functionf given in
Lemma3.4.5(i) is non-negative valued whenϑ < ϑ0. Hence we can apply the Compar-
ison Theorem3.3.2to obtain theboundπ(f) ≤ π(g), and henceπ(h) = Eπ[e

ϑQ(0)] <
∞. This bound justifies the conclusionπ(Dh′) = π(Ph′ − h′) = 0 for any function
h′ that is is bounded by a constant timesh. Parts (i) and (ii) of Lemma3.4.5then give,
respectively,

0 = π(Dh) = π(−f + g) = −(1 − λ(ϑ))Eπ[e
ϑQ(0)] + π(0)[λA(ϑ) − λ(ϑ)]

0 = π(Dh0) = π(−f0 + g0) = −π(0) + 1 − ρ.

Substitution givesλQ(ϑ) = Eπ[e
ϑQ(0)] = (1− ρ)(1 − λ(ϑ))−1[λA(ϑ)− λ(ϑ)], which

is the desired formula forλQ(ϑ) whenϑ < ϑ0.
It is clear thatλQ(ϑ) → ∞ asϑ→ ϑ0, and henceλQ(ϑ) = ∞ for all ϑ ≥ ϑ0. ⊓⊔

3.4.3 Refined Comparison Theorems

ProvidedΛ(ϑ) < ∞ for someϑ > 0, the mean queue lengthη can be computed by
differentiatiating the log moment generating function,

η = Λ′
Q(0),

with ΛQ given in Proposition3.4.4. This does give the formula for the mean queue
length (3.10) after lengthy calculations.

The same conclusion can be obtained more efficiently and under milder assump-
tions using the following refinement of the Comparison Theorem. This result is gener-
alized to network models in Proposition8.2.4, where a proof is also provided.

Proposition 3.4.6. Consider the CRW model satisfyingρ < 1. Suppose thath, f, g
are functions onZ+ satisfying the identity (3.16). Suppose moreoverg is bounded, and
thath has at most quadratic growth:

lim sup
x→∞

|h(x)|
x2

<∞.

Thenπ(f) = π(g). ⊓⊔

A direct application of Proposition3.4.6gives an expression for the probability of
an empty queue:

Proposition 3.4.7. If ρ < 1 thenπ(0) = 1 − ρ.

Proof. Lemma3.4.5 (ii) is valid, giving Dh0 = −f0 + g0 with h0(x) = µ−1x,
f0(x) = 1(x = 0), andg0(x) = 1 − ρ, so thatπ(0) = π(f0) = π(g0) = 1 − ρ
by Proposition3.4.6. ⊓⊔

We now verify that the functionh∗ given in Theorem3.0.1solves the invariance
equation (3.8). Proposition3.4.6then implies thatη given in (3.10) is the steady-state
mean queue length.
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Proposition 3.4.8. The functionh∗ defined in (3.11) solves (3.8) with η = 1
2
σ2

µ−α .

Proof. The following is a refinement of (3.32) and (3.34): For eachx ∈ Z+, on setting
u = 1{x ≥ 1},

E[Q(t+ 1) | Q(t) = x] = x− µu+ α

E[Q(t+ 1)2 | Q(t) = x] = x2 − 2(µ− α)x+ (m2 −m2
A)u+m2

A.
(3.47)

We have noted that the second identity implies a version of the drift inequality (V3).
The functionh∗ defined in (3.10) is a quadratic function of the formh∗(x) =

ax2 + bx, with

a =
1

2

1

µ− α
, b =

1

2

1

µ− α

(m2 −m2
A

µ

)
.

Consequently,

Dh∗ (x) := Ex[h
∗(Q(1)) − h∗(Q(0))]

= a[−2(µu− α)x+ um2 + (1 − u)m2
A] + b[−µu+ α]

= −2a(µu− α)x+ b[−µ+ α] + am2,

(3.48)

where we have used the fact that the precise values ofa andb result ina[m2 −m2
A] =

bµ.
We havexu = x under the non-idling policy, so that by (3.48)

Dh∗ (x) = −x+ 1
2

µ−1(α− µ)(m2 −m2
A) +m2

µ− α
, x ∈ Z+,

which implies the desired conclusion. ⊓⊔

3.4.4 Discounted cost

In many situations it is the transients that are most important, such as the mean clearing
time Ex[τ0] computed in Proposition3.3.1. The most common performance criterion
designed to capture transient behavior is thediscounted-cost, defined here as the sum,

h∗γ(x) :=
∞∑

t=0

(1 + γ)−t−1
Ex[Q(t)], Q(0) = x ∈ Z+, (3.49)

whereγ > 0 is the discount rate.
The expression (3.49) is not standard in the operations research literature. Usually

we are given adiscount factorβ ∈ (0, 1) and define the value function by,

V ∗
β (x) :=

∞∑

t=0

βtEx[Q(t)], Q(0) = x ∈ Z+. (3.50)
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Settingβ = (1 + γ)−1 we obtainV ∗
β = βh∗γ , so the definitions are essentially equiv-

alent. The form (3.49) is preferred in part because it helps bridge continuous-time and
discrete-time theory.

In particular, Proposition3.4.9establishes the dynamic programming equation,

Dh∗γ (x) = −x+ γh∗γ(x), x ∈ Z+. (3.51)

This can be expressed[γI −D]h∗γ = c with c(x) ≡ x, or equivalently

h∗γ = [γI −D]−1c. (3.52)

The formula (3.52) will look familiar to readers familiar with continuous timeMarkov
models; The inverseRγ := [γI −D]−1 is called theresolvent(see SectionA.2.)

The dynamic programming equation (3.51) also holds for the fluid model - see
(3.53). This is the basis of the explicit expression forh∗γ obtained in Section3.4.5.

We first establish the dynamic programming equation, and uniqueness of its solu-
tion:

Proposition 3.4.9. The discounted-cost satisfies the dynamic programming equation
(3.51). Conversely, ifh is any function satisfying (3.51) with linear growth,

lim sup
x→∞

|h(x)|
x

<∞,

thenh = h∗γ everywhere.

Proof. Applying the transition matrix toh∗γ gives,

Ph∗γ (x) =

∞∑

k=0

(1 + γ)−k−1P k+1c (x),

wherec(x) ≡ x. Making the change of variablesj = k + 1 gives,

Ph∗γ (x) =

∞∑

j=1

(1 + γ)−jP jc (x) = −c(x) + (1 + γ)

∞∑

j=0

(1 + γ)−j−1P jc (x).

This combined with the definition (3.49) givesPh∗γ (x) = −c(x) + (1 + γ)h∗γ(x),
which is (3.51).

To see the converse, assume thatDh = −c + γh, which can be writtenPh =
−c+ (1 + γ)h, or

(1 + γ)−1Ph = −(1 + γ)−1c+ h.

Applying (1 + γ)−1P to both sides of this displayed equation gives,

(1 + γ)−2P 2h = −(1 + γ)−2Pc+ (1 + γ)−1Ph

= −
[
(1 + γ)−1c+ (1 + γ)−2Pc

]
+ h,
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and by induction,

(1 + γ)−(n+1)Pn+1h = h−
n∑

k=0

(1 + γ)−k−1P kc.

Now we use the assumption thath has linear growth: for some constantb0 < ∞
we have|h(y)| ≤ b0(1 + y) for y ≥ 0, and consequently

Pn|h| (x) = Ex[|h(Q(n))|] ≤ b0E
[
1 + x+

n∑

1

A(i)
]

= b0(1 + x+ nα), x ∈ X.

It follows that (1 + γ)−nPnh (x) → 0 asn → ∞ for eachx, and hence from the
foregoing,

0 = h(x) −
∞∑

k=0

(1 + γ)−k−1P kc (x) = h(x) − h∗γ(x).

⊓⊔

3.4.5 Computation of the discounted cost

Motivated by our success in the analysis of Poisson’s equation, to compute the dis-
counted cost for the CRW model we begin with the fluid model.

The discounted value function for the fluid model is given by,

J∗
γ (x) =

∫ ∞

0
e−γsc(q(s;x)) ds , x ∈ X,

wherec(x) ≡ x. We have for any timet > 0, x ∈ X,

J∗
γ (q(t;x)) =

∫ ∞

0
e−γsc(q(s+ t;x)) ds = eγt

∫ ∞

t
e−γsc(q(s;x)) ds.

We thus obtain the dynamic programming equation,

D0J
∗
γ (x) := d+

dtJ
∗
γ (q(t;x))

∣∣∣
t=0

= −x+ γJ∗
γ (x). (3.53)

This is very similar to the dynamic programming equation (3.51) for the CRW model.
To solve (3.53) we postpone integration. First consider the simple linear function,

J0
γ (x) = γ−1x− γ−2(µ− α), x ∈ R+. (3.54)

Applying the generator for the fluid model gives

D0J
0
γ (x) = −(µ− α)

( d
dx
J0
γ (x)

)
= −γ−1(µ− α)

Substituting−γ−1(µ−α) = γJ0
γ (x)−xwe obtain the dynamic programming equation

(3.53).
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However, there are many other solutions. The discounted value function for the
fluid model can be computed by direct calculation, giving

J∗
γ (x) :=

∫ ∞

0
e−γtq(t;x) dt = J0

γ (x) + γ−2(µ− α)e−γT
∗(x), x ∈ R+.

The functionsJ0
γ andJ∗

γ solve the same dynamic programming equation (3.53), since

the functiong(x) = e−γT
∗(x) solvesD0g = γg.

We now turn to the CRW model. To construct a solution to (3.51) we modify the
fluid value functionJ∗

γ by replacing the decaying terme−γT
∗(x) with another,

h∗γ(x) = J0
γ (x) + bγe

−ϑγx, x ∈ Z+, (3.55)

wherebγ > 0 is a constant, andϑγ is the unique positive solution to

Λ(−ϑγ) = log(1 + γ). (3.56)

Recall that the log moment generating functionsΛ andΛA are defined in (3.13).

Proposition 3.4.10. The functionh∗γ defined in (3.55) solves the dynamic program-
ming equation (3.51) with

bγ = µγ−1
(
eΛ(−ϑγ ) − eΛA(−ϑγ)

)−1
.

We first consider the geometrically decaying term in (3.55):

Lemma 3.4.11. The exponential functiongγ(x) = e−ϑγx solves the discounted dy-
namic programming equation,

Dgγ (x) = −bγ01{x = 0} + γgγ(x), x ∈ Z+,

with bγ0 := eΛ(−ϑγ) − eΛA(−ϑγ).

Proof. We have forx ≥ 1,

Pgγ (x) = E[e−ϑγ(x−S(1)+A(1))] = eΛ(−ϑγ )gγ(x).

We also haveeΛ(−ϑγ ) = 1 + γ by (3.56), givingDgγ (x) = γgγ(x).
Forx = 0,

Pgγ (0) = E[e−ϑγA(1)] = eΛA(−ϑγ),

which gives,

Dgγ (0) = Pgγ (0) − gγ(0) = eΛA(−ϑγ) − 1 = −bγ0 + γ,

where the last equation uses (3.56) and the definition ofbγ0. The desired result for
x = 0 follows from gγ(0) = 1. ⊓⊔

Copyright Cambridge University Press 2007. On-screen viewing permitted. Printing not permitted. 
http://www.cambridge.org/us/catalogue/catalogue.asp?isbn=9780521884419



Control Techniques for Complex Networks Draft copy April 22, 2007 85

Proof of Proposition3.4.10. If f is any affine function,f(x) = ax + b for constants
a, b, then the two generators agree,

Df (x) = D0f (x) = −(µ− α)a, x > 0.

It thus follows from (3.53) that (3.51) does hold whenx 6= 0.
However, whenx = 0 the identity fails sinceD0J

0
γ (0) = 0, yetDJ0

γ (0) = γ−1α.
Hence, from the definition (3.54) of J0

γ , we have for allx,

DJ0
γ (x) = −x+ γJ0

γ (x) + γ−1µ1{x = 0}.

Thanks to Lemma3.4.11, when computingDh∗γ the geometrically decaying term in
(3.55) will annihilate the indicator function above. ⊓⊔

3.4.6 Invariance equations for the RBM model

A complete analysis of the RBM model is a bit out of reach. We sketch the main ideas
since the conclusions as well as the proofs are so similar to those obtained for the CRW
model.

Proposition 3.4.12. Consider the RBM satisfyingδ > 0.

(i) There is a unique invariant measure onR+ such thatX(t) ∼ π for all t ≥ 0
providedX(0) ∼ π. It is exponential,

Pπ{X(t) ≥ r} = exp(−r/η), r ≥ 0, (3.57)

whereη is the steady-state mean,

η = Eπ[X(t)] =

∫ ∞

0
xπ(dx) = 1

2

σ2

δ
.

(ii) Poisson’s equation for the RBM model is expressed,

Dh∗ = −c+ η.

A solution forc(x) ≡ x is the fluid value function defined in (3.41).

(iii) Lettingτ0 denote the first hitting time to the origin, we have

Ex[τ0] = T ∗(x),

whereT ∗(x) = δ−1x, x ∈ R+.

Proof. Part (ii) follows from (3.42).
The proof of (i) is the same as the proof of Proposition3.4.4: To compute the

moment generating functionλX(ϑ) :=Eπ[e
ϑX(0)] we consider the family of ‘test func-

tions’,
Vϑ(x) = eϑx − ϑx, x ≥ 0.
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We haveVϑ : R+ → R+, d
dxVϑ (0) = 0, and

DVϑ = −δϑ(eϑx − 1) + 1
2σ

2ϑ2eϑx. (3.58)

As in the proof of Proposition3.4.4we can argue thatπ(DVϑ) = 0 wheneverπ(Vϑ) <
∞. The latter holds by the Comparison Theorem forX provided−δϑeϑx+ 1

2σ
2ϑ2 < 0,

since in this case (3.58) implies a version of (V3). In this case,

0 =

∫ ∞

0

(
−δϑ(eϑx − 1) + 1

2σ
2ϑ2eϑx

)
π(dx)

so that on rearranging terms the MGF is expressed,

λX(ϑ) =

∫ ∞

0
eϑxπ(dx) =

1

1 − ϑη
.

This is the MGF for an exponential random variable with meanη, which is (i).
We haveDT ∗ (x) = −δ d

dxT
∗ (x) ≡ −1, and hence Itô’s formula gives,

T ∗(X(t)) = T ∗(x) +

∫ t

0
[−1] ds +

∫ t

0
[δ−1] dI(s) +

∫ t

0
[δ−1] dN(s),

or T ∗(X(t)) = T ∗(x) − t + δ−1(I(t) + N(t)) for t ≥ 0. Letting τ0 denote the first
hitting time to the origin, we obtain0 = T ∗(X(τ0)) = T ∗(X(0)) − τ0 + δ−1N(τ0).
Taking expectations proves (iii). ⊓⊔

The discounted value function for the RBM model is defined by,

h∗γ(x) = E

[∫ ∞

0
e−γtX(t;x) dt

]
(3.59)

It is the solution to the same dynamic programming equation analyzed for the fluid and
CRW models, based on the differential generator (3.40).

Proposition 3.4.13. The discounted cost for the RBM model can be expressed,

h∗γ(x) = J0
γ (x) + bγe

−ϑγx, x ∈ X,

whereϑγ is the positive solution to,

γ − δϑ − 1
2σ

2ϑ2 = 0.

bγ = γ−1ϑ−1
γ , andJ0

γ is defined in (3.54).

Proof. Let g(x) = e−ϑγx for x ≥ 0. Applying the differential generator gives,

Dg (x) = −δg′(x) + 1
2σ

2g′′(x) =
(
δϑγ + 1

2σ
2(ϑγ)

2
)
e−ϑγx = γg(x) (3.60)

where the last equation uses the assumed form ofϑγ . On applying the generator toJ0
γ

we obtain,
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DJ0
γ = −γ−1(µ− α) = −x+ γJ0

γ (3.61)

Combining these two identities gives,

Dh∗γ (x) = −x+ γh∗γ(x), x ∈ R+.

The constantbγ is chosen so thatddxh
∗
γ vanishes atx = 0. Itô’s formula can be

applied to obtain the following identity for anyT > 0,

h∗γ(x) = E

[
e−γTh∗γ(X(T )) +

∫ T

0
e−γtX(t;x) dt

]
.

LettingT → ∞ completes the proof. ⊓⊔

3.5 Big queues

This section describes finer sample path properties of the queue, focusing on the way
that large queue lengths can arise in a stable model. The analysis is based on theory of
large deviations for i.i.d. processes, which we only describe superficially. References
are given for results beyond the scope of this book.

Our central question is,given that at timet0 we observeQ(t0) ≥ n0, wheren0 ≫
1 is a large number, what was the most likely behavior ofQ prior to timet0? There are
several approaches to an answer. Consider first the simplest setting.

T0 +
ε

ε

µ − α
T T T

T

0 −
ε

µ − α

TT0

0

Q(t)

Figure 3.2: Typical trajectory of the queue length process in the M/M/1 queue, condi-
tioned on a very large value at timeT0.

3.5.1 Time reversal and reversibility

Suppose thatQ is the stationary CRW queue defined on the two-sided time interval
with ρ < 1, and letQ̃ denote the time-reversed processQ̃(t) = Q(−t) for t ∈ Z.
This is a Markov chain whose transition matrix can be computed using Baye’s rule as
follows,

P̃ (x, y) = P{Q̃(t+ 1) = y | Q̃(t) = x}

=
P{Q̃(t+ 1) = y, Q̃(t) = x}

P{Q̃(t) = x}

=
P{Q(−t− 1) = y,Q(−t) = x}

P{Q(−t) = x} =
π(y)

π(x)
P (y, x).

(3.62)
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In general, the time-reversed process is not easily identified since we do not have a
formula forπ. However, in the special case of the M/M/1 queueπ is computable, and
moreoverQ is reversiblein the sense that the process viewed in ‘rewind mode’ with
time reversed is statistically identical to the process viewed in forward time. That is,

Proposition 3.5.1. Suppose thatQ is the stationary M/M/1 queue defined on the two-
sided time interval, and define the time-reversed processQ̃(t) = Q(−t) for t ∈ Z.
ThenQ̃ is identical toQ in law: The one-dimensional marginal distribution of̃Q is
given byπ, and for anyx, y ∈ Z+,

P{Q̃(t+ 1) = y | Q̃(t) = x} = P{Q(t+ 1) = y | Q(t) = x}.

Proof. It is obvious thatQ̃ has marginal distributionπ when this holds forQ.
To see that the transition probabilities agree we apply (3.62),

P{Q̃(t+ 1) = y | Q̃(t) = x} =
π(y)

π(x)
P (y, x).

The right hand side is preciselyP (x, y), by the detailed balance equations (3.44). ⊓⊔

Proposition3.5.1 provides a precise answer to our question regarding the most
likely path to a buffer overflow: IfQ(t0) ≥ n0 then equivalentlyQ̃(−t0) ≥ n0, and
any questions regarding the past ofQ can be translated to questions regarding the future
of Q̃. In particular, it is overwhelmingly likely that a buffer overflow occurs following
a linear divergence ofQ with slope approximately equal toµ− α > 0.

The typical behavior ofQ predicted by Proposition3.5.2 is illustrated in Fig-
ure 3.2.

Proposition 3.5.2. Under the assumptions of Proposition3.5.1, the following limit
holds for eachx ∈ R+, ε > 0, andT > 0:

lim
κ→∞

Pπ

{
sup

−T≤t≤0

∣∣qκ(t) − q̃(t)
∣∣ ≥ ε

∣∣∣Q(0) = ⌊κx⌋
}

= 0,

whereq̃ denotes the time-reversed fluid model,

q̃(t) = q̃(t;x) := q(−t) = [x+ (µ− α)t]+, t ≤ 0.

Proof. With q̃(t) = q̃(t; ⌊κx⌋) for t ≤ 0, andq(t) = q(t; ⌊κx⌋) for t ≥ 0 we have,

Pπ

{
sup

−κT≤t≤0

∣∣Q(t) − q̃(t)
∣∣ ≥ εκ

∣∣∣Q(0) = ⌊κx⌋
}

= Pπ

{
sup

0≤t≤κT

∣∣Q̃(t) − q̃(−t)
∣∣ ≥ εκ

∣∣∣ Q̃(0) = ⌊κx⌋
}

= Pπ

{
sup

0≤t≤κT

∣∣Q(t) − q(t)
∣∣ ≥ εκ

∣∣∣Q(0) = ⌊κx⌋
}
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where the first identity follows by the definitioñQ(t) = Q(−t), and the last identity
follows from reversibility and the definitions ofq andq̃.

The proof is completed on noting that the final probability is equivalent to

P
{

sup
0≤t≤T

∣∣qκ(t;x) − q(t;x)
∣∣ ≥ ε

}

which is convergent to zero by Proposition3.2.3. ⊓⊔

3.5.2 Most likely behavior in the general model

Proposition3.5.2indicates the most likely behavior prior to a ‘buffer overflow’ in the
M/M/1 queue. A very similar conclusion is possible in the CRW model provided the
log moment generating functionΛ(ϑ) defined in (3.13) is finite for someϑ > 0. One
proof is obtained as in the case of the M/M/1 by identifying the time-reversed process.
The ideas are contained in Exercise3.12.

An alternative approach is to translate large deviation limit theory from the free
processF to the processQ using properties of the Skorokhod map. This approach is
more easily applied than reversibility since we do not have to identify the dynamics of
the time-reversed process̃Q.

Suppose thatE is an i.i.d. sequence with distributionG onR, and letF denote the
partial sums,

F (t) =

t∑

i=1

E(i), t = 1, 2, . . . . (3.63)

DefineF (0) = 0, and extend the definition ofF to t ∈ R+ by linear interpolation. The
scaled process is then defined by,

fκ(t) =
1

κ
F (κt), κ ≥ 1, t ∈ R+.

Letting −δ denote the common mean of the{E(i)}, the typical behavior of the se-
quence is given by the Strong Law of Large Numbers,fκ(t) → f∞(t) = −δt, t ≥ 0.
Chernoff’s bound and Cramer’s Theorem give bounds on the error based on therate
functionI : R → R+ ∪ {∞}, expressed as the convex dual ofΛ,

I(r) = sup
ϑ∈R

(ϑr − Λ(ϑ)), r ∈ R. (3.64)

Proposition 3.5.3. Suppose thatE is a bounded i.i.d. sequence with mean−δ and log
MGF Λ. We then have for eachr > −δ,

Chernoff’s bound: For eachκ ≥ 1 andt = 0, κ−1, 2κ−1, . . . ,

1

κ
log P{fκ(t) ≥ rt} ≤ −tI(r)

Cramer’s Theorem: Chernoff ’s bound is asymptotically tight,

lim
κ→∞

1

κ
log P{fκ(t) ≥ rt} = −tI(r)
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⊓⊔

These results do not quite explain whyI is called a rate function. Consider the
following question oftracking. Let{f(t) : 0 ≤ t ≤ T} be a function that is continuous
as a function oft with f(0) = 0. Assume that it is also piecewise smooth, in the sense
that there is a finite sequence of numbers0 = t0 < t1 < · · · < tn = T such thatf ′(t) is
continuous and bounded on(ti, ti+1) for each0 ≤ i ≤ n−1. We can then establish the
following functional large deviations limit under the assumptions of Proposition3.5.3,

lim
ε↓0

lim
κ→∞

1

κ
log

(
P

{
sup

0≤t≤T
|fκ(t) − f(t)| ≤ ε

})
= −

∫ T

0
I(f ′(s)) ds (3.65)

For a proof see [142]. HenceI(f ′(s)) measures the cost of the deviation of the slope
(or rate)f ′(s) from normal behavior.

Using the limit (3.65) together with convexity of the rate function we can obtain
answers to our question regarding typical behavior. Convexity implies the bound,

1

T

∫ T

0
I(f ′(s)) ds ≥ I(f̄ ′)

where f̄ ′ denotes the average slope,f̄ ′ = T−1
∫ T
0 f ′(s) ds = T−1(f(T ) − f(0)).

Hence the most likely path fromf(0) = 0 to f(T ) is by the straight linef∗(t) = tf̄ ′

for 0 ≤ t ≤ T . In this case (3.65) can be applied to obtain the limit,

lim
κ→∞

1

κ
log

(
P

{
inf

0≤t≤T
(fκ(t) − rt) ≥ 0

})
= −TI(r), (3.66)

for anyr > −δ. The limit is precisely the same limit obtained using Cramer’s Theorem
for the probability of the simpler eventP{fκ(T ) ≥ rT}. Applying Baye’s rule gives
the following most likely behavior, conditioned on a large value forfκ(T ):

lim
κ→∞

1

κ
log

(
P

{
inf

0≤t≤T
(fκ(t) − rt) ≥ 0 | fκ(T ) ≥ rT )

})
= 0.

These arguments and another application of the Skorokhod map are the basis of
the following generalization of Proposition3.5.2. The most likely path to overflow
remains linear, but the slope is now given byΛ′(ϑ0) > 0, with ϑ0 > 0 given in (3.15)
the second zero ofΛ.

Proposition 3.5.4. The following limit holds under the assumptions of Theorem3.0.2:
For eachε > 0, T > 0:

lim
κ→∞

κ−1 log Pπ

{
sup

−T≤t≤0

∣∣qκ(t) − q̃(t)
∣∣ ≥ ε

∣∣∣Q(0) = ⌊κx⌋
}

= 0,

whereq̃(t) = [x− (µ̃− α̃)t]+ for t ≤ 0, with

−(µ̃− α̃) := Λ′(ϑ0) > 0.

⊓⊔
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For the proof we refer the reader to [200]. The specific form for̃q is explained in
Exercises3.11and3.12.

Theorem3.0.2implies that the event on which the conditional probability is con-
ditioned admits the asymptotic,

lim
κ→∞

κ−1 log P{Q(0) = ⌊κx⌋} = −ϑ0. (3.67)

Hence the second zero determines both the exponent for the probability of overflow,
and the most likely path to overflow.

Consider for example the CRW model with(S,A) satisfying,

(
S(t)

A(t)

)
=





(
1
0

)
with prob.p,

(0
a

)
with prob.1 − p,

wherea ≥ 1, andp ∈ (0, 1) is chosen so that the mean ofE(t) = A(t) − S(t) is
independent ofa, with

E[E(t)] = −p+ (1 − p)a = −(µ− α).

Solving this equation we obtainp = (1+a)−1(µ−α+a). Whena = 1 andµ+α = 1
this givesp = µ.

Λ(ϑ)

ϑ

a = 50

x 10
−4

a = 15 a = 5 

0

0.0022 0.0072 0.0215

−2

−1

1

0

2

3

Λ′(0) = −(µ − α) < 0

Λ′(ϑ0

ϑ0

) = −(µ̃ − α̃) > 0

Figure 3.3: Log moment generating function for three distributions with common mean
E[E ] = −(µ− α), supported on{−1, a} with a = 5, 15, 50.

The moment generating function and its derivative are expressed,

λ(ϑ) = pe−ϑ + (1 − p)eaϑ, λ′(ϑ) = −pe−ϑ + (1 − p)aeaϑ, ϑ ∈ R.

A plot of Λ is shown in Figure3.3for a = 5, 15, 50. As expected from (3.67), the value
of ϑ0 vanishes asa→ ∞. Note however that the slope ofΛ atϑ0 remains bounded for
all a ≥ 1. This is the most likely slope precedingt = 0 as given in Proposition3.5.4.

We close this chapter with a few words on constructing a model.
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3.6 Model selection

The details of the model (3.1) will be determined based on observations of the phys-
ical system. In Section2.1.2 it is argued that a renewal model can be approximated
using the discrete time model by fitting first and second moments. The results of Sec-
tion 3.2.2refine this approximation, since either the GI/G/1 or the CRW model can be
approximated by an RBM onR+ whenρ ≈ 1, and the parameters in the approxima-
tion depend only on the first and second moments of the discrete state-space queueing
model.

Rather than use the GI/G/1 queue as an intermediate model, in practice one might
fit low-order moments to those observed in the physical queue. This leaves a great deal
of freedom in choosing the distribution of(S,A) in the CRW model.

Up until the first time that the buffer is empty, the processQ evolves as the random
walk defined in Definition1.3.1. Figure1.6 shows a simulation of two random walks
Xu and Xd based on two different i.i.d. processes{Eu,Ed} with common first and
second moments. Thetypical behaviorshown in these two plots is comparable. Like-
wise, the Pollaczek-Khintchine formula for the steady state mean queue length depends
critically on both load and the covariance of(A,B), but is insensitive to the precise
distribution of these processes.

However, two distributions with common first and second moments may have very
different higher-order statistics. Hence the probability of a rare event, such as a buffer
overflow, may be substantially different.

Consider the following worst-case construction: We are told that the distribution
G of a random variableE is supported on a bounded interval[0, a], and the first and
second momentsm1,m2 are given. We may then ask, for a givenϑ > 0, what is the
worst case value for the moment generating function? The answer is independent of
the particularϑ > 0 chosen, and is realized by a distributionG∗ with just two points of
support. We can also specify just the first moment and arrive at a similar conclusion.

The log MGFs shown in Figure3.3 were obtained using the worst-case marginal
distribution (3.68). The processXd that is illustrated in Figure1.6 was constructed
using the marginal distribution specified by (3.69).

Proposition 3.6.1. The moment generating function is maximized by a binary distri-
bution on[0, a] in each of the two situations:

(i) If the first momentm1 =
∫
xG(dx) is specified, thenλG(ϑ) is maximized,

for eachϑ > 0, by the distribution supported on the extremal points{0, a} with
consistent mean:

G∗ = p∗ δ0 + (1 − p∗) δa , (3.68)

wherep∗ = 1 −m1/a.

(ii) If two moments are specified,mi =
∫
xiG(dx), i = 1, 2, thenλG(ϑ) is maxi-

mized uniquely for eachϑ > 0 with

G∗ = p∗ δx0 + (1 − p∗) δa , (3.69)

wherex0 = [a−m1]
−1(m1a−m2) andp∗ = [a2 +m2 − 2m1a]

−1(a−m1)
2.
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⊓⊔

Proposition3.6.1(i) is the essential ingredient in Hoeffding’s inequality [267], and
(ii) is essentially Bennett’s Lemma [44]. The significance of Proposition3.6.1is that
a very simple model can be constructed that captures worst-case behavior in the CRW
model. The worst case model simultaneously minimizes the exponentϑ0 defined in
Theorem3.0.2, and maximizes the most likely slopẽµ − α̃ := Λ′(ϑ0) appearing in
Proposition3.5.4.
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3.7 Notes

The title of this chapter is borrowed from Cohen’s classic monograph [114]. Much
more on the single server queue can be found in this book, as well as Asmussen [23]
and Bertsekas and Gallager [47].

The embedded regeneration time approach has been enormously significant since
its introduction by Kendall in [295, 296]. Similar concepts are used elsewhere in the
book. For example, sampling is used to prove that stability of a stochastic network
follows from stability of its corresponding fluid model (see Proposition10.4.1and dis-
cussion in the Chapter10.)

Generalization of the Skorokhod map to multidimensional models is considered
in Section5.3 and subsequent chapters. Generalizations are not always obvious. In
particular, the representation of a reflected Brownian motion on a bounded interval was
resolved only recently [315], and the Skorokhod map in this case is relatively complex
when compared to the RBM onR+.

The variance formula in Proposition3.3.1 is taken from [362]. The identity
Ex[τ0] = T ∗(x) is due to Foster [193].

The derivation of the heavy-traffic limit to an RBM in Proposition3.2.4 is un-
fortunately terse. For a comprehensive treatment see Kushner [325] or Whitt [494].
Introductory presentations can be found in several other books, including [385, 232,
234, 99].

The title of Section3.5 is borrowed from Ganesh, O’Connell, and Wischik [200],
along with some of its contents. Although an important topic with a significant lit-
erature, large deviations asymptotics and blocking probablities are not central to this
book. The reader is referred to [157, 142] for a serious look at large deviations. See
also Takagi [466] and Shwartz and Weiss [446] for more on applications.
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3.8 Exercises

3.1 The M/M/1 queue can be represented as the CRW model by sampling using a spe-
cially constructed Poisson process. A similar construction holds for the M/G/1
queue by sampling the number in the queue immediately after thenth service time
is completed.

(i) Explain why the sampled processQ is Markovian, and has the recursive form
(2.2).

(ii) Verify that the marginal distribution ofA in a CRW model is given by,

P{A(1) = j} =

∫ ∞

0
{e−αt(αt)j/j!}Gs(dt) j ≥ 0. (3.70)

whereGs is the distribution of a typical service time.

3.2 The GI/M/1 queue is the special case in which service is exponentially distributed.
Discuss how this continuous-time model might be sampled to obtain a countable
state space, discrete time Markov model.

3.3 Consider the GI/D/1 queue, where the ‘D’ means that service is deterministic: In the
notation of Definition2.1.1we haveEs(t) ≡ µ−1. Takeµ = 1, and assume that
the distribution ofEa(t) is uniform on[0, 2ρ]. Construct a CRW model by applying
the procedure described in Section2.1.2. Simulate the continuous-time model and
the discrete-time approximation forρ = 0.85, 0.9, 0.95, and in each case compare
the steady-state mean queue length using the Monte-Carlo estimator,

η(n) :=
1

n

n−1∑

t=0

Q(t), n = 1, . . . , 106.

3.4 Consider a system that is identical to the M/M/1 queue except that when the system
empties, service does not begin again untiln0 customers are present in the system
(n0 ≥ 0 is given). Find a Markov model for this system, compute the steady state
distribution, and compute the mean ofQ(t) in steady state.

3.5 Establish the following under the assumption that the distribution ofA(1) has finite
support: Ifρ < 1 then the unique invariant measureπ for Q satisfies for some
nA ≥ 1,

π(n) = k0e
−ϑ0n, n ≥ nA

whereϑ0 > 0 is the second zero defined in (3.15), andk0 > 0 is a normalizing
constant.Hint: It suffices to verify that the invariance equation holds,

∑

x

e−ϑ0xP (x, y) = e−ϑ0y

providedy ≥ nA.
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3.6 For a Markov chain onZ+, suppose that the transition functionP satisfies the de-
tailed balance equations,

π(n)P (n,m) = π(m)P (m,n), n,m ∈ X = {0, 1, 2, 3, . . . },

where{π(n)} is a sequence of positive numbers. In this case the chain is called
reversible.

(i) Verify that π must be an invariant measure.

(ii) Let X(t), −∞ < t < ∞, be a stationary Markov process. Verify that
Y (t) = X(−t) is also a stationary Markov process by computing the con-
ditional probabilities

P̃ (m,n) = P (Y (t+ 1) = n | Y (t = m)), n ∈ Z+.

What isP̃ under the detailed balance equations?

3.7 The M/M/1 queue withfinite waiting roomis a Markov chain on a finite state space
{0, 1, . . . , x}, with x ≥ 1. Its transition matrix is identical to theM/M/1 queue
for x < x, with

P (x, x− 1) = 1 − P (x, x) = µ.

Show that this process is reversible, and that its invariant measureπ is geometric.
For a given value ofρ, how large mustx be to ensure that the loss-probability is
less than10−3.

3.8 Consider the CRW model of the single server queue,

Q(t+ 1) = Q(t) − S(t+ 1)U(t) +A(t+ 1), t ≥ 0,

where(A,S) is i.i.d.. The common marginal distribution ofS is Bernoulli, and
the marginal distribution ofA is supported onZ+. The allocation sequenceU is
defined by the non-idling policy. Obtain conditions on(A,S) so that the detailed
balance equations are satisfied.

3.9 The M/M/n queueing system consists of a single queue andn servers. Jobs arrive
according to a Poisson process, with rateα. Service times at each server are ex-
ponentially distributed, with meanµ. The service discipline is First Come First
Served. Construct a CRW model using uniformization. Compute the invariant
measureπ whenn = 2.

For generaln, computeDV for V (x) = x andV (x) = x2, andV (x) = eβx with
fixed β. Obtain a bound on the steady-state mean ofQ(t) using the Comparison
Theorem.

3.10 Consider the following version of the M/M/∞ queue based on independent and
identically distributed Bernoulli random variables{Si(t) : i ≥ 1, t ≥ 1}, and an
i.i.d. Bernoulli sequenceA satisfying,

A(t)Si(t) = 0, i ≥ 1, t ≥ 1.
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The queue-length process evolves according to,

Q(t+ 1) = Q(t) −
Q(t)∑

i=1

Si(t) +A(t+ 1), t ≥ 0.

This is a queue with input rateα := E[A(t)], and a server available for each cus-
tomer in queue.

(i) ComputeDV for V (x) = x, V (x) = x2, andV (x) = ex.

(ii) A fluid model is given byq̇ = −µq + α, q(0) = x ∈ R+. As t → ∞,
from each initial statex, the trajectoryq(t;x) converges to somex∞ ≥ 0.
Computex∞.

(iii) Using intuition gained from (i) and (ii), construct the solutionh to Poisson’s
equation,

Dh = −f + η,

wheref(x) ≡ x, h is a polynomial function ofx, andη is the steady state
queue length.

(iv) Verify that there is an exponential moment,

Eπ[exp(ϑQ(t))] <∞

How large canϑ be?

(v) Is there a super-exponential tailEπ[exp(ϑ[Q(t)]2)] <∞, for someϑ > 0?

3.11 Compute the transition matrix̃P (x, y) given in (3.62) for x, y ≥ nA under the
assumptions of Exercise3.5. Compute also the mean drift,

∆̃(x) = E[Q̃(t+ 1) − Q̃(t) | Q̃(t) = x]

How does the value of̃∆(x) for x ≥ 1 compare with the drift for the process̃q
defined in Proposition3.5.4?

3.12 Based on (3.65) it might not be difficult to convince yourself of the following limit
for the single server queue under the assumptions of Theorem3.0.2, whereQ is the
stationary process on the two-sided time interval. For any non-negative constantr
let q̃ denote the fluid trajectorỹq(t) = [x + rt]+, t ∈ R. ChoosingT = r−1x we
have,

lim
ε↓0

lim
κ→∞

1

κ
log

(
Pπ

{
sup

−T≤t≤0
|qκ(t) − q̃(t)| ≤ ε

})
= −r−1xI(r). (3.71)

In this exercise you can take this limit for granted.

(i) From the definition of the rate function given in (3.64), verify thatr−1I(r) ≥
ϑ0 (replace the supremum by evaluation atϑ0.) This is a universal bound, for
anyr ≥ 0.
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(ii) Show that this lower bound is attained usingr0 = Λ′(ϑ0). This is the most
likely slope, in that it minimizes the probability (3.71).

(iii) Show using Theorem3.0.2that

lim
ε↓0

lim
κ→∞

1

κ
log

(
Pπ

{
|qκ(0) − q̃(0)| ≤ ε

})
= −r−1

0 xI(r0).

(iv) Discuss your findings as they compare to Proposition3.5.4.

3.13 Consider the queue with deterministic service at rateµ > 0,

Q(t+ 1) = [Q(t) − µ+A(t+ 1)]+,

whereA is i.i.d. with bounded support. The log-MGF is then given byΛ(ϑ) =
ΛA(ϑ) − µ. Assume that the conclusions of Theorem3.0.2hold with this more
general model (they do!)

(i) For a givenr <∞, verify that the performance specification holds,

lim
n→∞

n−1 log
(
Pπ{Q(t) ≥ n}

)
≤ −nr,

if and only if r ≤ ϑ0.

(ii) Show thatr ≤ ϑ0 if and only ifEA(r) := r−1ΛA(r) ≤ µ.

(iii) Verify the following limits,

EA(r) ↓ α asr ↓ 0, EA(r) ↑ Ā asr ↑ ∞

whereα = E[A(1)], andĀ is the essential supremum,

Ā = sup{a : P{A(t) ≥ a} > 0}.

In communications applications, the functionEA is known as theeffective band-
width of the ‘source’A.
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Chapter 4

Scheduling

In this chapter we restrict to a special class of network models in which routing is
deterministic and uncontrolled. Each customer waits in one ofℓ buffers until it receives
processing at the respective station. The processing rate at theith queue is equal to
µi > 0, provided the station devotes full priority to this customer. In a stochastic
model this means that the mean service time for a customer at this buffer is given by
µ−1
i . Once processing is completed, the customer is either routed to another buffer for

processing or exits the system. Examples include the simple re-entrant line, the Klimov
model, and the KSRS model described in Chapter2.

Both stochastic and deterministic network models are considered in this chapter,
though much of the analysis remains focused on deterministic models in which the
concepts are most transparent. Below is an incomplete list of topics to be considered:

(i) The generalControlled Random Walk(CRW) model is introduced for the schedul-
ing problem.

(ii) A deterministic fluid model is introduced that describes the mean behavior of its
stochastic counterpart. This fluid model describes the transient behavior of a net-
work, as illustrated in Figure2.2for the single server queue.

(iii) Stabilizability and load are defined for the scheduling model.

(iv) Besides modeling, the main goal of this chapter is to demonstrate how the preced-
ing concepts can be applied to gain insight in control design.

We fix the following notation throughout this chapter: There areℓ buffers, andℓm
stations, denoteds ∈ S := {1, . . . , ℓm}. For eachi ∈ {1, . . . , ℓ} the indexs(i) ∈ S
denotes the station at which bufferi is located, and the set of buffers at Stations is
denotedIs ⊂ {1, . . . , ℓ} for eachs ∈ S. The constituency matrix is theℓm × ℓ matrix
C whose(s, i) entry is defined by

Csi = 1{s(i) = s}, s ∈ S, i ∈ {1, . . . , ℓ}. (4.1)

Routing is deterministic: for eachi ∈ {1, . . . , ℓ}, after processing at bufferi a
customer either enters some bufferi+ ∈ {1, . . . , ℓ}, or exits the system. Therouting

99
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matrixR is theℓ×ℓmatrix defined fori, j ∈ {1, . . . , ℓ} asRij = 1j=i+ . Consequently,
the routing matrix can be expressed as the concatenation of row vectors,R = [11+ |
· · · | 1ℓ+]T, where we adopt the convention that1i+ = 0 if customers exit the system
following service at bufferi.

Section4.1 contains a brief discussion of modeling and control for the general
CRW model, along with an introduction to dynamic programming and optimization.
Although appealing, a direct approach to optimization is typically futile in all but the
simplest networks. Firstly, if buffers are infinite, then solving the dynamic program-
ming equations using value iteration or policy iteration (algorithms introduced in Chap-
ter9) leads to an infinite sequence of infinite-dimensional optimization problems. Even
when buffers are subject to strict upper bounds, the complexity of the dynamic pro-
gramming equations grows exponentially with the dimension of the state space. This is
known as thecurse of dimensionality. For example, computation of the optimal policy
for the simple re-entrant line in Example4.5.3required the solution of a sequence ofN -
dimensional matrix equations withN = 453 = 91, 125.1 If one is truly forced to face
this complexity in such a simple model then this certainly is a curse! In a more realistic
model with, say, 20 buffers the situation becomes much worse withN = 4520 > 1033.

Moreover, typically optimization is based on minimizing asingle performance
objective, while in almost any interesting application there are a range of objectives to
be considered simultaneously, such as minimizing delays or loss for different customer
classes, while simultaneously minimizing operational costs and the cost of holding
inventory.

In this chapter we begin a discussion on how to construct policies with attractive
characteristics that take into account a range of performance criteria. One technique is
to construct a policy for the physical network of interest based on a policy for the fluid
model.

Modeling and control for the fluid model are developed in Section4.2 and Sec-
tion 4.3. Through examples it is shown that optimization remains complex, but not
nearly as complex as seen in the CRW model. A simple sub-optimal approach that
explicitly makes a tradeoff between minimizing holding-cost and minimizing customer
delay is theGreedy time-optimal policydescribed in Section4.3.3.

We have seen in Section2.10and elsewhere that effective policies for a discrete-
stochastic model do not exactly mirror those obtained for the simpler fluid model. This
is particularly evident on the boundaries of the state space since this is where the dis-
crete model is subject to more constraints than the fluid model. How then can one
modify a fluid-policy to obtain an effective policy for the discrete network?

The following three general techniques are used to construct policies based on a
more realistic network model that includes both variability and complex constraints.

Discrete review In a discrete-reviewpolicy, control decisions are made at discrete
time-intervals, and the time period between these decision epochs is called aplanning
horizon. It may be desirable to employpacketization: A server concentrates work on a
group of similar customers to avoid excessive switch-overs.

1This computation was based on the value iteration algorithm introduced in Chapter9.
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For example, in the simple re-entrant line a policy for the fluid model might require
time-sharing at the first station so that each station can work at capacity. That is, if
q2(t) = 0 then it may be desirable to takeζ1 = µ2/µ1 andζ3 = 1 − ζ1. To translate
this to a discrete model we impose the constraint at the start of the planning horizon
that buffers1 and3 should receive these fractions of the total service time over the
planning horizon - the precise order of service is not necessarily specified.

Hedging In economic language,hedgingis a process whereby a ‘player’ deliberately
takes on new risk to offset existing risks. Decisions on how to hedge are based upon
current forecasts of future trends and volatility in the market. In this book, hedging
refers to any mechanism introduced to guard against the risk of potentially high cost.

An example is the hedging-point used in the inventory model introduced in Sec-
tion 2.6, where one source of ‘risk’ in this example is the high cost of falling behind
demand.

Safety-stocks are also a general technique to guard against a very special form of risk:
starvation of resources.

The difference between safety-stocks and hedging-points is not always obvious.
The distinction will be clear when we consider hedging-points for workload models in
the following chapters, begining with an example in Section5.6.

The need for safety-stocks is evident in the examples presented in Section4.1.2
- it is not difficult to construct examples in which a policy is stabilizing or even op-
timal for a deterministic model, yet the same policy applied to a stochastic model is
destabilizing. Conversely, in examples presented in Section4.5we find that anoptimal
policy for the CRW model frequently resembles a perturbation of the optimal policy
for the fluid model using safety-stocks of the form developed in this book. Section4.6
contains an introduction to safety-stocks with numerical results illustrating this obser-
vation. Section4.7contains more elaborate methods for employing safety-stocks based
on the discrete review paradigm.

Application of safety-stocks can be complex in large networks. Motivated by the
dynamic programming equations considered in Section4.1.3, myopic policies and re-
lated MaxWeight policies are introduced in Sections4.8and4.9. These policies often
define safety-stocksimplicitly as an outcome of the one-step optimization that deter-
mines the policy.

We begin with the discrete-time scheduling model.

4.1 Controlled random-walk model

In this section we introduce the CRW model and present some superficial generaliza-
tions of the concepts introduced in Chapter3 for the single server queue. We introduce
a stability criterion similar to (V3) and also similar to the Poisson equation introduced
in Section3.3. Poisson’s equation for the CRW model is an element of the dynamic
programming equations described in Section4.1.3.
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4.1.1 Basic model

A stochastic network model is defined in discrete-time as follows:

Definition 4.1.1.CRW Scheduling Model

This is described by the recursion,

Q(t+ 1) = Q(t) +B(t+ 1)U(t) +A(t+ 1), Q(0) = x . (4.2)

The following assumptions are imposed on the policy and parameters.

(i) We say that the allocation sequenceU is adapted(to (Q,A,B)) if U(t) can be
expressed as a function of the random variables{Q(0), . . . , Q(t),A(0), . . . , A(t),
B(0), . . . , B(t)} for eacht ≥ 0. It is assumed thatU is adapted and satisfies the
linear constraints,

U(t) ≥ 0 , CU(t) ≤ 1, t ≥ 1,

where1 is theℓm-dimensional vector of ones, and0 is theℓ-dimensional vector
of zeros. That is, the allocation sequence is restricted to the polyhedron,

U := {u ∈ R
ℓm : u ≥ 0, Cu ≤ 1}. (4.3)

(ii) The queue length processQ is similarly constrained,Q(t) ∈ X, t ≥ 0, where
X ⊂ R

ℓ
+ is a polyhedron representing both positivity constraints, and bounds on

buffer levels if present. The assumption thatQ evolves onX imposes implicit
constraints onU : We letU(x) ⊂ U denote the set of allowable values forU(t)
whenQ(t) = x ∈ X.

(iii) It is assumed thatRℓ = 0ℓ×ℓ to ensure that each customer receives at mostℓ
services during its lifetime in the network.

(iv) B is an i.i.d. sequence ofℓ × ℓ matrices; andA is an i.i.d. sequence ofℓ-
dimensional vectors. The matrixB(t) is expressed,

B(t) = −[I −RT]M(t), t ≥ 1,

whereM is an i.i.d. sequence of diagonal matrices. Its diagonal elements are non-
negative, and are denotedMi(t) ≥ 0 for eachi andt. Consequently, the recursion
(4.2) can be expressed,

Q(t+ 1) = Q(t) +

ℓ∑

i=1

Mi(t+ 1)[−1i + 1i+ ]Ui(t) +A(t+ 1). (4.4)

(v) Stations is said to behomogeneousif the random variables{Mj(t) : s(j) = s}
are all identical. In this case, the common value is denotedSs(t). If each station
is homogenous, then this is called the homogeneous CRW scheduling model.
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It is assumed in this chapter that the random variables{Mj(t)} each have a
Bernoulli distribution. That is,Mj(t) = 0 or 1 for eachj andt.

It is not necessary to restrictQ to an integer lattice, although this constraint can be
added if desirable. In this case, it is assumed thatA andM have integer entries, and
the allocation sequence is restricted to the discrete set,

U⋄ := {u ∈ {0, 1}ℓ : Cu ≤ 1}. (4.5)

We let X⋄ := X ∩ Z
ℓ
+ denote the restricted state space, andU⋄(x) ⊂ U⋄ the set of

allowable values forU(t) whenQ(t) = x ∈ X⋄, so thatQ(t+1) ∈ X⋄ with probability
one.

A special case is the re-entrant line:

Definition 4.1.2.Re-entrant Line

Consider a network with deterministic routing, and a single arrival process to the first
buffer. A customer of classj requires service at stations(j), and then proceeds to
buffer j + 1 or, if j = ℓ, exits the system. A network of this form is called are-entrant
line.

The CRW model for a re-entrant line is described as follows,

Q(t+ 1) = Q(t) +

ℓ∑

i=1

Mi(t+ 1)[1i+1 − 1i]Ui(t) +A(t+ 1), t ≥ 0, (4.6)

where, as above,1i denotes theith basis vector inRℓ for 1 ≤ i ≤ ℓ, and1ℓ+1 := 0.

Recall that uniformization was a sampling approach introduced in Section2.1.1to
obtain the CRW model (2.2). Uniformization is easily extended to network models in
which the increment distributions of the arrival processes, and the distributions of the
service times all have exponential distributions. This leads to a CRW model in which
the entries ofA andB are Bernoulli, and the additional properties,

Mi(t)Aj(t) = 0, for all i, j,

Mi(t)Mj(t) = 0, for all i 6= j, t ≥ 1.
(4.7)

That is, only one service or arrival event can occur at each sampling period.
We illustrate this construction using the following special case:

Example 4.1.1.Simple re-entrant line

Consider the simple re-entrant line shown in Figure2.9, modeled in continuous time.
The single arrival stream is assumed to be Poisson with rateα1, and each of the three
i.i.d service distributions is exponential with meanµ−1

i , i = 1, 2, 3.
The network is controlled using a three-dimensional cumulative allocation process

Z that is subject to the constraints,
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Z(t1) − Z(t0) ≥ 0, C[Z(t1) − Z(t0)] ≤ (t1 − t0)1, 0 ≤ t0 ≤ t1 <∞,

where the constituency matrixC is the2 × 3 matrix,

C =

[
1 0 1
0 1 0

]
. (4.8)

A three-dimensional CRW model can be constructed in analogy with the M/M/1
queue. Let{Ra1(t), Rsi(t), i = 1, 2, 3} denote the independent Poisson processes
associated with the arrival stream and the three service processes, and for a given initial
conditionQ(0) = x ∈ Z

3
+ define,

Q1(t) = x1 −Rs1(Z1(t)) +Ra1(t)

Q2(t) = x2 −Rs2(Z2(t)) +Rs1(Z1(t))

Q3(t) = x3 −Rs3(Z3(t)) +Rs2(Z2(t)), t ≥ 0,

Consider now the renewal process defined as the sum,

R(t) = Ra(t) +Rs1(t) +Rs2(t) +Rs3(t), t ≥ 0,

and to simplify the notation, assume that time has been scaled so thatµ1 + µ2 + µ3 +
α1 = 1. We let {T (n) : n ≥ 1} denote the associated renewal times at whichR

exhibits successive jumps, and setT (0) = 0. To construct a CRW model via uni-
formization we impose two additional restrictions on the service discipline:Z(t) is
constant on the time interval[T (n), T (n + 1)) for eachn ≥ 0, and d+

dtZi(t) ∈ {0, 1}
for eachi andt.

The controlled process sampled at the renewal times{T (n)} evolves as the CRW
model of a re-entrant line with routing matrix given by,

RT =



0 0 0
1 0 0
0 1 0


 . (4.9)

That is, (4.6) holds for this example withℓ = 3, and each of the random variables
{M1(t),M2(t),M3(t), A1(t)} is Bernoulli.

If the service times at buffers1 and3 are equal then the model can be simplified.
In this case we define the service time at Station 1 using the single renewal process
Rs1, and we redefine the renewal processR as follows,

R(t) = Ra(t) +Rs1(t) +Rs2(t), t ≥ 0.

Re-scaling time soµ1 +µ2 +α1 = 1, and letting{T (n) : n ≥ 1} denote the associated
renewal times, we again obtain a CRW model, but the model is now homogeneous, of
the form

Q(t+ 1) = Q(t) + S1(t+ 1)
(
(−11 + 12)U1(t) − 13U3(t)

)

+ S2(t+ 1)(−12 + 13)U2(t) +A1(t+ 1)11, t ≥ 0,
(4.10)
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where the three-dimensional i.i.d. process(S1,S2,A1) has marginal distribution de-
fined by,

P{(S1(t), S2(t), A1(t))
T = 1i} = pi, t ≥ 1, i = 1, 2, 3, (4.11)

with pi = µi for i = 1, 2, andp3 = α1.

4.1.2 Policies

In constructing and analyzing policies we embed the CRW model within the general
framework of Markov Decision Theory, so that(Q,U ) is viewed as aMarkov Decision
Process, or MDP. In this setting there are several broad classes of allocation processes,
based on the assumption thatQ is restricted to the discrete state spaceX⋄:

(i) A (deterministic)policy φ is a sequence of functions{φt : t ∈ Z+}, from X⋄
t+1

to U⋄ such thatφt(x0, . . . , xt−1, xt) ∈ U⋄(xt) for eacht ≥ 0, and each sequence
(x0, . . . , xt−1, xt) ∈ X⋄

t+1. For eacht the allocation vector is defined by

U(t) = φt(Q(0), . . . , Q(t− 1), Q(t)),

so thatU is adapted.

(ii) The policy φ is calledMarkov if φt depends only onxt for eacht ≥ 0.

(iii) If φ is Markov, and if there is a fixed functionφ such thatφt = φ for all t, then
the policy isstationary. The functionφ : X⋄ → U⋄ is called afeedback law.

(iv) A randomized stationary policyis defined by a mappingφ : X⋄ → P(U⋄), where
P(U⋄) denotes the set of probability measures onU⋄. For eachx ∈ X⋄, φ(x) =
{φu(x) : u ∈ U⋄} satisfiesφu(x) = 0 for u 6∈ U⋄(x). The control sequence is
defined by the family of laws,

P{U(t) = u | Q(0), . . . , Q(t), U(0), . . . , U(t− 1)} = φu(Q(t)), t ≥ 0.

A stationary policy can be regarded as a randomized stationary policy in which the law
φ is degenerate, in the sense thatφ(x) assigns all mass to a single point inU⋄(x) for
eachx ∈ X⋄.

Randomized policies are useful in the theory of multi-objective optimization, and
in linear-programming approaches to optimal control. These topics are treated in Chap-
ter 9. Throughout much of this book we restrict to deterministic stationary policies.

In the theory of MDPs policies are typically compared through a given cost func-
tion c : R

ℓ
+ → R+. Here we assume thatc admits an extension to all ofRℓ to define a

norm. Examples are theℓ1-norm c(x) = |x|, or any piecewise linear function that is
strictly positive onRℓ

+ \ {0}.
Thecontrolled transition matrixis defined forx, y ∈ X⋄ andu ∈ U⋄(x) by,

Pu(x, y) := P{Q(t+ 1) = y | Q(t) = x,U(t) = u}. (4.12)
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When controlled using a randomized stationary policyφ, the queue-length process is a
Markov chain with transition matrix,

Pφ(x, y) :=
∑

u∈U⋄(x)

φu(x)Pu(x, y), x, y ∈ X⋄.

If the stationary policy is deterministic, then the sum reduces to,

Pφ(x, y) := Pφ(x)(x, y), x, y ∈ X⋄.

Although the state space is typically infinite, many well-known concepts for finite
state space Markov chains carry over to this more complex setting. The Appendix con-
tains a survey of relevant results from this theory, and Chapter8 contains applications
of this theory to the CRW model.

Several approaches to performance evaluation for Markov models are based on
solutions to the followingPoisson inequality: For a constantη < ∞ and function
h : X → R+,

Dh ≤ −c+ η, (4.13)

whereD denotes the difference operatorD = P −I. This is a relaxation of the Poisson
equation (3.8) introduced for the M/M/1 queue.

Many consequences of this bound in the general CRW model are described in
Chapter8. The simplest result is contained in the following application of the Compar-
ison TheoremA.4.3.

Proposition 4.1.1. Suppose that the CRW scheduling model is controlled using a sta-
tionary policy, and that there exist non-negative valued functionsc and h satisfying
(4.13). Then, for each initial condition,

1

r

r−1∑

t=0

E
[
c(Q(t;x))

]
≤ 1

r
h(x) + η, r ≥ 1,

and ηx := lim sup
r→∞

1

r

r−1∑

t=0

E
[
c(Q(t;x))

]
≤ η

(4.14)

Proof. Although the result follows from TheoremA.4.3 we provide the brief proof
here.

The bound (4.13) can be writtenPh ≤ h− c+η, and on applyingP to both sides,

P 2h ≤ Ph− Pc+ η ≤ h− (c+ Pc) + 2η.

By induction we obtain for eachr ≥ 1,

P rh ≤ h− (c+ Pc+ · · · + P r−1c) + rη.

This implies the two bounds (4.14) using non-negativity ofh combined with the iden-
tity,
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P rh (x) + (c(x) + Pc (x) + · · · + P r−1c (x)) = E

[
h(Q(r;x))) +

r−1∑

i=0

c(Q(i;x))
]
.

⊓⊔

The Poisson inequality is a foundation of optimization theory for the CRW model:
The solution to (4.13) with η minimalsolves the average-cost optimality equation de-
scribed next.

4.1.3 Optimization

Given a functionh : X → R+, themyopic policyis the stationary policy defined as the
constrained minimization,

φ(x) ∈ arg min
u∈U⋄(x)

E[h(Q(t+ 1)) | Q(t) = x, U(t) = u] (4.15)

Note that we write “φ(x) ∈ arg minu∈U⋄(x) · · · ” since the minimizer may not be
unique. We call this theh-myopic policywhen we wish to emphasize the function
used in the construction ofφ. Theh-myopic policy can be equivalently expressed in
terms of the controlled transition matrix (4.12) by the minimization,

φ(x) ∈ arg min
u∈U⋄(x)

(∑

y

Pu(x, y)h(y)
)
. (4.16)

Myopic policies are of interest because of their simplicity. They are also ‘optimal’ if
the functionh is carefully chosen.

Thediscounted-cost value functionfor a given policy is defined as,

hγ(x) :=
∞∑

t=0

(1 + γ)−t−1
E
[
c(Q(t;x))

]
. (4.17)

For eachx we leth∗γ(x) denote the minimum of (4.17) over all policies. A policy is
discounted-cost optimalif hγ(x) = h∗γ(x) for eachx.

The discounted-cost optimality equationis expressed in (4.18a); The policy de-
fined in (4.18b) is h-myopic withh = h∗γ .

(1 + γ)h∗γ(x) = min
u∈U⋄(x)

[c(x) + Puh
∗
γ (x)] (4.18a)

φ∗(x) ∈ arg min
u∈U⋄(x)

Puh
∗
γ (x), x ∈ X. (4.18b)

Under mild conditions we find thatφ∗ does define an optimal policy. Theorem4.1.2is
aspecial case of Proposition9.6.2.

Theorem 4.1.2. (Value Function for the Scheduling Model) Suppose thatE[‖A(1)‖] <
∞, and thatc is a norm onRℓ. Then,
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(i) The functionh∗γ(x) defined as the minimum of (4.17) over all policies has linear
growth

sup
x∈X

|h∗γ(x)|
1 + ‖x‖ <∞, (4.19)

and solves the discounted-cost optimality equation (4.18a).

(ii) Theh∗γ-myopic policyφ∗ in (4.18b) is discounted-cost optimal.

(iii) If h◦γ is any other solution with linear growth thenh◦γ = h∗γ everywhere.
⊓⊔

Recall that a myopic policy was used to motivate thec-µ rule for the Klimov model
in Section2.2based onc = h. However, we shall see in several examples in Section4.4
that this approach does not always lead to a stabilizing policy. Ideally we would like
to chooseh based on a given cost functionc so that the Poisson inequality (4.13) holds
under theh-myopic policy with a small value ofη. In the average-cost optimality
criterion considered next we take the ‘optimal’ choice in whichη is minimal.

Theaverage costfor a given policy appears as the limit supremum in (4.14),

ηx := lim sup
r→∞

1

r

r−1∑

t=0

Ex[c(Q(t))]. (4.20)

A policy is called stabilizing if the average cost is finite for each initial condition
Q(0) = x. We will see that typicallyηx is independent ofx, and can be expressed
as the limiting discounted or average cost,

ηx = lim
γ↓0

γhγ(x) = lim
t→∞

Ex[c(Q(t))].

The optimal costη∗x is defined to be the infimum of (4.20) over all policies; A
policy is calledaverage-cost optimalif it achievesη∗x for each initial condition. Under
general conditions, described in Chapter9 and specialized to the scheduling model in
Theorem4.1.3, the average-cost optimal policy is again myopic, based on the solution
of the following equations in the pair of variables(h∗, η∗):

η∗ + h∗(x) = min
u∈U(x)

[c(x) + Puh
∗ (x)] (4.21a)

φ∗(x) ∈ arg min
u∈U(x)

Puh
∗ (x), x ∈ X. (4.21b)

The equality (4.21a) is known as theaverage-cost optimality equation(ACOE), and
the functionh∗ is called arelative value function. The second equation (4.21b) defines
astationary policyφ∗ that is myopic with respect toh∗.

Whenc is a norm onX thenh∗ has quadratic growth, just as seen in the M/M/1
queue.

Theorem 4.1.3. (Relative Value Function for the Scheduling Model) Suppose that
E[‖A(1)‖2] < ∞, and thatc is a norm onR

ℓ. Suppose moreover that a stabilizing
policy exists. Then,
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(i) There exists a solution(h∗, η∗) to the dynamic programming equation (4.21a)
with η∗ constant, andh∗ non-negative with quadratic growth,

sup
x∈X

h∗(x)
1 + ‖x‖2

<∞. (4.22)

(ii) Theh∗-myopic policy is average-cost optimal.

(iii) If h◦ is any other solution with quadratic growth then there is a constantb such
thath∗ = h◦ + b everywhere.

Proof. The details are postponsed to Chapter9. However, we note that the assumptions
of Theorem9.0.3hold:

(a) The cost functionc is “coercive” since it is a norm.

(b) If there is a stabilizing policy, then there exists a policy satisfying a somewhat
stronger condition calledregularity. This is established in Theorem4.8.3.

⊓⊔

An important question left unanswered is,when does a stabilizing policy exist?
We first provide an answer for the simpler fluid model.

4.2 Fluid model

Here a formal definition of the fluid model is defined based on the CRW model (4.2),
under the assumption that the following expectations are each finitei andt.

α = E[A(t)], M = E[M(t)], and µi = E[Mi(t)]. (4.23)

The fluid model is a controlled, ordinary differential equation (ODE) model that may
be viewed as a description of themeanbehavior of its discrete-stochastic counterpart.

Definition 4.2.1.Fluid Scheduling Model

The ℓ-dimensional, continuous-time processq represents the queue-length process in
this deterministic setting, and satisfies the equations,

q(t) = x+Bz(t) + αt, t ≥ 0, x ∈ R
ℓ
+. (4.24)

It is assumed that the fluid model is consistent with Definition4.1.1, in the sense that,

(i) The cumulative allocation-processz is subject to the linear rate-constraints,

z(t1) − z(t0)

t1 − t0
∈ U, 0 ≤ t0 < t1 <∞,

where the polyhedral control setU is defined in (4.3).
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(ii) The queue length process (orstate trajectory) q is constrained toX. A deter-
ministic processz satisfying (i) and (ii) is calledadmissible.

(iii) The matrixR in (4.25) is equal to theℓ× ℓ routing matrix.

(iv) The vectorα ∈ R
ℓ
+ represents exogenous arrival rates for the fluid model, and

coincides with the mean defined via (4.23). Similarly, the matrixB is defined as

B := −[I −RT]M, (4.25)

with M := diag(µi) = E[M(1)].

(v) The servers at Stations are said to behomogeneousif µj1 = µj2 whenever
s(j1) = s(j2) = s. If each station is homogenous, then the fluid model is called
homogeneous.

The allocation-rate vector is defined asζ(t) = d+

dtz(t), t ≥ 0. Using this notation,
the fluid model is expressed as the controlled ODE,

d+

dtqi(t) = αi − µiζi(t) +

ℓ∑

j=1

µjζj(t)Rji, 1 ≤ i ≤ ℓ.

It is sometimes convenient to envision this ODE model as adifferential inclusion,

(i) The stateq is constrained to evolve in the polyhedronX.

(ii) For eacht ≥ 0, the velocity vectorv(t) = d+

dtq (t) is constrained to lie in the
polyhedron,

V := {v = Bζ + α : ζ ∈ U}. (4.26)

Control of the fluid model amounts to driving the queue-length process to the ori-
gin in an efficient manner. This leads to the following definitions:

Definition 4.2.2.Stabilizability

The following terminology applies to the fluid model (4.24):

(i) The fluid model is calledstabilizableif, for anyx ∈ X, there existsζ ∈ U and a
timeT ≥ 0 such that

x+ (Bζ + α)T = 0. (4.27)

(ii) The minimal draining time, denotedT ∗(x), is defined forx ∈ X as the smallest
T ≥ 0 satisfying (4.27) for someζ ∈ U.

(iii) More generally, for two statesx, y ∈ X, theminimal time to reachy from x
over all policies is denotedT ∗(x, y).
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(iv) The minimal draining time for the arrival-free model (in whichα = 0) is
denotedW ∗(x).

The minimal draining timesT ∗ andW ∗ tell a great deal about network congestion,
and we shall see that they also provide tools for the design of efficient policies that
definez as a function ofq.

Stabilizability is intimately connected to workload.

Definition 4.2.3.Workload In Units Of Time (i) Theworkload matrixis defined as
theℓm × ℓ matrixΞ = −CB−1 = M−1(I −RT)−1, where the inverse exists as a
power series,

[I −R]−1 =
∞∑

k=0

Rk =
ℓ−1∑

k=0

Rk. (4.28)

(ii) The workload vectors{ξs : s ∈ S} are defined as the rows ofΞ, so that

Ξ = [ξ1 | · · · | ξℓm]T.

(iii) The workload process(in units of time) is defined byw(t) = Ξq(t), t ≥ 0.

(iv) The vector loadis defined asρ = Ξα, and thenetwork loadis the maximum,
ρ• = maxs∈S ρs. Stations is called abottleneckif ρ• = ρs.

For example, in the single server queue we havew(t) = W ∗(q(t)) = µ−1q(t),
which is precisely the time the server must work to clear all of the inventorycurrently
in the system at timet, ignoring future arrivals.

This interpretation can be generalized to the general scheduling model. It is shown
in Proposition4.2.2below thatws(t) is the time required at Stations to process all of
the customers currently in the system at timet (ignoring future arrivals). The proof is
based on the following identity.

Proposition 4.2.1. The following holds for anyζ ∈ U, s ∈ S,

〈ξs, Bζ + α〉 = −(1 − ρs) + ι,

where the idleness rate is defined byι = 1 − Cζ ≥ 0.

Proof. By definition of the workload matrix we have

ΞBζ = −CB−1Bζ = −Cζ, ζ ∈ U.

The proposition is a restatement of this vector equality, and the definitionρs = 〈ξs, α〉.
⊓⊔
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x + V

v = −εx

x
q(t;x) = x + tv

x2

x1

Figure 4.1: A time-optimal trajectory in whichq moves toward the origin in a straight
line. The velocity vectorv is of the formv = −εx for someε > 0, and also has the
form v = Bζ∗ + α with ζ∗ given in (4.30).

Proposition4.2.2contains a characterization of stabilizability, along withjustifica-
tion for the terminology in Definition4.2.3. A state-trajectory under the time-optimal
allocation (4.30) is illustrated in Figure4.1.

Proposition 4.2.2. The following hold for the scheduling model:

(i) The model is stabilizable if, and only if,ρ• < 1. If this load condition holds,
then the minimal draining time is given by,

T ∗(x) = max
s∈S

〈ξs, x〉
1 − ρs

, x ∈ R
ℓ
+. (4.29)

Moreover, an example of a time-optimal allocation from the initial conditionx ∈
X is given byζ∗(t) = ζ∗ on [0, T ∗(x)), where

ζ∗ = −B−1
(
α+

1

T ∗(x)
x
)
. (4.30)

(ii) W ∗(x) = max
s∈S

〈ξs, x〉 for x ∈ X.

Proof. Part (ii) follows from (4.29) sinceρs = 0 for eachs in the arrival-free model.
For a givenx ∈ X, let T ◦(x) = maxs∈S(1 − ρs)

−1〈ξs, x〉. We first demonstrate
the boundT ∗(x) ≥ T ◦(x).

Consider any admissible cumulative allocation-processz, and suppose that for
someT > 0 we haveq(T ) = x+ Bz(T ) + αT = 0. Writing ζ = T−1z(T ) we have
ζ ∈ U, and hence by Proposition4.2.1we obtain the vector inequality,

0 = Ξq(T ) = Ξ
(
x+ (Bζ + α)T

)
≥ Ξx− (1 − ρ)T.

That is,

T ≥ 〈ξs, x〉
1 − ρs

, s ∈ S,

which establishes the desired lower boundT ∗(x) ≥ T ◦(x).
To complete the proof we now demonstrate that this lower bound is tight by ex-

plicitly constructing a time-optimal solution from the initial conditionx ∈ X. This is
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already given in (4.30): On applying the constant allocation rateζ∗(t) = ζ∗ on [0, T ∗],
the state trajectory is given by

q(t) = x+ (Bζ∗ + α)t =
T ∗ − t

T ∗ x, 0 ≤ t ≤ T ∗,

from which it follows thatq(T ∗(x)) = 0.
To ensure admissibility ofζ∗, it is necessary that

(a) ζ∗ ≥ 0 , (b) Cζ∗ ≤ 1.

The first condition is automatic sinceB−1 has non-negative entries due to (4.28).
From the definition ofT ∗ we have for eachs, (Ξx)s ≤ (1 − ρs)T

∗(x) provided
ρs < 1. Consequently, from the definition ofζ∗ we obtain the vector boundCζ∗ =
ρ + (Ξx)/T ∗(x). We have〈ξs, x〉 ≤ (1 − ρs)T

∗(x) whenρ• < 1, so that for each
s ∈ S,

(Cζ∗)s ≤ ρs +
1

T ∗(x)
〈ξs, x〉 ≤ ρs + (1 − ρs) = 1.

⊓⊔

Example 4.2.1.Klimov model

The fluid model in the four-buffer model illustrated in Figure2.3 is defined through
the differential equation (4.24) with B = −diag(µ1, . . . , µ4). The consitutency matrix
is the row vectorC = [1, 1, 1, 1], and hence the single workload vector is given by
ξT = −CB−1 = (µ−1

1 , . . . , µ−1
4 ). The ‘vector load’ is equal to the network load,

ρ• = 〈ξ, α〉 =

4∑

i=1

αi
µi
,

and the minimal draining time is linear,

T ∗(x) =
ξTx

1 − ρ•
, x ∈ R

4
+.

Any allocation rate processζ satisfying
∑

i ζi(t) = 1 whenever
∑

i qi(t) > 0 is time-
optimal for this single-station model.

Example 4.2.2.Processor sharing model

The processor sharing model illustrated in Figure2.6 is not a scheduling model since
the number of activities is strictly greater than the number of buffers. However, we have
seen that the fluid model can be reduced to the2 dimensional version of the Klimov
model shown in (2.16). This is expressed as (4.24) with ℓ = 2, and

B =

[
−µb 0
0 −µc

]
, C =

[
1 1

]
, α =

[
αa − µa,

αb

]
.
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v1

v2

ξ1

V

-2 2

2

-2

Figure 4.2: Velocity space for the processor-sharing model with parameters defined in
(4.31).

Consequently, the vector load is again one-dimensional, and coincides with the network
load,

ρ• = −CB−1α =
αa − µa
µb

+
αc
µc
.

The velocity space for the two-dimensional model is defined asV = {v : v =
Bζ + α, Cζ ≤ 1}, or

V =
{(−µaζa − µbζb

−µcζc

)
+

(
αa − µa,

αb

)
: ζ ≥ (0, 0, 0)T, ζa ≤ 1, ζb + ζc ≤ 1

}
.

This is illustrated in Figure4.2for the specific parameters,

αa = 2 , αb = 2

µa = 1 , µb = 4 , µc = 3.
(4.31)

Example 4.2.3.Simple re-entrant line

The fluid model for the simple re-entrant line shown in Figure2.9 is expressed as the
controlled ODE model in (2.21). Consequently, the differential equation (2.21) can be
written as (4.24) with

B = −(I −RT)M =



−µ1 0 0
µ1 −µ2 0
0 µ2 −µ3


 α =



α1

0
0


 .

Applying (4.28) we conclude thatB−1 = −M−1[I +RT +R2T
] since

[I −R]−1 =
∞∑

k=0

Rk = I +R+R2 =



1 0 0
1 1 0
1 1 1


 .

Based on the definitionΞ = −CB−1, the two workload vectors are expressed,

Copyright Cambridge University Press 2007. On-screen viewing permitted. Printing not permitted. 
http://www.cambridge.org/us/catalogue/catalogue.asp?isbn=9780521884419



Control Techniques for Complex Networks Draft copy April 22, 2007 115

[
ξ1

T

ξ2
T

]
=

[
1 0 1
0 1 0

]

µ−1

1 0 0

µ−1
2 µ−1

2 0

µ−1
3 µ−1

3 µ−1
3


 =

[
µ−1

1 + µ−1
3 µ−1

3 µ−1
3

µ−1
2 µ−1

2 0

]
(4.32)

[
ρ1

ρ2

]
= Ξα =

[
α1
µ1

+ α1
µ3

α1
µ2

]
. (4.33)

Proposition4.2.2implies that this model is stabilizable if, and only if

ρ1 =
α1

µ1
+
α1

µ3
< 1 and ρ2 =

α1

µ2
< 1.

Example 4.2.4.KSRS model

The fluid model for the network shown in Figure2.12is defined by the parameters

RT =




0 0 0 0
1 0 0 0
0 0 0 0
0 0 1 0


 C =

[
1 0 0 1
0 1 1 0

]
,

and (4.25) then gives,

B =




−µ1 0 0 0
µ1 −µ2 0 0
0 0 −µ3 0
0 0 µ3 −µ4


 .

There are external arrival at buffers1 and3 only, so thatα2 = α4 = 0.
We have[I − R]−1 =

∑∞
k=0R

k = I + R sinceRk = 0 for k ≥ 2. From (4.28)
we then haveB−1 = −M−1[I +RT], and hence the workload matrix is given by,

Ξ = −CB−1 =

[
µ−1

1 0 µ−1
4 µ−1

4

µ−1
2 µ−1

2 µ−1
3 0

]
. (4.34)

The vector load is expressed,

ρ = Ξα =

[
α1
µ1

+ α3
µ4

α1
µ2

+ α3
µ3

]
.

In the remainder of this chapter we survey many of the control techniques to be
developed over the course of this book. We begin with the fluid model in Section4.3.
After describing general classes of feedback laws, we then begin what will become an
on-going discussion on how to translate a policy from the fluid model to a more realistic
discrete and stochastic network model.
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4.3 Control techniques for the fluid model

The fluid model can be viewed as a state space model with state processq, constrained
to the polyhedral state spaceX ⊂ R

ℓ
+, and controlled by the cumulative allocation

processz with rate-constraints specified in (6.2). The control approaches described in
this section are defined throughstate feedback, ζ(t) = d+

dtz(t;x) = f(q(t)), where the
feedback lawf is a measurable function fromX to the control setU. The feedback law
is said to bestabilizing if q(t;x) → 0 as t → ∞, from each initial conditionx. A
stabilizing feedback law can only exist ifρ• < 1.

It is assumed throughout this section that the state space is of the following form,

X = {x ∈ R
ℓ
+ : xi ≤ bi, 1 ≤ i ≤ ℓ} (4.35)

where0 < bi ≤ ∞ for eachi. Whenbi = ∞ we interpretxi ≤ bi as a strict inequality.
Recall the definition of the velocity spaceV in (4.26). Policies for the fluid model

must always respect the following constraints: Given anyx ∈ X, the allocation rateζ
satisfiesζ ∈ U, and the corresponding velocity vectorv = Bζ + α ∈ V satisfies,

vi

{
≥ 0, if xi = 0;

≤ 0, if xi = bi, i ∈ {1, . . . , ℓ}.
(4.36)

Many of the policies considered in this book are based on a cost function that
reflects our desire to control the dynamic behavior of the network. It is assumed here
that the cost functionc : X → R+ is a linear function of queue-lengths, of the form
c(x) = cTx, with ci > 0 for eachi = 1, . . . , ℓ. A typical choice is theℓ1-normor total
inventoryc(x) = |x| := ∑

i xi.
Extensions to piecewise linear or smooth convex cost functions are considered in

later chapters. In Section6.3.2we discuss control techniques for routing models based
on a cost function depending on allocation rates.

We have already considered formulations of optimal control for the fluid model.
Here are three criteria that are most useful in the applications considered elsewhere in
this book.

Time optimal control For each initial conditionq(0) = x, find a control that mini-
mizes,

T (x) = min{t : q(t;x) = 0}.

Infinite-horizon optimal control For each initial conditionq(0) = x, find a control
that minimizes the total cost,

J(x) =

∫ ∞

0
c(q(t;x)) dt. (4.37)

Copyright Cambridge University Press 2007. On-screen viewing permitted. Printing not permitted. 
http://www.cambridge.org/us/catalogue/catalogue.asp?isbn=9780521884419



Control Techniques for Complex Networks Draft copy April 22, 2007 117

Discounted infinite-horizon optimal control Fix a constantγ > 0. For each initial
conditionq(0) = x, find a control that minimizes the discounted cost,

Jγ(x) =

∫ ∞

0
e−γtc(q(t;x)) dt. (4.38)

Recall from Proposition4.2.2thatT ∗(x) denotes the minimal draining time for the
fluid model from the initial conditionx ∈ X. We letJ∗(x) (respectivelyJ∗

γ (x)) denote
the ‘optimal cost’, i.e., the infimum over all policies, in the respective infinite-horizon
control problems. Each of these three functions onX is known as the (optimal) value
function for the associated optimal control problem.

Time-optimality is a central theme in this book. A time-optimal feedback law is
certainly stabilizing, and has the desirable property that congestion is cleared from the
system in minimal time. The functionT ∗ : X → R+ satisfies the followingdynamic
programming equation:

Proposition 4.3.1. If q∗ is a time-optimal state trajectory starting fromx ∈ X, then
for each pair of timepoints satisfying0 ≤ t0 < t1 ≤ T ∗(x):

T ∗(q∗(t1)) = T ∗(q∗(t0)) − (t1 − t0). (4.39)

Proof. The identity (4.39) simply states that, aftert1−t0 seconds have passed, the time
required to reach the origin is reduced by precisely this amount. ⊓⊔

A lower bound on the cost at a specific timet, given a specific initial condition
x ∈ X, is found by solving the linear program,

c∗(t;x) := min 〈c, y〉

s. t. y = x+Bz + αt

Cz ≤ t1
y, z ≥ 0 .

(4.40)

A feasible state trajectoryq∗ starting fromx is calledpath-wise optimalif c(q∗(t;x)) =
c∗(t;x) for everyt. A path-wise optimal feedback law is simultaneously time-optimal
and infinite-horizon optimal. Such a strong form of optimality is rare except in very
simple examples, such as the Klimov model introduced in Section2.2.

Proposition 4.3.2 (iii) introduces the dynamic programming equation for the
infinite-horizon control problem. Figure2.11 illustrates Proposition4.3.2(i) and (ii)
for the simple re-entrant line shown in Figure2.9. The proof of the proposition is left
as an exercise - it is similar to the proof of Proposition4.3.4that follows.

Proposition 4.3.2. Let J∗ denote the value function for the infinite-horizon optimal
control problem. Fixx ∈ X, and let(z∗,q∗) be any optimal allocation-state trajectory
starting fromx, in the sense that the minimal infinite-horizon costJ∗(x) is achieved.
Then,

(i) The costc(q∗(t)) is non-increasing int;
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(ii) The costc(q∗(t)) is convex int, so that its rate of decrease is maximal when
t ≈ 0.

(iii) For eacht, whenever the gradient ofJ∗ at y = q∗(t) exists we have,

ζ∗(t) ∈ arg min
ζ∈U(y)

〈∇J∗ (y), Bζ + α〉

and − c(y) = 〈∇J∗ (y), Bζ∗(t) + α〉
(4.41)

⊓⊔

We now describe some easily computable policies with desirable properties. We
first briefly revisit time-optimality.

4.3.1 Time-optimality

We have seen in Proposition4.2.2that the minimal draining timeT ∗ is easily computed
as a function of the initial condition, and that one optimal solution is given by the
constant allocation rate (4.30) on [0, T ∗(x)), resulting in

q∗(t) =
(T ∗(x) − t

T ∗(x)

)
x, 0 ≤ t ≤ T ∗(x).

There are many other time-optimal policies. Here we provide a complete characteriza-
tion of time-optimality.

The set of indices for which the maximum in the definition ofT ∗(x) is attained
represent ‘hot spots’ in the network. These hotspots will change as the stateq evolves
in X.

Definition 4.3.1.Dynamic Bottlenecks for the Scheduling Model

For eachx ∈ X we denote byS∗(x) the set of stationss ∈ S such that

〈ξs, x〉
1 − ρs

= T ∗(x).

The indicesS∗(x) are called thedynamic bottlenecksassociated with the statex.

A policy is callednon-idling if for each stations ∈ S,

∑

i:s(i)=s

xi > 0 =⇒
∑

i:s(i)=s

ζi = 1. (4.42)

A time-optimal trajectory need not be non-idling. It is however essential that any
dynamic bottleneck work at capacity. The conditions introduced in (2.24) for time-
optimality in the simple re-entrant line can be regarded as an application of Proposi-
tion 4.3.3.

Proposition 4.3.3. Suppose thatρ• < 1. Then, for each initial conditionx0 ∈ X,
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(i) An admissible allocation-state pair(z,q) achieves the minimal draining time
T ∗(x0) if and only if

d+

dt〈ξs, q(t;x0)〉 = −(1 − ρs), (4.43)

for s ∈ S∗(q(t;x0)) and almost every (a.e.)0 ≤ t < T ∗(x0).

(ii) Suppose thatz is a time-optimal allocation. Then, withq equal to the resulting
state process, the set of dynamic bottlenecksS∗(q(t;x0)) is non-decreasing int
for t ∈ [0, T ∗(x0)).

Proof. Whenever (4.43) holds for eachs ∈ S∗(q(t;x0)) it immediately follows from
the representation (4.29) that d

+

dtT
∗(q(t;x0)) = −1. Integrating both sides of this equa-

tion from t = 0 to T ∗(x0) gives for0 < T ≤ T ∗(x0),

T ∗(q(T ;x0)) − T ∗(q(0;x0)) =

∫ T

0

[
d+

dtT
∗(q(t;x0))

]
dt = −T.

On re-arranging terms we obtain,

T ∗(q(T ;x0)) = T ∗ − T,

whereT ∗ = T ∗(x0). Letting T ↑ T ∗ then givesT ∗(q(T ∗;x0)) = 0, which implies
thatq(T ∗;x0) = 0, so thatq is time-optimal from the initial conditionx0.

Conversely, ifq is time-optimal, then the dynamic programming equation (4.39)
holds. The condition (4.43) then follows from (4.39) and the representation (4.29).

To prove (ii) we take anys ∈ S∗(q(t0;x0)), and note that by definition we must
have for eacht1 ∈ (t0, T

∗(x0)),

〈ξs, q(t1;x0)〉
1 − ρs

≤ T ∗(q(t1))

= T ∗(q(t0)) − (t1 − t0).

=
〈ξs, q(t0;x0)〉

1 − ρs
− (t1 − t0),

where the last equality follows from (i) sinces ∈ S∗(q(t0;x0)). Proposition4.2.1
provides an inequality in the reverse direction: Lettingζ = (t1 − t0)

−1(z(t1)− z(t0)),

〈ξs, q(t1;x0)〉
1 − ρs

− 〈ξs, q(t0;x0)〉
1 − ρs

=
〈ξs, Bζ + α〉(t1 − t0)

1 − ρs
≥ −(t1 − t0).

We conclude that all of these inequalities are equalities. In particular,

〈ξs, q(t1;x0)〉
1 − ρs

= T ∗(q(t1)),

which means thats ∈ S∗(q(t1;x0)). ⊓⊔
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4.3.2 Myopic policies

While consideration of the infinite-horizon optimal policy is well motivated and often
practical, it is not necessary to restrict to optimal policies since there are many sim-
ple stabilizing policies with attractive characteristics and low complexity. Themyopic
feedback lawis one very simple policy.

Definition 4.3.2.Myopic policy

For a linear functionc : X → R+, thec-myopic feedback lawφF : X → U is defined for
the fluid model as follows: For eachx ∈ X, the allocation rateζ = φF(x) is defined to
be anyζ ∈ U that optimizes the linear program,

min 〈c, v〉
s. t. vi ≥ 0 for all i such thatxi = 0

vi ≤ 0, for all i such thatxi = bi
v = Bζ + α
ζ ∈ U.

(4.44)

More generally, given any smooth functionh : X → R+ we define theh-myopic
policy in the same way with objective function〈∇h (x), v〉. Proposition4.3.2 (iii)
shows that aJ∗-myopic policy is infinite-horizon optimal for the fluid model.

The myopic policy is always stabilizing if the model is stabilizable:

Proposition 4.3.4. Suppose thatρ• < 1. Then, the network satisfies the following
properties under any myopic policy:

(i) There existsk0 <∞ such that

q(t;x) = 0, t ≥ k0‖x‖, x ∈ X.

(ii) Suppose that the linear program (4.44) has a unique solutionζ∗ for eachx ∈ X.
If from a given initial conditionx0 ∈ X there exists a path-wise optimal solution
q∗ starting fromx0, thenq(t;x0) = q∗(t;x0) for all t ≥ 0.

(iii) For eachx ∈ X, c(q(t;x)) is convex and non-increasing int.

Proof. Stabilizability implies that there existsε0 > 0 such that, for eachx ∈ X, x 6= 0,
there isζx ∈ U such that

vx :=Bζx + α = −ε0
x

|x| ,

where|x| =
∑
xi. For example, we can take the time-optimal allocation rate defined

in (4.30).
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Consider any initial conditionx ∈ X, and a solution(ζ,q) to the myopic policy.
Let T ◦ = min{t ≥ 0 : q(t) = 0}, set to∞ if q never reaches the origin. We have,
wheny := q(t) 6= 0,

d+

dtc(q(t)) ≤ 〈c, vy〉 = − ε0
|y| 〈c, y〉. (4.45)

The right hand side is bounded above by−ε1 := −ε0 mini ci. Consequently, on inte-
grating both sides of this inequality we obtain, for allT < T ◦,

c(q(T )) − c(q(0)) =

∫ T

0

d+

dtc(q(t)) dt ≤ −ε1T,

or T ≤ ε−1
1 [c(x) − c(q(T ))]. It follows that T ◦ ≤ ε−1

1 c(x) for x ∈ X, and this
completes the proof of (i).

Part (ii) follows from the fact that the path-wise optimal solution, if it exists, is
also a myopic solution.

To prove (iii) we first note thatc(q(t)) is non-increasing: This follows from the
assumption that the derivatived

+

dtc(q(t)) = 〈c,Bζ + α〉 is minimal (see (4.45).)
We now establish convexity. Consider any two time-points0 < t0 < t1, and let

x0 = q(t0), x1 = q(t1). Then, the trajectoryq′ defined below is also feasible on
[t0, t1],

q′(t) = x0 +
t− t0
t1 − t0

(x1 − x0), t ∈ [t0, t1],

with q′(t0) = x0 andq′(t1) = x1. By minimality of the derivative, on using the myopic
policy we obtain,

d+

dtc(q(t0)) ≤ d+

dtc(q
′(t0)) =

〈c, x1 − x0〉
t1 − t0

=
c(q(t1)) − c(q(t0))

t1 − t0
.

Letting t1 ↓ t0 we find that this inequality is tight, and we obtain the formula

d+

dtc(q(t))
∣∣∣
t=t0

= inf
T>t0

c(q(T )) − c(q(t0))

T − t0
≤ 0, t0 ≥ 0.

We now show that this implies convexity: For eacht1 > t0,

d+

dtc(q(t))
∣∣∣
t=t0

= infT>t0
c(q(T ))−c(q(t0))

T−t0

≤ infT>t0
c(q(T ))−c(q(t1))

T−t0 sincec(q(t1)) ≤ c(q(t0))

≤ infT>t1
c(q(T ))−c(q(t1))

T−t0 since the infimum is over smaller set

≤ infT>t1
c(q(T ))−c(q(t1))

T−t1 sincet1 > t0

= d+

dtc(q(t))
∣∣∣
t=t1

It follows thatc(q(t)) is convex as a function oft since the derivative is non-decreasing.
⊓⊔
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To illustrate part (ii), recall that the myopic policy is always path-wise optimal for
the single-station fluid model described in Section2.2.

The simple re-entrant line described in Section2.8 is the simplest example in
which the myopic policy may not be infinite-horizon optimal. Whenc is equal to the
ℓ1-norm, then the myopic policy is precisely the last-buffer first-served (LBFS) priority
policy. The LBFS policy is not necessarily optimal for the fluid model since it may
result in excessive starvation at the second station whenever the second station is the
bottleneck so thatρ2 > ρ1 (see Figure2.11and equation (2.25)). The optimal policy is
constructed for the fluid model in Example4.3.2below.

4.3.3 Balancing long and short-term costs

The following greedy time-optimal (GTO) policy combines desirable properties of the
myopic and time-optimal feedback laws (greedyis a synonym formyopicin this book.)

The linear program that defines the GTO policy is derived from the myopic policy,
with the additional constraint〈ξs, v〉 = −(1 − ρs) for s ∈ S∗(x). That is, the GTO
policy minimizes the derivativeddtc(q(t)), subject to time-optimality, and state space
constraints.

Definition 4.3.3.GTO policy

The GTO policydefines the feedback lawφF : X → U for x ∈ X as follows: The
allocationφF(x) is defined to be anyζ that optimizes the linear program,

min 〈c, v〉
s. t. vi ≥ 0 for all i such thatxi = 0

vi ≤ 0 for all i such thatxi = bi
〈ξs, v〉 = −(1 − ρs) if s ∈ S∗(x), 1 ≤ s ≤ ℓ1

v = Bζ + α
ζ ∈ U.

(4.46)

The following properties of the GTO policy are analogous to those obtained in
Proposition4.3.4for the myopic policy.

Proposition 4.3.5. Suppose thatρ• < 1. Then, the network satisfies the following
properties under a GTO policy:

(i) The state trajectoryq is time optimal. That is,

q(t;x) = 0, t ≥ T ∗(x), x ∈ X.

(ii) Suppose that the linear program (4.46) has a unique solutionq for eachx ∈ X.
If from a given initial conditionx0 ∈ X there exists a path-wise optimal solution
q∗ starting fromx0, thenq(t;x0) = q∗(t;x0) for all t ≥ 0.
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(iii) c(q(t;x)) is convex and non-increasing int.

(iv) S∗(q(t;x)) is non-decreasing int.

Proof. Part (i) follows directly from Proposition4.3.3and the definition of the GTO
policy. Part (ii) follows from the observation that a path-wise optimal solution, if it
exists, is time-optimal and myopic.

The proof of (iii) is identical to the proof of Proposition4.3.4 (iii), and (iv) is
contained in Proposition4.3.3(ii). ⊓⊔

Example 4.3.1.Optimal policies for tandem queues

To illustrate the construction of time-optimal, myopic, infinite-horizon optimal, and the
GTO policy we consider here the pair oftandem queuesshown in Figure4.3. The fluid
model can be written in the standard form (4.24) with

B =

[
−µ1 0
µ1 −µ2

]
, α =

[
α1

0

]
.

The two load parameters areρi = α1/µi, i = 1, 2.

Station  1

α1 µ1

Station  2

µ2

Figure 4.3: Tandem queues.

The cost function is assumed linear withc(x) = c1x1 + c2x2. Except in a few
special cases, we find that the myopic, GTO and optimal policies are each defined by a
linear switching curve,

ζ1(t) = 1 if and only if q2(t) ≤ mxq1(t) andq(t) 6= 0, (4.47)

for some constantmx ∈ [0,∞].
When c2 < c1 then the myopic policy is non-idling, so that the policy can be

described by (4.47) withmx = ∞. The non-idling policy is also myopic whenc2 = c1,
though in this case the myopic policy is not unique. Whenc2 > c1 then the myopic
policy allows station one to idle until buffer two is empty. Subsequently, buffer two is
fed at ratemin(µ1, µ2), and hence buffer two remains empty. This policy is again of
the form (4.47) with mx = ∞ providedµ1 ≤ µ2.

A time-optimal policy is defined by the constraints{ζi(t) = 1 wheneveri ∈
S∗(q(t)), i = 1, 2}. To compute the functionS∗ we must consider the minimal drain-
ing time,

T ∗(x) = max
( x1

µ1 − α1
,
x1 + x2

µ2 − α1

)
, x ∈ R

2
+.

We haveS∗(x) = {1} whenT ∗(x) > (µ2 − α1)
−1(x1 + x2), S∗(x) = {2} when

T ∗(x) > (µ1−α1)
−1x1, andS∗(x) = {1, 2} whenx is non-zero and satisfiesT ∗(x) =

(µ2 − α1)
−1(x1 + x2) = (µ1 − α1)

−1x1. Equivalently,
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S∗(x) = {1, 2} ⇐⇒
{x2

x1
=
µ2 − µ1

µ1 − α1

}
.

This is possible only ifρ1 ≤ ρ2 so that Station 1 is a bottleneck. Whenρ2 > ρ1 we
haveS∗(x) = {2} for all non-zerox.

In the remainder of this example we restrict to the case in which buffer one is the
unique bottleneck, so thatµ1 < µ2. It is also assumed thatc2 > c1. Under these
conditions it is necessary to make a compromise between draining the total inventory
quickly, and maintaining a low holding costc(q(t)).

The GTO policy coincides with the myopic policy whenS∗(q(t)) = {2} so that
station two is the unique dynamic bottleneck, and is non-idling whenS∗(q(t)) = {1}.
Consequently, the GTO policy is also of the form (4.47) with,

mGTO
x =

µ2 − µ1

µ1 − α1
. (4.48)

q1

q2

q1

q2

∇J (x

x

) ∝
(1
1

)

(
µ2−µ1

α1−µ1
)

q (t;x0)

0x

(
−µ2

1α )

R1

R2

Figure 4.4: Shown at left is a state trajectory for the policy defined by a switching curve
with optimal slopem∗

x. Shown at right is a level set of the piecewise quadratic value
function J∗. The gradient∇J∗ (x) is orthogonal to the level set ofJ∗ at x, and is
parallel to(1, 1)T for x lying on the optimal switching curve{x2 = m∗

xx1}.

The parameter defining the infinite-horizon optimal policy in the representation
(4.47) satisfiesm∗

x ∈ [0,mGTO
x ]. A formula form∗

x is obtained by applying the dynamic
programming equation Proposition4.3.2(iii).

Define the two positive cones determined by the parameterm∗
x:

R1 :=
{
x ∈ R

2
+ : x2 ≤ m∗

xx1

}
, R2 :=

{
x ∈ R

2
+ : x2 ≥ m∗

xx1

}
,

and letvi denote the velocity vector under the optimal policy within the interior of each
of these regions,

v1 = (α1 − µ1,−µ2 + µ1)
T, v2 = (α1,−µ2)

T.

The value functionJ∗ is piecewise quadratic, and purely quadratic on each of the sets
{Ri}. Writing J∗(x) = 1

2x
TDix and∇J∗ (x) = Dix for x ∈ interior (Ri), the

dynamic programming equation (4.41) gives,

−c(x) = (D1x)Tv1 ≤ (D1x)Tv2, x ∈ interior (R1)

−c(x) = (D2x)Tv2 ≤ (D2x)Tv1, x ∈ interior (R2)
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As shown in Figure4.4, the value functionJ∗ is continuously differentiable (C1). Con-
sequently, on considering non-zerox∗ ∈ R1 ∩ R2 we haveD1x∗ = D2x∗, and hence

− c(x∗) = (D1x∗)Tv1 = (D1x∗)Tv2. (4.49)

Using (4.49) we can obtain an expression for the optimal slopem∗
x based on the matrix

D1.
The dynamic programming equation gives−c(x) = (D1x)Tv1 within R1, which

implies thatD1v1 = −c. Also, from the initial conditionx0 = (1, 0)T the velocity
vector isv0 = (α1 − µ1, 0)

T and the dynamic programming equation becomes,

−c1 = −c1x0
1 = 〈∇J∗(x0), v0〉 = x0T

D1v0

givingD1
11v

2
1 = −c1. These equations can be solved uniquely to give,

D1 =

[
c1

µ1−α1
0

0 c2
µ2−µ1

]

Similar arguments show thatJ(x) = 1
2x

TD1x for all x under the non-idling policy.
We can thus compute the optimal switching curve as follows: Applying (4.49),

0 = (D1x∗)T(v2 − v1) = µ1

(
c1x∗1
µ1−α1

− c2x∗2
µ2−µ1

)
,

so that

m∗
x =

x∗2
x∗1

=
µ2 − µ1

µ1 − α1

c1
c2

= mGTO
x

c1
c2
. (4.50)

If c1 < c2 thenm∗
x ∈ (0,mGTO

x ), which means that the optimal policy is not time-
optimal for initial conditions satisfyingx2 > m∗

xx1.
Consider the special case,

α1 = 9, µ1 = 10, µ2 = 11,

giving ρ1 = 9/10 andρ2 = 9/11. The switching curves defined using (4.48) and (4.50)
are

mGTO
x =

µ2 − µ1

µ1 − α1
= 1, m∗

x = mGTO
x

c1
c2
.

We takec1 = 1 andc2 = 3 so thatm∗
x = 1/3. In this case we can calculate each of the

matrices definingJ∗,

D1 =

[
1 0
0 3

]
, D2 =

1

21

[
16 15
15 18

]
(4.51)

In particular, given the initial conditionx = (0, 1)T, under the optimal policy and under
the non-idling policy we have, respectively,

J∗(x) = 1
2x

TD2x =
3

7
, J(x) = 1

2x
TD1x =

3

2
.

We conclude that the optimal policy reduces the total cost by more than three-fold when
compared to the non-idling policy.

Copyright Cambridge University Press 2007. On-screen viewing permitted. Printing not permitted. 
http://www.cambridge.org/us/catalogue/catalogue.asp?isbn=9780521884419



Control Techniques for Complex Networks Draft copy April 22, 2007 126

Example 4.3.2.Optimal policies for the simple re-entrant line

We now compute the infinite-horizon optimal policy and several time-optimal policies
for the simple re-entrant line with cost functionc(x) = |x| = x1+x2+x3. It is assumed
that the model is homogeneous, and thatρ1 < ρ2 < 1, where the load parameters are
given in (4.33).

Consider first the GTO policy. This gives strict priority to buffer3 if q2(t) > 0.
While q2(t) = 0, then buffer3 continues to receive strict priority at Station1 as long
S∗(x) = {1}. From the formula for the two workload vectors given in (4.32) this
condition is equivalently expressed,

1

1 − ρ1

2x1 + x3

µ1
>

1

1 − ρ2

x1

µ2
,

or on re-arranging terms and applying the definition of{ρ1, ρ2}, this may be written
x3 > mGTO

x x1, where

mGTO
x := 2

ρ−1
1 − ρ−1

2

ρ−1
2 − 1

.

In this special case in which the parameters are given in (2.26) we haveρ−1
1 = 11/9,

ρ−1
2 = 10/9, so thatmGTO

x = 2.
Shown in Figure4.5 are the state-trajectories obtained from three different time-

optimal policies for this model. Under the GTO policy we see thatc(q(t)) is convex as
a function of time, as predicted by Proposition4.3.5. The FBFS policy is time-optimal
for this model, and gives rise to theconcavetrajectory shown in the figure. Also shown
is the time-optimal solution in whichζ(t) is the constant value (4.30) on [0, T ∗(x)).

FBFS

Constant allocation rate

GTO

|q(t

t

)|

T ∗(x)

Figure 4.5: Evolution of the costc(q(t)) = |q(t)| for the simple re-entrant line under
three time-optimal policies.

We now turn to the infinite-horizon optimal policy. The parameterm∗
x that defines

the optimal policy can be constructed based on the dynamic programming equation
(4.41) exactly as in Example4.3.1.

To apply Proposition4.3.2 we first compute the value function. We restrict to
initial conditions satisfyingx2 = 0 in the definition (4.37), and hence we may assume
without loss of generality thatq2(t) = 0 for all t ≥ 0 under the optimal policy. We
identify R

2
+ as the resulting restricted state space, wherex ∈ R

2
+ is interpreted as the

pairx = (x3, x1)
T.

Consider the two closed regions defined by
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R1 :=
{
(x3, x1)

T ∈ R
2
+ :

x3

x1
≥ m∗

x

}
, R2 :=

{
(x3, x1)

T ∈ R
2
+ :

x3

x1
≤ m∗

x

}
,

and the feedback policy that is constant within the interior of each of these regions,

ζ3(t) = 1,
(q3(t)
q1(t)

)
∈ interior R1,

ζ1(t) = 1 − ζ3(t) = µ2

µ1
,

(q3(t)
q1(t)

)
∈ interior R2.

Shown at left in Figure4.6is an illustration of typical regions{Ri}, and a typical state-
trajectory under this policy.

q1 q1

(
−µ1

1α

)

∇J (x

x

) ∝
(
1

2

)

(
2µ2−µ1

α1−µ2

)

q3 q3

q (t;x0)

0x

R2

R1

R2

R1

Figure 4.6: At left is shown a state trajectory within the region{x2 = 0} for a policy
defined by a switching curve with optimal slopem∗

x. Shown at right is a level set of the
piecewise quadratic value function. The gradient∇J (x) is orthogonal to the level set
of J atx.

The value functionJ : R
2
+ → R+ defined in (4.37) on the restricted domain is

piecewise quadratic, and purely quadratic on each of the sets{Ri}, of the form

J(x) = 1
2(x3, x1)D

i
(x3

x1

)
, x ∈ Ri,

where{Di : i = 1, 2} are2× 2 matrices. To compute these matrices consider the drift
vectors illustrated at right in Figure4.6, and defined by

d
dt

(
q3(t)

q1(t)

)
= −δi,

(
q3(t)

q1(t)

)
∈ interior Ri.

The matrixD2 is easily computed by integration, giving,

D2 =

[
(δ21)−1 0

0 (δ22)
−1

]

We have−δ1 = (−µ1, α1)
T sinceζ1(t) = 0 when

(q3(t)
q1(t)

)
∈ interior R1. To

computeδ2, observe thatζ3(t) = 1 − ζ1(t) within the interior ofR2, which gives,

d
dtq3(t) = µ1ζ1(t) − µ3(1 − ζ1(t)) = 2µ1ζ1(t) − µ1 = 2µ2 − µ1,

where we have applied the homogeneity assumption, and the policy specification
µ1ζ1(t) = µ2. This gives an expression for the second drift vector,
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−δ2 = (2µ2 − µ1, α1 − µ2)
T.

We now apply the dynamic programming equation Proposition4.3.2(iii) which
gives,

−c(x) = 〈∇J∗ (x),−δ2〉 ≤ 〈∇J∗ (x),−δ1〉, x ∈ interior R2.

In particular, sinceJ∗ is quadratic onR2,

xTD2(δ2 − δ1) = 〈∇J∗ (x), δ2 − δ1〉 ≥ 0, x ∈ interior R2, (4.52)

where the difference is given by,

δ2 − δ1 = −(2µ2 − µ1, α1 − µ2)
T + (−µ1, α1)

T = µ2(−2, 1)T.

As illustrated at right in Figure4.6, the inequality (4.52) becomes an equality asx
approaches the right boundary ofR2. The vectorx = (m∗

x, 1)
T is on this boundary, and

consequently,
0 = (m∗

x, 1)D
2(δ2 − δ1)

= µ2(m
∗
x, 1)D

2
(−2

1

)

= µ2

(
−2m∗

x(µ1 − 2µ2)
−1 + (µ2 − α1)

−1
)
.

Solving form∗
x gives the final expression for the optimal parameter,

m∗
x = 1

2

µ1 − 2µ2

µ2 − α1
=
ρ−1
1 − ρ−1

2

ρ−1
2 − 1

(4.53)

With the specific service rates and arrival rates given in (2.26), the formula (4.53) sim-
plifies tom∗

x = 1, which coincides with the policy shown in Figure2.10. Hence, under
the optimal policy buffer3 has priority whenx2 > 0 or x3 > x1. Recall that the
GTO policy has the same form, but to preserve time-otimality buffer3 has priority over
buffer 1 only if x3 > 2x1 whenx2 = 0.

In the remainder of this chapter we survey policies for the CRW model. We first
reconsider the differences between the two models from the standpoint of control.

4.4 Comparing fluid and stochastic models

The simplest relationship between the two models is the following lower bound on the
finite time-horizon value functions for the stochastic model.

Proposition 4.4.1. For each fixed time horizonT ∈ Z+, the finite time-horizon value
functions for the fluid and stochastic models satisfy,

inf E

[ T∑

k=0

c(Q(k;x))
]
≥ inf

∫ T

0
c(q(t;x)) dt , x ∈ X,

where the infimums are over all admissible allocation sequencesU andz for the re-
spective network models.
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Proof. Fix the initial conditionx ∈ X, and an admissible allocationU for the CRW
model.

Define the deterministic allocation processz as the piecewise linear function
whose derivative is expressed,

d+

dtz(t) = ζk := E[U(k)], k ≤ t < k + 1, k ≥ 0,

and letq denote the resulting deterministic process defined through the fluid model
equations (4.24). The state trajectoryq is piecewise linear, and moreover

E[Q(k + 1)] = E[Q(k)] +BE[U(k)] + α

= E[Q(k)] +Bζk + α

= x+
k∑

i=0

(
Bζi + α

)

= x+Bz(k + 1) + (k + 1)α = q(k + 1), k ≥ 0.

(4.54)

This observation leads to the following bound:

E

[∫ T

0
c(q(t;x)) dt

]
=

T−1∑

k=0

1
2

(
c(q(k + 1;x)) + c(q(k;x))

)

=

T−1∑

k=0

1
2E

[
c(Q(k + 1;x)) + c(Q(k;x))

]

= E

[ T∑

k=0

c(Q(k;x))
]
− 1

2E

[
c(Q(0;x)) + c(Q(T ;x))

]

To prove the proposition it suffices to show thatz is an admissible allocation, since
then ∫ T

0
c(q∗(t;x)) dt ≤ E

[∫ T

0
c(q(t;x)) dt

]
≤ E

[ T∑

k=0

c(Q(k;x))
]
,

whereq∗ achieves the minimum over allz.
Admissibility of z follows from the following two observations: (a) SinceU(k) ∈

U a.s. for eachk, and sinceU is a convex set, it follows that its expectationζk also
lies in U. Thus, d

+

dtz(t) ∈ U for eacht ≥ 0. (b) Based on the identitiy (4.54) we can
argue thatq(k) ∈ X for eachk sinceX is convex, and it follows thatq(t) ∈ X for each
t ∈ R+. ⊓⊔

Several questions arise. For instance, is the bound obtained in Proposition4.4.1
tight? That is, can a policy for the stochastic model be constructed that meets this lower
bound? This of course depends upon the initial condition, the time-horizonT , and the
specific network structure. One might hope to reach the lower bound through a direct
application of an optimal policy for the fluid model. Unfortunately, this approach is
often unsuccessful.

The difference in behavior in the two models based on common policies can be
substantial in the simplest settings.
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4.4.1 Buffer priority policies

A simple class of policies is defined by a rank ordering of the buffers in the network.
Let {θ1, . . . , θℓ} denote a permutation of the buffer indices{1, . . . , ℓ}. For a re-entrant
line we always assume that the indexi ∈ {1, . . . , ℓ} corresponds to theith buffer visited
by a customer passing through the network.

For the CRW model a buffer priority policy is defined as follows:

Definition 4.4.1.Buffer Priority Policy for the CRW model

Let {θ1, . . . , θℓ} be a permutation of{1, . . . , ℓ}. Then,

(i) The buffer priority policy is defined by,

Ui(t) = 1 if and only ifQi(t) ≥ 1, andQj(t) = 0
for all j ∈ Is(i) satisfyingθj < θi,

whereIs ⊂ {1, . . . , ℓ} denotes the set of buffers at Stations.

(ii) For a re-entrant line, if{θ1, . . . , θℓ} = {1, . . . , ℓ} then the buffer priority policy
is calledFirst Buffer-First Served(FBFS), and if{θ1, . . . , θℓ} = {ℓ, . . . , 1} it is
calledLast Buffer-First Served(LBFS).

Consider the following equivalent definition: For eachi ∈ {1, . . . , ℓ}, given
Q(t) = x, the allocation vectorU(t) = u must satisfy,

∑{
uj : j ∈ Is(i) andθj ≤ θi

}
= 1

whenever
∑{

xj : j ∈ Is(i) andθj ≤ θi
}
> 0.

(4.55)

This form is precisely the definition used for the fluid model:

Definition 4.4.2.Buffer Priority Policy for the Fluid Model

For a given permutation{θ1, . . . , θℓ} of {1, . . . , ℓ}, the buffer priority policy for the
fluid model is defined for eacht ≥ 0 as follows: Givenq(t) = x, the allocation rates
u = ζ(t) satisfy the set of constraints (4.55).

The following example illustrates thesignificantdifference in behavior in the fluid
and stochastic models under a buffer priority policy.

Example 4.4.1.Delay in the simple re-entrant line

Consider the network shown in Figure2.9with ρ• < 1. It is assumed that the model is
homogeneous and balanced, so that the service rates are expressed,

µ1 = µ3 = 2
α

ρ•
, µ2 =

α

ρ•
.
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The fluid model is controlled using the LBFS policy in which buffer3 has strict
priority. This coincides with the myopic policy with respect to theℓ1-norm. When
q1(t) > 0 andq2(t) = q3(t) = 0, the myopic policy dictates

ζ2 = 1, ζ1 = ζ3 = 1
2 , (4.56)

so that buffer2 is served at maximum rate even though it remains empty.
Consider now the CRW model in whichQ is constrained toZ3

+, andU is con-
strained toU⋄ as defined in (4.5). It is assumed that each of the service processes
{S1(t) ≡M1(t) = M3(t), S2(t) ≡M2(t)} has a Bernoulli distribution.

The LBFS policy for the CRW model is defined as follows:

U1(t) = 1 if and only ifQ1(t) ≥ 1 andQ3(t) = 0;
U2(t) = 1 if and only ifQ2(t) ≥ 1;
U3(t) = 1 if and only ifQ3(t) ≥ 1.

Suppose that buffers2 and3 are empty at timet = 0. Then, assumingQ1(0) 6= 0, the
policy dictates thatU1(0) = 1, yetU2(0) = U3(0) = 0. Note that this is very different
than the fluid allocation (4.56). When service is completed at some timet0, which will
take on averageµ−1

1 seconds, we haveQ2(t0) = 1 andQ3(t0) = 0. Now Station1
must wait on averageµ−1

2 seconds for this customer to reach buffer three so that service
at this buffer can proceed.

Suppose thatQ1(0) ≫ 1, and fix an integerN satisfyingN ≫ 1 andQ1(0)µ
−1
1 ≫

N . The cumulative allocation on[0,N) can be approximated as follows: The second
station is busy forµ−1

2 seconds on average during each service, but then must wait
µ−1

1 + µ−1
3 seconds on average to receive a new customer, so that

N−1∑

k=0

U2(k) ≈
µ−1

2

µ−1
1 + µ−1

3 + µ−1
2

N =
ρ2

ρ1 + ρ2
N. (4.57)

Since the network is assumed balanced withρ1 = ρ2, we conclude thatthe second
station idles about fifty percent of the time in this overloaded regime.

Another example is the KSRS model considered in In Section2.9 using a policy
giving priority at the exit buffers, so that{θ1, . . . , θ4} = {3, 1, 4, 2}. Based on the
simulation results shown in Figure2.13it appears that the controlled network is highly
unstable. Yet, in this same example the buffer priority policy for the fluid model is
stabilizing - see Example4.4.2that follows. Such a large gap in behavior in the two
models is possible since a buffer may receive service when it is empty in the fluid
model, while this is ruled out in the discrete model.

Among myopic policies we can construct other examples illustrating this funda-
mental difference.

4.4.2 Myopic policies

Recall from Proposition4.3.4that the myopic policy is always stabilizing for the fluid
model whenc is linear, and this result can be generalized to any convex, monotone
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cost function. The situation is very different for a stochastic model. The myopic policy
(4.16) may or may not be stabilizing, depending upon the particularnetwork and the
structure of the cost function.

The following examples show that Proposition4.3.4does not have a direct exten-
sion to the CRW model.

Example 4.4.2.KSRS Model: Transience of the myopic policy

Consider the KSRS model withc(x) = |x|. The myopic policy for the fluid model gives
priority to the exit buffers if no machine is starved of work. If for exampleq1(t) > 0
andq4(t) > 0, yetq2(t) = q3(t) = 0, then provided (2.27) holds we have

ζ1(t) = µ2µ
−1
1 , ζ4(t) = 1 − ζ1(t).

The myopic policy for the CRW model is very different: The optimization (4.16) de-
finesU4(t) = 1 if Q4(t) 6= 0, andU2(t) = 1 if Q2(t) 6= 0. This is precisely the policy
found to be destabilizing in Section2.9.

The myopic policy with linear cost may be entirely irrational:

Example 4.4.3.Tandem queues: Idling in the myopic policy

Consider the pair of queues in tandem illustrated in Figure4.3, whose CRW model is
the recursion,

Q(t+ 1) = Q(t) + (−11 + 12)U1(t)S1(t) − 12U2(t)S2(t) + 11A1(t+ 1), (4.58)

with Q(0) = x ∈ X⋄ = Z
2
+. Suppose that a linear cost function is givenc(x) =

c1x1 + c2x2, with c2 > c1. The myopic policy for the fluid model described previously
in Example4.3.1is non-idling at Station 2, while at Station 1,

ζ1(t) =

{
0 if q2(t) > 0

min(1, µ2µ
−1
1 ) if q2(t) = 0, q1(t) > 0.

(4.59)

The myopic policy is path-wise optimal whenµ1 ≥ µ2.
For the CRW model we have forx ∈ Z

2
+,

φ(x) ∈ arg min
u∈U⋄(x)

E[c(Q(t+ 1)) | Q(t) = x, U(t) = u],

and sincec is linear this givesφ(x) ∈ arg minu∈U⋄(x)

(
c1(α1 − µ1u1) + c2(µ1u1 −

µ2u2)
)
. At Station 2 this policy is non-idling, while at Station 1,

φ1(x) = arg min
u∈U⋄(x)

(
(c2 − c1)µ1u1

)
.

That is,φ1(x) ≡ 0 under our assumption thatc2 > c1, so that Station 1 isalways idle!

We now turn to the question, what dogoodpolicies look like?
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4.5 Structure of optimal policies

In the following examples we explore the structure of solutions to the average-cost
optimality equation. In each case, the optimal policy resembles a perturbation of the
optimal policy for the fluid model.

We begin with the simplest example:

Example 4.5.1.Single server queue: Solution of the ACOE

With c(x) ≡ x, thec-myopic policy for the single server queue is defined by,

φ(x) = arg min
u∈U⋄(x)

E[Q(t+ 1) | Q(t) = x, U(t) = u]

= arg min
u∈U⋄(x)

E[x− S(t+ 1)u+A(t+ 1) | Q(t) = x, U(t) = u]

= arg min
u∈U⋄(x)

{−µu},

giving φ(x) = 1(x ≥ 1). The non-idling policy is indeed optimal: on denotingQ∗ the
resulting queue-length trajectory, andQ the queue-length trajectory using some other
policy with the same initial condition, we can couple the two processes using identical
sequences(S,A) to obtainQ∗(t) ≤ Q(t) for eacht ≥ 0.

Provided the arrival process possesses a second moment, so that a policy with finite
average-cost exists, the non-idling policy is average-cost optimal, and the solution to
the ACOE is the solution to Poisson’s equation given in Theorem3.0.1. It can be
expressedh∗ = J∗ + L, with J∗ the fluid value function, which is quadratic, andL a
linear function ofx.

Example 4.5.2.Tandem queues: Structure of optimal policies

As always, it is assumed thatΦ(t):=(S1(t), S2(t), A1(t))
T, t ≥ 1, is an i.i.d. sequence.

Suppose that its marginal distribution is given by,

P{Φ(t) = 11} = µ1, P{Φ(t) = 12} = µ2,

P{Φ(t) = 13} = α1,
(4.60)

and thatµ1 + µ2 + α1 = 1. We take a linear cost function withc1 = 1, c2 = 3, and
assume throughout thatρ• = 0.9.

The higher holding cost at buffer2 means that the first server will idle unless
there is risk that the second server will be starved of work. In each numerical example
considered here the optimal policy at the first station can be expressed as,

φ∗1(x) = 1{x1 ≥ 1, x2 ≤ s(x1)}, x ∈ X⋄, (4.61)

where the switching curves : R+ → R+ depends on relative rates and other parame-
ters.

Consider two separate cases for the service rates:
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Optimal policy: serve buffer 1

s∗(x1) = x1/3
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Figure 4.7: Average cost optimal policy for the tandem queues withc1 = 1, c2 = 3,
ρ1 = 9/10, ρ2 = 9/11.

Optimal policy: serve buffer 1
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Figure 4.8: Average cost optimal policy for the tandem queues withc1 = 1, c2 = 3,
ρ1 = 9/11, ρ2 = 9/10.

CASE 1: µ1 < µ2

This is the setting of Example4.3.1. The infinite-horizon optimal policy for the fluid
model is represented by a switching curve of the form (4.47) with m∗

x > 0 given in
(4.50). For the valuesρ1 = 9/10, ρ2 = 9/11 we obtain,

m∗
x = 1

3 ,

while the time-optimal switching curve is defined bymGTO
x = 1. Figure4.7shows the

average-cost optimal policy for the CRW model. It is defined by a switching curve of
the form (4.61) where the slope ofs is roughly consistent with the slopem∗

x = 1/3.

CASE 2: µ1 ≥ µ2

In this case there is a unique path-wise optimal solution for the fluid model defined by
the switching curve (4.47) with mx = 0. The average-cost optimal policy for the CRW
model is shown in Figure4.7with ρ1 = 9/11 < ρ2. This policy can be represented by
(4.61), where the switching curves is concave and unbounded inx1.

We conclude with numerical results for the discounted-cost optimal control prob-
lem (4.18a,4.18b). Shown in Figures4.9and4.10are optimal policies, in Cases 1 and 2
respectively, with discount rateγ = 0.01 andγ = 0.001. In each case the discounted-
cost optimal policy is approximated by a static threshold, in the sense that the represen-
tation (4.61) holds withs(x1) quickly approaching a constant valuex∗2 > 0. We return
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Optimal policy: serve buffer 1
γ = 0.001
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Figure 4.9: Discounted cost optimal policy for the tandem queues in Case 1. The load
parameters areρ1 = 9/10, ρ2 = 9/11, and the linear cost defined byc1 = 1, c2 = 3.
On the leftγ = 0.001 and on the rightγ = 0.01.
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Figure 4.10: Discounted cost optimal policy for the tandem queues in Case 2. The
cost parameters are identical to those used in Figure4.9, but the load parameters are
reversed withρ1 = 9/11, ρ2 = 9/10.

to this model in Example10.6.1where we obtain approximations to the thresholdx∗2
shown in each of these figures.

Example 4.5.3.Optimization in the simple re-entrant line

Consider the homogenous CRW model satisfying (4.10) and (4.11). The generator can
be expressed,

Df (x) =α1[f(x+ 11) − f(x)] + µ1φ1(x)[f(x− 11 + 12) − f(x)]

+ µ2φ2(x)[f(x− 12 + 13) − f(x)] + µ3φ3(x)[f(x− 13) − f(x)],
(4.62)

with µ1 = µ3 since the model is homogeneous.
An average-cost optimal policy is shown in Figure4.11for the service rates given

in (2.26). The optimal policy was computed for the stochastic model using value it-
eration, terminated atn = 7, 000, as described in Chapter9. The buffer levels were
truncated so thatxi < 45 for all i. This gives rise to a finite state space Markov Decision
Process with453 = 91, 125 states. This is an example of the ‘curse of dimensionality’
described at the start of this chapter.

As in the previous examples, the discrete optimal policy is easily interpreted: It
regulates the work waiting at buffer 2 in such a way that Station 2 is rarely starved of
work when the network is congested.

The policy shown in Figure4.11is also very similar to the fluid policy shown in
Figure2.10. Performing some curve fitting, we can approximate this discrete policy as
follows: serve buffer one at timet if and only if either buffer three is equal to zero, or
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x1
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Figure 4.11: Optimal discrete policy for simple re-entrant with arrival and service rates
defined in (2.26).

φ1(x) = 1{x1 − x1 > x3 − x3}1{x2 ≤ x2}, (4.63)

where the translationx positive. The most accurate approximation is obtained whenx
depends upon the current stateQ(t) = x, say

x(x) = x0 log(1 + |x|/‖x0‖), x ∈ X, (4.64)

with x0 ∈ R
3
+ a constant.

4.6 Safety-stocks

The simple routing model introduced in Section2.10demonstrates that care that must
be taken on translating a policy constructed for the fluid network model to any stochas-
tic counterpart. In this and other examples we have seen that a direct translation of the
myopic or optimal policy obtained from the fluid model might be destabilizing. This is
plainly seen in the simulation for the routing model shown in Figure2.16.

Deterministic and stochastic models behave differently because the two models
are subject to different constraints along the boundaries of the state space. In the CRW
model, and in a physical network, a station must be idle if each buffer at that station is
empty. This is not true in the fluid model. For example, as shown at left in Figure2.15,
an optimal policy for the routing model might dictate thatq2(t) remain at zero for all
t ≥ µ−1

2 x2, and also require thatζ2 ≡ 1 on [0, T ∗(x)).
Stability requires that excessive idleness be avoided at each resource in the net-

work. Hence some mechanism must be constructed to predict the onset of starvation,
and to respond by sending inventory to any resource that risks starvation. The role of a
safety-stockis to provide this warning.

The policies considered in Section4.6.1involve sending work to a station when-
ever the total inventory there falls below a specified minimal level, called the safety-
stock at this station.
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A more elaborate technique is described in Section4.6.2in which the safety-stock
grows logarithmically with the total customer population. In this way it is possible
to construct a policy that is ‘universally stabilizing’ in the sense that the fixed policy
stabilizes the network whenever a stabilizing policy exists.

The application of safety stocks can be used to design effective policies in complex
network settings. However, it is not straightforward to present a clear roadmap since
there are many choices to consider once the “safety-stock signal” is announced that a
resource is in need of work. In this section we illustrate the main concepts through
examples.

Safety-stocks constitute one component of the discrete-review policies introduced
in Section4.7.

Theory supporting the application of safety-stocks is presented in Sections8.3
and10.5. These results provide design guidelines that constitute a completely general
approach to policy synthesis for virtually any network.

4.6.1 Static safety-stocks

We illustrate the application of static safety-stocks using the simple re-entrant line.

Example 4.6.1.Safety-stocks for the simple re-entrant line

Consider again the CRW model (4.10) for the network shown in Figure2.9 satisfying
(4.11). It is assumed that the arrival rate and service rates are scaled so thatµ1 +
µ2 + α1 = 1. The network parameters are defined in (2.26), so thatρ1 = 9/11 and
ρ2 = 9/10.
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η =

Figure 4.12: A comparison of four policies for the simple re-entrant line withρ1 =
9/11 andρ2 = 9/10, with homogeneous servers. The CRW model was simulated in
each case, and mean queue-lengths and average cost were obtained through simulation.

The infinite-horizon optimal policy for the fluid model is defined by the switching
curve illustrated in Figure2.10. Consider the following translation of this policy to the
CRW model: withx2 ≥ 0 a given constant,

Serve buffer1 at Station1 if x2 ≤ x2 andx1 ≥ x3. (4.65)

Copyright Cambridge University Press 2007. On-screen viewing permitted. Printing not permitted. 
http://www.cambridge.org/us/catalogue/catalogue.asp?isbn=9780521884419



Control Techniques for Complex Networks Draft copy April 22, 2007 138

This policy looks ahead to avoid starvation at the second station: whenQ2(k) ≤ x2

then Station1 places emphasis on feeding Station2, rather than eliminating material
from the system through service at buffer3. The constantx2 is a safety-stock for the
second station.

Figure4.12shows a comparison of the statistics of the controlled network using
the following four policies: the average-cost optimal policy, the policy (4.65) with
x2 = 7, and the two buffer priority policies, LBFS and FBFS. The average cost was
estimated through simulation for each of these four policies using the standardMonte-
Carlo estimator,

η(n) :=
1

n

n−1∑

k=0

c(Q(k)), n ≥ 1 . (4.66)

The optimal average-cost is approximatelyη∗ = 11.01, which is similar to the value of
η = 11.55 obtained for the policy (4.65).

The results shown in Figure4.12 indicate that the resulting standard deviation at
each buffer using the policy (4.65) is lessthan that of the optimal policy.

In the next example we construct safety-stocks for the KSRS model.

Example 4.6.2.KSRS Model: Optimizing safety-stocks

The KSRS network depicted in Figure2.12can be modeling using the CRW scheduling
model with

B(t) =




−M1(t) 0 0 0
M1(t) −M2(t) 0 0
0 0 −M3(t) 0
0 0 M3(t) −M4(t)


 A(t) =




A1(t)
0

A3(t)
0


 (4.67)

The meanµi := E[Mi(t)] is the service rate andαi := E[Ai(t)] is the arrival rate at the
ith queue. The constituency matrix for this model given in Example4.2.4represents
the two constraintsU1(t) + U4(t) ≤ 1 andU2(t) + U3(t) ≤ 1.

Consider the specific parametersµ = [1, 1/3, 1, 1/3] andα = ρ•[1/4, 0, 1/4, 0],
scaled so that the components ofµ andα sum to 1. It follows from the discussion in
Section2.9that the fluid model admits a path-wise optimal solution whenc is equal to
theℓ1-norm.

The random variables appearing in (4.67) for the CRW model are Bernoulli with

P{(M1(t), . . . ,M4(t), A1(t), A3(t))
T = 1i} =

{
µi, i = 1, . . . , 4,

α1, i = 5, 6.
(4.68)

We now construct a policy for this model through the application of safety-stocks.
The ‘time to starvation’ at Station2 is given byτ02 :=min(t : Q2(t)+Q3(t) = 0).

For a given the initial conditionQ(0) = x, a bound on the mean ofτ02 is given by,

E[τ02 | Q(0) = x] ≥ µ−1
2 x2 + µ−1

3 x3. (4.69)

The proof is left as Exercise10.6in Chapter10.
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The bound (4.69) suggests the following policy using static safety-stock values,

Serve buffer 1 if buffer 4 is empty, orµ−1
2 Q2 + µ−1

3 Q3 ≤ w2,

Serve buffer 3 if buffer 2 is empty, orµ−1
1 Q1 + µ−1

4 Q4 ≤ w1,
(4.70)

where{w1, w2} are fixed constants, measured in terms ofworkloadat each resource.
Figure4.13shows estimates of the steady-state customer population forthe KSRS

model using this policy with static safety-stock values given in (4.70), and withρ• =
0.9. The plot shows that performance is approximately convex, and it deteriorates
rapidly when either component ofw ∈ R

2
+ is small. Performance deteriorates for

large values, but at a more gentle rate. The optimal value of17.6 in this plot occurs at
w = (35, 30)T. By way of contrast, the safety-stock valuew = (60, 60)T yields a cost
of 18.8.

A “safety workload” of 35 at Station1 is perhaps difficult to interpret. In terms of
buffer levels, this corresponds to approximately 11 jobs in buffer 1 (and 0 in buffer 4),
or 4 jobs in buffer 4 (and 0 in buffer 1).

Steady-state performance 
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Figure 4.13: Estimates of the steady-
state customer population in the
KSRS model as a function of 100 dif-
ferent safety-stock levels.

These examples suggest that the imple-
mentation of static safety-stocks may require
substantial fine-tuning. For example, in the
case of the tandem queues in which Station 2
is a bottleneck, any fixed threshold is desta-
bilizing for sufficiently high load (see Exer-
cise10.7.) By allowing the safety-stock value
to grow with the total customer population we
obtain a policy that is stable for a far greater
range of network parameters.

4.6.2 Dynamic safety-stocks

The approximation (4.64) for the average-cost
optimal policy in the simple re-entrant line, and
the average-cost optimal policies for the tan-
dem queues described in Example4.5.2show that optimal policies frequently resemble
a perturbation of the fluid-optimal policy. In these examples and others we find that
a switching curve defining an average-cost optimal policy has a concave, logarithmic
shape. An optimal policy under the discounted-cost criterion frequently resembles a
static safety-stock policy.

The switching curve used to define the policies in the examples that follow is
defined as

sθ(r) := θ log(1 + rθ−1), r ≥ 0. (4.71)

For any value ofθ the switching curvesθ is increasing, withsθ(0) = 0, s′θ(0) = 1, and
r−1sθ(r) → 0 asr → ∞.

Example 4.6.3.Processor-sharing model: Optimal policy
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x1

Optimal policy: process buffer 2

5 log(1 + x1/5)

x2

Figure 4.14: Optimal policy for the processor sharing model. The local buffer at Sta-
tion 2 receives strict priority when the state lies in the grey region shown.

In Section2.5we introduced the simple processor sharing model. Consider the specific
model withℓ1 cost,α = (1, 1), andµ = (1, 3, 2). The CRW model is of the form ob-
tained through uniformization, so that each service and arrival increment is Bernoulli,
and no two events occur at the same time.

We saw that the optimal policy for the fluid model is defined by thec-µ rule, with
priority given to processorb at Station2.

The average-cost optimal policy for the CRW model is shown in Figure4.14.
Within the grey region shown in the figure, the local buffer at Station 2 receives strict
priority. The optimal policy is similar to thec-µ priority policy, with the boundary
{x2 = 0} shifted to form the convex region shown. It is closely approximated by the
logarithmic switching curve (4.71) with θ = 5.

Example 4.6.4.Dai-Wang model

The Dai-Wang model shown in Figure4.15consists of two stations and five buffers,
numbered in order so that customers arrive to buffer one and exit the system following
processing at buffer five.

α1

Station  1

Station  2

Figure 4.15: The five-buffer model of Dai and Wang.

In the numerical results presented here the second station is a bottleneck, so that
ρ1 < ρ2 = ρ•, with ρ1 = 3α1/µ1 andρ2 = 2α1/µ2. The cost function is linear with
c(x) = x1 + 2(x2 + x3 + x4 + x5), x ∈ R

ℓ
+, so that it is desirable to maintain much

of the inventory at buffer 1. However, it is also necessary to feed the bottleneck when
starvation is imminent.

We definetwo regions in which starvation avoidance is prioritized:

P1 = {x ∈ Z
5
+ : x3 + x4 ≤ sθ(x1), x2 6= 0},

P2 = {x ∈ Z
5
+ : x2 + x3 + x4 ≤ sθ(x1)}.

(4.72)
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The policy defined below is designed to move inventory from Station1 to Station2
whenQ(t) ∈ P1, and from buffer 1 to buffer 2 whenQ(t) ∈ P2. These goals are
captured in the following two drift conditions: for someε1, ε2 > 0, wheneverx1 6= 0,

E[Q3(t+ 1) +Q4(t+ 1) | Q(t) = x] ≥ x3 + x4 + ε1, x ∈ P1,

E[Q2(t+ 1) | Q(t) = x] ≥ x2 + ε2, x ∈ P2.
(4.73)
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Figure 4.16: Average cost for the model of Dai and Wang withρ1 = 0.8 andρ2 = 0.9.
Also shown is the average costη̂∗ for the “one-dimensional relaxation” introduced in
Example5.4.1.

The following randomized policy with feedback lawφ is designed so that the
bounds (4.73) hold with ε1 = 2

5µ1 − 1
2µ2, andε2 = 1

5µ1.

(i) If x ∈ P1 thenφ2(x) = 2/5. Otherwise,φ2(x) = 0.

(ii) If x ∈ P2 andx1 ≥ 1 thenφ1(x) = 3/5. Otherwise,φ1(x) = 0.

(iii) If x5 6= 0 thenφ5(x) = 1 − φ1(x) − φ2(x).

(iv) At Station2 the policy is non-idling, with priority to buffer4.

In the following simulation a homogenous CRW model was used, in which the
common distribution ofΦ(t) := (S1(t), S2(t), A1(t))

T was specified as follows,

P{Φ(t) = 11} = µ1; P{Φ(t) = 12} = µ2;

P{Φ(t) = κ13} = α1 − P{Φ(t) = 0} = α1/κ .
(4.74)

The integerκ ≥ 1 models ‘burstiness’ of the arrival process.
Shown in Figure4.16 are four plots obtained usingρ1 = 0.8, ρ2 = 0.9, κ =

1, 3, 5, 9, andθ = 1, 3, 5, 7, . . . , 19. For eachκ, identical sample paths of the service
and arrival processes were held fixed in the experiments using these ten values ofθ,
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and the queue was initially empty,Q(0) = 0. The vertical axis shows the average of
c(Q(t)) for t ≤ T = 105. The optimal value ofθ is very insensitive to the parameter
κ: In all but the first instance it lies between3 and 5. However, the sensitivity of
steady-state cost with respect to the parameterθ grows with the value ofκ.

The parameter̂η∗ indicated in each plot is the average cost for the “one-dimensional
relaxation” that will be introduced in Example5.4.1.

4.7 Discrete review

In practice a stationary policy may not be practical. Consider for example a single
resource in a manufacturing system that is required in the production of two separate
products. Switching from one type to the other requires some set-up time, and it is thus
desirable to attempt to minimize the total set-up time to avoid idling. It is not clear how
to perform this minimization using a stationary policy.

In this section we describe an alternative setting for policy synthesis in which
decisions over a given time horizon are made based on a pre-determined solution to the
fluid model equations.

Definition 4.7.1.Discrete-Review Policy

Assume that the following is given:

(a) A sequence ofreview times{0 = T0 < T1 < T2 < T3 < · · · }. It is assumed
that there is a functionT : X⋄ → {1, 2, 3, . . . } such that the sequence is defined
inductively by,

T0 = 0, Tm+1 = Tm + T (Q(Tm)), m ≥ 0. (4.75)

(b) A sequence of policies{φm : m ≥ 0}, such that for eachm ≥ 0 and t ∈
[Tm, Tm+1),

φtm(x0, . . . , xt) = φtm(xTm , . . . , xt)

Thediscrete-review(DR) policy is defined via,

U(t) = φtm(Q(Tm), . . . , Q(t)), Tm ≤ t ≤ Tm+1 − 1, m ≥ 0. (4.76)

It is sometimes desirable to allow randomization, in which case (4.76) becomes,

P{U(t) = u | Q(Tm), . . . , Q(t),U(Tm), . . . , U(t− 1)}
= φtm,u(Q(Tm), . . . , Q(t)).

(4.77)

A discrete-review policy provides the most natural technique to translate a policy
based on the fluid model or some other idealized model for application in a physical
network. For example, the GTO policy is defined by the linear program (4.46). The
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discrete-reviewtranslation of this policy involves the addition of new constraints to
account for variability.

Suppose that a stable solution to the fluid model equations(q,z) is given. Given
the review periodT1 ≥ 1 we then construct an allocation sequenceU on [0, T1) to
obtain the approximations,

T−1
1 [Z(T1)] − z(T1)] ≈ 0 (4.78a)

T−1
1 [Q(T1;x) − q(T1;x)] ≈ 0, x ∈ X⋄, (4.78b)

where the cumulative allocation process is defined by,

Z(t) =
t∑

k=1

U(k − 1), t ≥ 1, Z(0) = 0. (4.79)

There are many ways to obtain the approximationE[Z(T1)] ≈ z(T1). To avoid
unnecessary switch-overs ageneralized round-robinpolicy can be used: Choose an
increasing sequence of times{T i1 : 0 ≤ i ≤ m} ⊂ Z+, with T 0

1 = 0 andTm1 = T1,
along with a set of allocation values{ui : 1 ≤ i ≤ m} ⊂ U⋄. On the time interval
[T i−1

1 , T i1) the allocation vectors are defined byUj(t) = uij whenQj(t) ≥ 1 so that
this is feasible; Ifuij = 1 andQj(t) = 0 then some other buffer at Stations(i) can
receive service instead. Finally, suppose that the following approximation holds,

m∑

i=1

(T i1 − T i−1
1 )ui ≈ z(T1).

This approximation can be made arbitrarily tight for large values ofT1.
Stability of a network under a DR policy is obtained in Section8.3under general

conditions, based on the approximations (4.78a,4.78b). In Section8.3 these approxi-
mations are quantified, and explicit methods to achieve them are spelled-out in greater
detail.

The following myopic-DR and GTO-DR policies require the following compo-
nents:

(a) A convex functionh : X → R+ satisfyingh(0) = 0 andh(x) → ∞ as|x| → ∞.

(b) The functionT : X⋄ → {1, 2, 3, . . . } used to define the review times.

(c) A vector of safety-stock valuesx ∈ R
ℓ
+, possibly also defined as a function onX.

For a fixed parameterε1 ∈ (0, 1) an intermediate safety-stock value is defined by,

y := min(x, x0 + ε1x), (4.80)

wherex0 denotes the initial condition, and the minimum is component-wise.

For an initial conditionx0 :=Q(0) we setT1 = T (x0) and construct a constant alloca-
tion rateζ∗ so thatz(t) = ζ∗t andq(t) = x0 + (Bζ∗ +α)t on [0, T1), with q(T1) ≥ y.
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The allocation processU is defined on the discrete-time interval[0, T1) so that the
approximations (4.78a,4.78b) hold using(q,z).

The allocation process is constructed on any subsequent review period[Tm, Tm+1)
by ‘resetting the clock’ and definingU exactly as on the first time interval.

Consider first a generalized myopic policy.

Definition 4.7.2.Myopic-DR policy

Given the initial conditionx0, the safety-stock vectory = y(x0), and the valueT1 =
T (x0) ≥ 1, themyopic-DR policydefines the allocation processU on [0, T1) so that
the cumulative allocation process (4.79) satisfiesE[Z(T1)] ≈ ζ∗T1, whereζ∗ is an
optimizer to the following convex program:

min h(y) s. t. y = x0 + (Bζ + α)T1,
y ∈ X,
y ≥ y,
ζ ∈ U .

(4.81)

The constraint set in (4.81) will be feasible through choice ofT , x, andε1.
The constrainty ≥ y is imposed so thatQi(t) ≥ xi with high probability for allt

andi; The policy attempts to increase the values of buffers for which this lower bound
fails. The constrainty ∈ X is redundant ifX = R

ℓ
+ sincey ≥ 0.

The convex program (4.81) reduces to a linear program whenh is linear, or piece-
wise linear. In general, if the convex program (4.81) is too complex then the algorithm
can be modified to obtain a linear program with objective function,

〈∇h (x0), Bζ〉. (4.82)

We now consider a modification of the GTO policy.
Given the initial conditionx0 and a desired final statex1, the minimal time to

reachx1 from x0 is denotedT ∗(x0, x1). This can be computed using a linear program,
exactly as in the construction of the minimal draining time (see Proposition6.1.3 in
Chapter6.) In the GTO-DR policy we assume thatT (x) ≥ T ∗(x, x) for eachx.

Definition 4.7.3.GTO-DR policy

Given the initial conditionx0, the safety-stock vectorsx, y, and the valueT1 =
T (x0) ≥ T ∗(x0, x) , theGTO-DR policydefines the allocation processU on [0, T1)
so that the cumulative allocation process satisfiesE[Z(T1)] ≈ ζ∗T1, whereζ∗ is an
optimizer to the following convex program:

min h(y) s. t. y = x0 + (Bζ + α)T1,
x = y + (Bζ2 + α)(T ∗(x0, x) − T1),
y ∈ X,
y ≥ y,

ζ, ζ2 ∈ U .

(4.83)
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Feasibility of (4.83) can again be assured through choice ofε1 ∈ (0, 1), x, andT .
And, the objective function (4.82) can be used to obtain a simpler linear program if this
is preferable.

Suppose that the outcome of the linear program is applied to the fluid model, so
that ζ(t) = ζ∗ on [0, T1), andζ(t) = ζ2∗ on [T1, T

∗(x0, x)). Thenq reachesx in
minimal time, subject to the constraintq(T1) ≥ y. However, for application in the
CRW model or a physical network, the allocation rateζ2∗ is discarded since it is only
an intermediate variable used to represent the time-optimality constraint.

The solutionζ∗ of the linear program (4.83) coincides with the allocation rate
obtained in the GTO policy (4.46) whenx is set to zero, and the planning horizonT1

is sufficiently small. The proof of Proposition4.7.1follows from the fact that a GTO
solution (q,z) can be taken to be piecewise linear as a function of time.

Proposition 4.7.1. Suppose thatx = 0 in the GTO-DR policy (4.83). Then, for each
x0 ∈ X, there existsT1 > 0 sufficiently small such that the solutionζ∗ ∈ U is a GTO
allocation rate on[0, T1]. ⊓⊔

4.8 MaxWeight and MinDrift

The class of policies formulated next do not rely on safety-stocks. Instead, a particu-
lar functionh is constructed so that safety-stocks arise automatically in anh-myopic
policy.

The policies considered in this section and the next are stationary. However, it will
be clear that any of these stationary policies can be modified to define a DR policy.

We have several results and examples to help guide the selection of the functionh
in anh-myopic policy. Theorem4.1.3suggests that we should restrict to functionsh
that are roughly quadratic if our goal is to approximate the solution to the ACOE.

Suppose thath(x) = 1
2x

TDx, x ∈ R
ℓ
+, whereD > 0 is a diagonal matrix. Given

any valueU(t) = u ∈ U⋄(x) we can compute the conditional expectation in (4.15) to
obtain,

E[h(Q(t+ 1))−h(Q(t)) | Q(t) = x, U(t) = u]

= 〈Bu+ α,Dx〉 + E[h(B(t + 1)u+A(t+ 1))].
(4.84)

Minimizing the right hand side of (4.84) defines the myopic policy. However, this is
difficult to analyze directly due to the quadratic termE[h(B(t + 1)u + A(t + 1))]. A
simpler policy is obtained if this bounded term is ignored, giving rise to the MaxWeight
policy:

Definition 4.8.1.MaxWeight Policy

For a given positive definite diagonal matrixD, the MaxWeight policy is defined as the
stationary policy,

φMW(x) ∈ arg min
u∈U⋄(x)

〈Bu+ α,Dx〉, x ∈ X⋄. (4.85)
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Note that the minimum in (4.85) may not be unique - any minimizer defines a
MaxWeight policy.

To obtain a simpler expression forφMW , define for anyj = 1, . . . , ℓ,

Θj(x) := µj
∑

i

xiDii(Iji −Rji) = µj(Djjxj −Dj+j+xj+), x ∈ X⋄, (4.86)

wherexj+ :=0 if buffer j is an exit buffer (recall that upon completing service at buffer
j a customer enters bufferj+ ∈ {1, . . . , ℓ} or exits the system.) For eachx andj the
coefficient ofuj in (4.85) is precisely−Θj(x). Denote the maximum at a station by
Θs(x) := maxj∈Is Θj(x), s ∈ S.

The vectorα is unimportant in the minimization (4.85), so that the MaxWeight
policy can be described as follows:

Proposition 4.8.1. For each stations ∈ S, givenQ(t) = x, the allocation vector
U(t) = φMW(x) under the MaxWeight policy satisfies the following:

(i) If Θs(x) < 0 thenUj(t) = 0 for eachj ∈ Is(x).

(ii) If Θj(x) ≥ 0 for somej ∈ Is(x) with xj ≥ 1 thenΘs(x) ≥ 0 and,

∑

i∈Is

{Ui(t) : Θi(x) = Θs, xi ≥ 1} = 1. (4.87)

MaxWeight is known as theback-pressure policywhenD = I. In this case
Θj(x) = µj(xj − xj+), andΘs(x) is called themaximal back-pressureat Stations.
Based on (4.87) we conclude that the back-pressure policy is any stationarypolicy that
gives strict priority to buffers achieving the maximal back-pressure: Ifxj − xj+ ≥ 0
andxj ≥ 1 for somej ∈ Is then,

∑

i∈Is

{φMW
i (x) : µi(xj − xj+) = Θs, xi ≥ 1} = 1, x ∈ X, s ∈ S. (4.88)

Proposition4.8.2implies that the MaxWeight feedback lawφMW also defines the
myopic policy for the fluid model since the minimization in (4.85) can be relaxed to a
minimization over all ofU. It follows that the policy (4.85) minimizes the “drift” for
the fluid model,ddth(q(t)) = 〈Bu+ α,Dq(t)〉.

Proposition 4.8.2. For eachx ∈ X⋄ any MaxWeight allocation vectoru∗ = φMW(x)
is a solution to the linear program,

arg max xTD(I −RT)Mu

s. t. Cu ≤ 1, u ≥ 0 .
(4.89)

Proof. Note first that the objective function in (4.85) can be written,
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arg min
u∈U⋄(x)

〈Bu+ α,Dx〉 = arg min
u∈U⋄(x)

〈Bu,Dx〉

= arg max
u∈U⋄(x)

(∑

i,j

xiDii(1 −Rji)µjuj

)

= arg max
u∈U⋄(x)

(∑

j

(Djjxj −Dj+j+xj+)µjuj

)

Hence maximization of the objective function (4.89) overU⋄(x) gives the MaxWeight
policy. To complete the proof we show that this maximization can be relaxed to a
maximum over all ofU.

Since the matrixD has non-negative entries we conclude that

Djjxj −Dj+j+xj+ ≤ 0 wheneverxj = 0. (4.90)

It then follows that the optimizeru∗ of (4.89) satisfies without loss of generalityu∗i = 0
wheneverxi = 0. This shows thatu∗ ∈ U(x) for x ∈ Z

ℓ
+.

To show thatu∗ can be chosen inU⋄ we argue that optimizers of linear programs
can be chosen among the extreme points in the constraint region. The extreme points
for this linear program are all contained in{0, 1}ℓ, which proves the lemma. ⊓⊔

Proposition4.8.2 combined with Proposition4.3.4 leads to a proof of stability.
Recall that by definition of the myopic policy we have

Pmyopich ≤ PMWh,

so that the Poisson inequality holds for theh-myopic policy if it holds for the MaxWeight
policy.

Theorem 4.8.3. (Stability of MaxWeight) Suppose thatρ• < 1 andE[‖A(1)‖2] <
∞ in the CRW model, and that the MaxWeight policy is applied for some diagonal
matrixD > 0. Then, for some sufficiently largeb > 0, the pair of functionsV (x) =
b
2x

TDx, c(x) = |x| solve the Poisson inequality (4.13).

The proof is largely based on the following property of the fluid model:

Lemma 4.8.4. If ρ• < 1, then there existsε > 0 such thatv ∈ V whenever0 ≥ vi ≥
−ε for eachi. ⊓⊔

Proof of Theorem4.8.3. We extend the proof of Proposition4.3.4as follows: Applying
Lemma4.8.4, on settingvi = −ε1(xi ≥ 1) for eachi, andu ∈ U the solution to
(−I +RT)Mu = v, we obtain under the MaxWeight policy withV (x) = b

2x
TDx,

PMWV (x) := EMW [V (Q(t+ 1)) | Q(t) = x] ≤ V (x) − εbxTD1 + η,

with

η :=
b

2
max

u∈U⋄(x)
E[(Q(t+ 1) −Q(t))TD(Q(t+ 1) −Q(t)) | Q(t)].

Hence the desired conclusion holds withb−1 = ε(miniDii). ⊓⊔
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Example 4.8.1.Simple re-entrant line: MaxWeight policy

The MaxWeight policy for this model is defined through the maximization (4.89),
where the term to be maximized can be written,

xTD(I −RT)Mu = x1D11(µ1u1) + x2D22(−µ1u1 + µ2u2) + x3D33(−µ2u2 + µ3u3)

=
(
x1D11 − x2D22

)
µ1u1 +

(
x3D33

)
µ3u3 +

(
x2D22 − x3D33

)
µ2u2.

The MaxWeight policy is thus described as follows:

Station 1: There are two cases to consider, depending upon whether there is inven-
tory at buffer3: If x3 = 0 then we only need consider the sign of the coefficient
of u1, giving

φ1(x) = 1{−x1D11 + x2D22 ≤ 0} whenx3 = 0.

Otherwise, a minimization over the coefficients ofu1 andu3 gives,

φ3(x) = 1{−x3D33µ3 ≤ −x1D11µ1 + x2D22µ1} whenx3 ≥ 1.

Station 2: The second station is non-idling if the coefficient ofu2 is non-negative:

φ2(x) = 1{x2D22 ≥ x3D33} whenx2 ≥ 1.

This policy is similar to the policy shown in Figure2.10if D is chosen so thatD11 =
D33, andD22 is much larger then the other diagonal elements

4.9 Perturbed value function

The key property (4.90) used to establish stability of the MaxWeight policy is a conse-
quence of the derivative condition,

∂

∂xj
h (x) = 0 whenxj = 0. (4.91)

With h interpreted as a surrogate “value function”, the quantity,

∂

∂xj
h (x)

represents the “marginal cost” or “marginal dis-utility” of an additional increment of
inventory at bufferj. If this marginal cost is zero, then it is reasonable to shift inventory
to this buffer when possible.

For any function satisfying (4.91) we define theh-MaxWeightpolicy as the fol-
lowing generalization of (4.85),

φMW(x) ∈ arg min
u∈U⋄(x)

〈Bu+ α,∇h (x)〉, x ∈ X. (4.92)
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To obtain a wide class of policies we consider here perturbations of a given function so
that (4.91) holds.

For fixedθ ≥ 1 denote

x̃i := xi + θ(e−xi/θ − 1), for anyi andx ∈ R
ℓ
+, (4.93)

andx̃ = (x̃1, . . . , x̃ℓ)
T ∈ R

ℓ
+. Leth0 be a smooth (continuously differentiable) function

on R
ℓ, and consider the perturbation,

h(x) = h0(x̃), x ∈ R
ℓ
+. (4.94)

We have d
dxi
x̃i

∣∣∣
xi=0

= 0 for any i. An application of the chain rule of differentiation

shows thath satisfies (4.91):

Proposition 4.9.1. For anyC1 functionh0, the functionh defined in (4.94) satisfies
the derivative conditions (4.91). We have the explicit representations,

(i) The first derivative is given by,

∇h (x) = [I −Mθ]∇h0 (x̃), (4.95)

where,
Mθ = diag(e−xi/θ), x ∈ R

ℓ. (4.96)

(ii) If h0 isC2, then the Hessian ofh is,

∇2h (x) = [I −Mθ]∇2h0 (x)[I −Mθ] + θ−1diag(Mθ∇h0 (x̃)). (4.97)

Henceh is convex providedh0 is both convex and monotone.
⊓⊔

If h0 is linear then the functionh can be expressed,

h(x) =
ℓ∑

i=1

cix̃i, x ∈ R
ℓ
+, (4.98)

The first and second derivatives of are given by,

∇h (x) = (c1(1 − e−x1/θ), . . . , cℓ(1 − e−xℓ/θ))T,

∇2h (x) = θ−1diag(c1e
−x1/θ, . . . , cℓe

−xℓ/θ).
(4.99)

It is evident that the derivative condition (4.91) holds, which verifies Proposition4.9.1
in this special case. Moreoverh is monotone, in the sense that∇h (x) ∈ R

ℓ
+ for all

x ∈ R
ℓ
+. It is also strictly convex since∇2h (x) > 0 for eachx.

We will see in Proposition8.4.4 that the myopic policy with respect toh is sta-
bilizing for the CRW scheduling model whenh0 is linear, providedθ ≥ 1 is suitably
large.
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In an attempt to approximate the solution to the ACOE we might take a more
sophisticated choice forh0: In Theorem8.4.1it is assumed that for some normc we
have,

min
u∈U(x)

〈∇h0 (x), Bu+ α〉 = −c(x) x ∈ R
ℓ
+. (4.100)

The resultingh-MaxWeight policy and theh-myopic policy are again stabilizing, pro-
videdθ ≥ 1 is suitably large. In some examples the policy is stabilizing foranypositive
θ.

In the tandem queues theh-MaxWeight policy resembles a policy constructed us-
ing static safety-stocks whenh0 is linear, and the policy resembles a dynamic safety-
stock using a logarithmic switching curve whenh0 is a fluid value function.

h-MaxWeight policy: serve buffer 1

Level sets of h

q2 = θ log 1 −− c1

c2

( )

∆(x) = −µ1+α1

µ1

∆(x) = −µ1+α1

−µ2+µ1

∆(x) = α1

−µ2

x1

x2

q2

Figure 4.17: Theh-MaxWeight policy for the tandem queues is approximated by a
static safety-stock at Station 2 whenh0 is linear. In this plot the cost parameters are
(c1, c2) = (1, 3), and θ = 10. The asymptote (4.101) is x2 = 10 log(3/2) ≈ 4
in this special case. The contour plots shown are the level sets{x : h(x) = r} for
r = 1, 2, . . . .

Example 4.9.1.Tandem queues: Emergence of a safety-stock policy

We return to the setting of Example4.4.3in which thec myopic policy never allows
service at Station 1. Suppose that we replace the linear functionc with the convex cost
functionh : R

2
+ → R+ defined in (4.98).

The inner product (4.92) becomes,

〈Bu,∇h (x)〉 = −µ1u1c1(1 − e−x1/θ) + (µ1u1c1 − µ2u2c2)(1 − e−x2/θ).

Theh-MaxWeight policy minimizing this expression is non-idling at Station 2, and at
Station 1 the policy can be expressed as a switching curve,

φMW
1 (x) = 1{−c1(1 − e−x1/θ) + c2(1 − e−x2/θ) ≤ 0}, x1 ≥ 1.

Figure4.17illustrates this switching curve whenc1 = 1, c2 = 3, andθ = 10.
For small values ofx1 a first order Taylor series gives the approximationφMW

1 (x) ≈
1{x2 ≤ (c1/c2)x1}. If x1 ≫ θ thenφMW

1 can be approximated by a static safety-stock
policy, φMW

1 (x) ≈ 1{x2 ≤ x2}, where the thresholdx2 is the solution to the equation
c2(1 − e−x2/θ) = c1. That is,

x2 = θ
∣∣∣log

(
1 − c1

c2

)∣∣∣. (4.101)
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We now consider a perturbation of the fluid value functionJ∗ that was computed in
Example4.3.1. The resulting policy is approximated by a dynamic safety-stock similar
to (4.71), and it is also very similar to the average-cost optimal policies obtained in
Example4.5.2.

With ρ1 < ρ2 andc1 < c2 (Case 2 of Example4.5.2) the fluid value function is
purely quadratic,

J∗(x) = 1
2

c1
µ2 − α1

(x1 + x2)
2 + 1

2

c2 − c1
µ2

x2
2, x ∈ R

2
+. (4.102)

Lettingh0 = J∗, the bound (4.100) is satisfied with equality. The derivative conditions
(4.91) fail for h0, so we do not know if theh0-MaxWeight policy is stabilizing for the
CRW model.

To compute theh-MaxWeight policy we write (4.102) as

h0(x) = J∗(x) = 1
2d1(x1 + x2)

2 + 1
2d2x

2
2, x ∈ R

2
+,

so that the gradient ofh can be expressed,

∇h(x) =

(
d1(x̃1 + x̃2)(1 − e−x1/θ)

(d1(x̃1 + x̃2) + d2x̃2)(1 − e−x2/θ)

)

Writing Bu = (−µ1u1, µ1u1 + µ2u2)
T, we obtain for anyx ∈ X⋄, u ∈ U(x),

〈∇h (x), Bu〉 = µ1u1

[
d1(e

−x1/θ − e−x2/θ)(x̃1 + x̃2) + d2(1 − e−x2/θ)x̃2

]

− µ2u2

[
d1(1 − e−x2/θ)(x̃1 + x̃2) + d2(1 − e−x2/θ)x̃2

]

Minimizing overu we see that the policy is non-idling at Station II. At Station I we
haveu1 = 1 if and only if x1 ≥ 1 and the coefficient ofu1 is non-positive. That is, the
policy at Station 1 is defined by the switching curve described by the equation,

d1(e
−x1/θ − e−x2/θ)(x̃1 + x̃2) + d2(1 − e−x2/θ)x̃2 = 0. (4.103)

Whenx1 is large we obtain the approximation,

x2 ≈ s(x1) := θ log
(
1 +

d1

d2
x1

)
, (4.104)

where by (4.102),
d1

d2
=

(c2
c1

− 1
)−1 1

1 − ρ2

This is an approximation to (4.103) in the sense that for all sufficiently largex1 there is
a uniquex2 such that(x1, x2) solve the equation (4.103), and the ratiox2/s(x1) tends
to unity asx1 → ∞. The approximation is also valid for smallx1: if x1 = 0 then
s(x1) = 0, and the solution to (4.103) is alsox2 = 0.
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4.10 Notes

The CRW model is a generalization of the countable state-space model obtained us-
ing Lippman’s uniformization technique [339]. It is a common model in operations
research and in economics. A version of the CRW model, thebinomial option price
model, is developed in Cox, Ross, and Rubinstein [120]. Shreve remarks in his on-
line monographLectures on Stochastic Calculus and Finance[444] (now published as
[445]) that many models are first developed and understood in continuous time, and
then binomial versions are developed for purposes of implementation.

Fluid approximations for queueing networks are described in the 1982 book of
Newell [385]. Interest in this approach grew following the work of Chen and Mandel-
baum [97] and Dai [126]. See also [30, 124, 98, 28, 479] and their references.

Optimal control solutions for a stochastic network model are typically defined by
switching curves or threshold rules. The prototype example is the class of(S, s) thresh-
old policies introduced by Clark and Scarf approximately fifty years ago [423, 422,
113]. Similar policies are used for elaborations of the single server queue in [372, 146].
Rosberg, Varaiya and Walrand [413] demonstrate the existence of a switching curve in
the tandem queues if the cost is higher in the second queue, as is clearly seen in Fig-
ures4.9, 4.10for the discounted cost criterion, and in Figures4.7, 4.8 for the average-
cost criterion. Hajek in [224] considers a model generalizing the tandem queues and
the simple routing model to demonstrate the existence of a switching curve.

Discrete review policies are commonly calledperiodic reviewin the inventory the-
ory literature [472, 205, 434, 266]. The BIGSTEP approach of Harrison [248] is sim-
ilar. Also closely related ismodel predictive controlandreceding horizon controlfor
dynamical systems (see Goodwin et. al. [220], and the survey by Mayne et. al. [351].)

The GTO-DR policy was introduced in [359, 105] for scheduling models, and
demand driven models, respectively. Closely related is the work of Dai and Weiss [135]
and Bertsimas and Sethuraman [60] where a fluid model is the basis of a policy that
approximately minimizes make-span.

Proposition4.4.1relating the fluid and stochastic value functions is based on Alt-
man, Jiménez and Koole [13] which establishes related bounds for multi-server queues
in tandem. Related bounds are the basis of [54].

Tassiulas and Ephremides showed in [468] that the MaxWeight policy is univer-
sally stabilizing for a class of stochastic networks. This work has been extended in
multiple directions over the past fifteen years [203, 467, 438, 130], and in particular
these policies are known to be approximately optimal in heavy traffic under certain
conditions on the network [477, 462, 348].

The h-MaxWeight policy (4.92) was introduced in [371]. It is shown there that
a specialized version is approximately average-cost optimal in heavy traffic. Theh-
MaxWeight policy coincides with theh-myopic policy for the fluid model. The special
case in whichh is linear is treated by Chen and Yao in [99, Thm. 12.5], where it is
shown that such policies are universally stabilizing for the fluid model. The general-
ization Proposition4.3.4is based on [359, Proposition 11].
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Also related to the MaxWeight policy is the sum of squares algorithm for bin-
packing [116, 122], and the utility-function based flow control algorithms introduced
by Kelly et. al. [208, 459].

A logarithmic switching curve similar to (4.71) was proposed in [357, p. 194]
to translate a policy from the fluid model to a stochastic model. Further history is
contained in the Notes section in Chapter10.

One motivation for myopic policies comes from considering the dynamic program-
ing equations for the infinite-horizon optimal control problem. For the fluid model, the
optimal policy is the solution to (4.44) with c replaced by the value functionJ∗. The
infinite-horizon optimal control problem forq has its origins in the work of Bellman
[41]. The general subject of infinite-dimensional linear programming was revitalized
after Anderson’s PhD thesis [15], and subsequent monographs [16, 17]. The theory
has matured recently with the work of Pullan (e.g. [398, 400, 399]), and computational
methods have appeared in [226, 29, 344, 394, 489]. See also the references on compu-
tational methods for network flow at the end of Chapter6.
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4.11 Exercises

4.1 Prove that any non-idling feedback law is time-optimal for the single-station fluid
model.Hint: the constituency matrixC is a row vector.

4.2 Consider the simple re-entrant line shown in Figure2.9. Show that the myopic
feedback law is path-wise optimal provided the network is balanced, andc(x) =
|x| = x1 + x2 + x3.

4.3 Compute the fluid value functionJGTO for the tandem queues under the conditions
of Example4.3.1. How does it compare to the optimal policy?

4.4 Consider a variation of the single queue in which each customer declares its service
requirement in advance. In this case it is not clear that the FIFO service discipline
is the best choice. If at timet there arem = A(t) ≥ 1 arrivals to the queue, they
bring with them service requirements denoted{Gj(t) : 1 ≤ j ≤ m}. Assume
that {Gj(t) : j, t ∈ Z+} are i.i.d. with support in the finite set{1, . . . , ℓg}, and
independent ofA. For eachk ≥ 1 let Lk(t) denote the number of size-k jobs that
arrive at timet,

Lk(t) = 1{A(t) ≥ 1}
A(t)∑

j=1

1{Gj(t) = k}

Construct a single station network withℓg buffers, deterministic service of rate1,
and arrival process{L(t)} that captures this system. The special caseℓg = 4 is
illustrated below,

L4(t)

L3(t)

L2(t)

L1(t)

Construct the associated fluid model by computing the mean ofLk(t). Based on
this, what is the workload vector for the resultingℓg-dimensional model? What is
the load? Can you find a path-wise optimal policy? Can you find a solution to (V3)
for the CRW model under your favorite policy?

We return to this example in Section5.1

4.5 Write a succinct, complete proof of Proposition4.3.5(iii) and (iv).

Station  1 Station 2

α1

α2

Figure 4.18: Criss-cross network
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4.6 The scheduling model shown in Figure4.18 is known as thecriss-cross network.
The fluid model is described by the linear differential equation (1.4), where

α = (α1, 0, α3)
T, and the allocation ratesζ ∈ R

3 are constrained via

ζi ≥ 0, i = 1, 2, 3;

ζ1 + ζ3 ≤ 1, ζ2 ≤ 1.
(4.105)

(i) Write down the3 × 3 matrixB, and the3 × 3 constituency matrixC.

(ii) Compute the worklad vectors{ξi}, and the network load.

(iii) Compute thec-myopic policy withc(x) = x1 + 2x2 + x3.

(iv) Construct a time-optimal policy.

4.7 Complete Example4.3.1: Under the assumption thatµ1 < µ2 andc2 > c1, show
that the fluid value functionJ is purely quadratic under the non-idling policy, and
computeJ∗(x) for all x ∈ R2 under the optimal policy to verify (4.51). Compare
J(x) andJ∗(x) for x ∈ R2 on the boundary{x1 = 0}.

4.8 Consider the fluid model for the simple re-entrant line shown in Figure2.9. Show
that the myopic feedback law is path-wise optimal provided the network is bal-
anced, andc(x) = |x| = x1 + x2 + x3.

4.9 This chapter describes several stabilizing policies. With the exception of the
MaxWeight policy, the definitions depend on the arrival rateα, which may not
be known in advance. For example, ifα is not known then it is not possible to de-
termine dynamic bottlenecks that are required in the implementation of the GTO
policy.

For a givenx ∈ X, let S∗
0 (x) denote the set of dynamic bottlenecks whenα = 0.

That is, those stationss ∈ S such that

〈ξs, x〉 = W ∗(x),

whereW ∗ is defined in Definition4.2.2. Consider any policy that satisfies
(Cζ(t))s = 1 whenevers ∈ S∗

0 (q(t)). Show that this policy is stabilizing, and
obtain a bound on the draining timeT ◦(x) under this policy. Hint: note that
W ∗(q(t)) ≤ W ∗(Bz(t)) + tW ∗(α) for t ≥ 0. DoesW ∗(α) have any signifi-
cance? Can you obtain an expression for the derivative ofW ∗(Bz(t)) with respect
to time?

4.10 Consider the single server queue,

Q(t+ 1) = Q(t) + S(t+ 1)U(t) −A(t+ 1), t ≥ 0, Q(0) ∈ Z+,

whereS takes values in{0, 1} andA has finite support inZ+. However, instead
of i.i.d., the joint process can be written as a function of a Markov chain,

(
A(t)

S(t)

)
= F (Φ(t))
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whereF : Z+ → Z
2
+, andΦ is a Markov chain onZ+. Argue thatQ no longer

describes the state space for an MDP model. Construct a multi-dimensional MDP
model that does describe this control problem by specifying the controlled transi-
tion matrixPu(x0, x1), xi ∈ X⋄, and the state spaceX⋄. You will return to this
model in Exercises8.11, 10.3, 11.5and11.16to see how the concepts in Part III
can be generalized beyond the CRW model.

4.11 Simulate the KSRS model under the fluid-optimal policy, and under the LBFS pol-
icy, for these parameters:

µ1 = µ3 = 10; µ2 = µ4 = 3; α1 = α3 = 2.

Start the simulation atQ(0) = 0, and consider both deterministic and bursty arrival
streams.

4.12 Compute the MaxWeight policy for the KSRS model. Observe that the solution
givesui = 0 if xi = 0. Verify that the Poisson inequality (4.13) holds for the
quadraticV chosen, providedE[‖A(t)‖2] <∞.

4.13 Consider a re-entrant line controlled using theh-MaxWeight policy, with

h(x) = 1
2

ℓ∑

n=1

µ−1
n

( n∑

i=1

xi

)2

Show that this policy is precisely LBFS. Is theh-MaxWeight policy always stabi-
lizing for this choice ofh?

4.14 There are many ways to construct a function satisfying (4.91). For a givenθ > 0
consider the following alternate definition ofx̃,

x̃i := (xi + θ) log(xi + θ) − (1 + log(θ))xi, xi ≥ 0, (4.106)

and as beforẽx = (x̃1, . . . , x̃ℓ)
T ∈ R

ℓ
+.

(i) Obtain a generalization of Proposition4.9.1. That is, given aC1 functionh0,
the functionh defined in (4.94) using the definition (4.106) is alsoC1 and its
derivative has a simple form in terms ofh0.

(ii) Does (4.91) hold?

(iii) Compute theh-MaxWeight policy for the tandem queues withh0 linear.
Sketch the region for which the upstream station is non-idling in the two cases
c2 = 2c1 andc2 = c1/2.

4.15 Consider the function

h(x) := log
(∑

i

exp(VDi
(x))

)
, x ∈ R

ℓ
+,

where{Di} areℓ× ℓ matrices.

(i) Compute the gradient∇h, and explain why it is Lipschitz.
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(ii) Compute theh-MaxWeight policy (4.85).

(iii) Show that for anyx ∈ R
ℓ
+,

lim
r→∞

r−2V (rx) = max
i
VDi

(x)
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Chapter 5

Workload & Scheduling

Chapter4 touches on many of the techniques to be developed in this book for control-
ling large inter-connected networks. The fluid model was highlighted precisely because
control is most easily conceptualized when variability is disregarded. The infinite-
horizon optimal control problem with objective function defined in (4.37) can be recast
as an infinite dimensional linear program whenc is linear. In many examples, such as
the simple re-entrant line introduced in Section2.8, a solution is explicitly computable.
The MaxWeight policy and its generalizations are universally stabilizing, in the sense
that a single policy is stabilizing for any CRW scheduling model satisfying the load
conditionρ• < 1 along with the second moment constraintE[‖A(1)‖2] <∞.

What is missing at this stage is any intuition regarding the structure of ‘good poli-
cies’ for a network with many stations and buffers. In this chapter we introduce one of
the most important concepts in this book, theworkload relaxation. Our main goal is
to construct a model of reduced dimension to simplify computation of policies, and to
better visualize network behavior.

In the theory of optimization, a relaxation of a given model is simply a new model
obtained by removing constraints. In the case of networks there are several classes of
constraints that complicate analysis:

(i) The integer constraint on buffer levels.

(ii) Constraints on the allocation sequence determined by the constituency matrix.

(iii) State space constraints, including positivity of buffer levels, as well as strict upper
limits on available storage.

The fluid model can be regarded as a relaxation of the integral constraint (i). Begin-
ning in Section5.3we introduce relaxations of (ii) to obtain a workload relaxation for
the fluid model, and we apply similar techniques to address CRW network models in
Section5.4. Finally, the unconstrained process introduced in Definition 5.6.2is a re-
laxation of all state space constraints to construct hedging points for multi-dimensional
workload models.

We have stressed that the CRW network model is far too detailed to be useful in
optimization except in the simplest examples. Fortunately, in many cases a lower di-
mensional CRW workload relaxation may be entirely tractable. It is not possible to

159
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obtain anexplicit expression for the average cost or any of the value functions intro-
duced in Section4.1.3except in very special cases. However, for workload models of
moderate dimension an optimal policy can be constructed using one of the dynamic
programming methods described in Chapter9.

The most important concepts of this chapter can all be described within the sim-
plest fluid model setting. Theeffective cost, the effective state, the concept of the
monotone regionin workload space and its impact on control design are all introduced
for the fluid model in Section5.3, and extended to the CRW model in Section5.4.

These essential ingredients form the basis for control techniques to be developed
for stochastic network models. In Section5.6we introduce general techniques to obtain
approximations for optimal policies using generalizations of the hedging-point policies
introduced in Section2.6for the simple inventory model.

We restrict to the scheduling model here. The ideas presented in this chapter will
be expanded and refined throughout the remainder of the book.

Before investigating relaxations we first take a closer look at workload for the
single server queue, and for more general single-resource models.

5.1 Single server queue

Within the scope of this book we have said almost everything that needs to be said about
the single server queue. What is remaining is one more representation of workload, and
a consequence known as Little’s Law.

5.1.1 Workload in units of time

Workload in units of time as defined in Definition4.2.3is expressedw(t) = µ−1q(t) in
the single server queue. This is interpreted as the time the server must work to clear all
of the inventorycurrently in the system at timet, ignoring future arrivals. Equivalently,
an increment of fluid arriving at timetwill experience a delay ofw(t) time units before
exiting the queue. The workload process satisfies the ODE,

d+

dtw(t) = −(1 − ρ) + ι(t), (5.1)

whereι(t) = 1 − ζ(t) is interpreted as the rate of idleness in the fluid model, and the
allocation rate is defined as the right derivative,ζ(t) := d+

dtz(t). Whenq is defined using
the non-idling policy, thenι(t) = 0 whenw(t) > 0, andι(t) = 1 − ρ whenw(t) = 0.

Consider now the CRW model. The quantityW (t) = µ−1x represents the mean
service time required to process all of the customers residing in the queue at timet,
conditioned onQ(t) = x. We introduce here theunconditional workload, denoted
W(t), which is defined to be theactual timerequired to clear all of the customers in
the system at timet, ignoring future arrivals. To obtain a model forW we require a
refined probabilistic representation of the queue.

Suppose that at timet there arem = A(t) ≥ 0 arrivals to the queue. For
j = 1, . . . ,m we denote byGj(t) the workload requirement of the respective cus-
tomer. It is assumed that{Gj(t) : j, t ∈ Z+} are i.i.d. with common meanµ−1, and
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also independent of the processA. A refined description of this model is given in
Exercise4.4.

If the model is to be consistent with the CRW model (3.1) then these random
variables will have a geometric distribution supported on{1, 2, . . . } satisfying

P{Gj(t) = T + 1 | Gj(t) > T} = µ, t, T ∈ Z+. (5.2)

In this case we have for eachj, t,

E[Gj(t)] =

∞∑

n=1

P{Gj(t) ≥ n} =

∞∑

n=1

(1 − µ)n−1 = µ−1.

The total new workload introduced at timet is denoted,

L(t) = 1{A(t) ≥ 1}
A(t)∑

j=1

Gj(t),

and the initial condition is similarly defined by,

W(0) = 1{Q(0) ≥ 1}
Q(0)∑

j=1

Gj(0).

At time t+1 the workload will be increased byL(t+1), and simultaneously decreased
byU(t). Hence the unconditional workload process evolves according to a CRW model
of the form (3.1) with S(t) ≡ 1,

W(t+ 1) = W(t) − U(t) + L(t+ 1), t ≥ 0. (5.3)

Observe that the ODE (5.1) captures the mean behavior of the unconditional workload
process sinceE[L(t)] = E[A(t)]E[Gj(t)] = ρ.

5.1.2 Workload, delay, and Little’s Law

What is the delay experienced by a typical customer entering the system? To answer
this question consider first theactual delay: If a single customer arrives at timeT ,
then the delay experienced before service begins is given byW(T ). Hence the delay
is preciselyW(T ) plus this customer’s service time. However, since the arrival time is
random it is not immediately obvious how to use this insight to obtain an expression
for the average delay.

Let D(t) denote the total amount of time spent in the system by thetth customer
to arrive to the queue, and let̄D denote the average delay,

D̄ := lim
n→∞

n−1
n∑

t=1

D(t). (5.4)

Calculation ofD̄ is made possible through a re-interpretation of the Strong Law of
Large Numbers (TheoremA.2.2),

Copyright Cambridge University Press 2007. On-screen viewing permitted. Printing not permitted. 
http://www.cambridge.org/us/catalogue/catalogue.asp?isbn=9780521884419



Control Techniques for Complex Networks Draft copy April 22, 2007 162

T−1
T−1∑

t=0

Q(t) → η, a.s. asT → ∞. (5.5)

The resulting formula is expressed inLittle’s Law.

Theorem 5.1.1. (Little’s Law) The average delaȳD and the mean queue length
η = Eπ[Q(0)] satisfy the linear equation,

η = αD̄. (5.6)

Proof. The result is trivial ifρ ≥ 1 since both sides of (5.6) are infinite.
In applying the Strong Law of Large Numbers (5.5) with Q(0) = 0 andρ < 1 we

sample at arrival times of customers to the queue. LetT (n) denote the time of thenth
arrival to the queue. It is possible that several arrivals appear at a given timeT ≥ 1, in
which case the ordering of the customers arriving at that time is arbitrary.

For eachn ≥ 1, k ≥ 1, let Dn(k) denotes the total delay experienced by thekth
customer prior to timeT (n+ 1). That is,

Dn(k) :=

T (n+1)−1∑

t=0

1
{

customerk is in the queue at timet
}

A useful relationship between the partial sums of{Q(t)} and {Dn(k)} is obtained
through a change in order of summation,

T (n+1)−1∑

t=0

Q(t) =

T (n+1)−1∑

t=0

n∑

k=1

1
{

customerk is in the queue at timet
}

=
n∑

k=1

Dn(k).

We haveDn(k) ≤ D(k), andDn(k) ↑ D(k) asn → ∞ for eachk. It follows that the
Cesaro averages also converge,

lim
n→∞

n−1
n∑

k=1

[D(k) −Dn(k)] = 0,

and we thus establish the limit,

lim
n→∞

n−1

T (n+1)−1∑

t=0

Q(t) = lim
n→∞

n−1
n∑

k=1

Dn(k) = D̄. (5.7)

To complete the proof we must compute the left hand side of (5.7). At time T (n)
at leastn customers have arrived to the queue, and at timeT (n) − 1 thenth customer
has not yet arrived. This gives the bound,
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T (n)∑

i=1

A(i) ≥ n >

T (n)−1∑

i=1

A(i),

and dividing both sides byT (n) and lettingn → ∞ we obtain by the Strong Law of
Large Numbers forA,

α = lim
n→∞

1

T (n)

T (n)∑

i=1

A(i) ≥ lim
n→∞

n

T (n)
> lim

n→∞
1

T (n)

T (n)−1∑

i=1

A(i) = α.

This implies thatn−1T (n) → α−1 asn→ ∞, which together with (5.5) gives,

lim
n→∞

n−1

T (n+1)−1∑

i=0

Q(i) = lim
n→∞

(T (n+ 1)

n

)( 1

T (n+ 1)

T (n+1)−1∑

i=0

Q(i)
)

= α−1η.

This combined with (5.7) completes the proof. ⊓⊔

5.2 Workload for the CRW scheduling model

We now construct workload models for the general CRW scheduling model in anal-
ogy with the workload models obtained for the singer server queue. We first consider
the homogeneous model in which a workload process is defined through a simple ma-
trix inversion. Recall that homogeneity is defined for the scheduling model in Defini-
tion 4.1.1.

5.2.1 Workload in units of inventory

Definition 5.2.1.Workload In Units Of Inventory

Consider theℓm-dimensional process defined by,

Y (t) = ΞYQ(t), t ≥ 0, (5.8)

whereΞY := C[I − RT]−1. For eachs ∈ S, t ≥ 0, the quantityYs(t) is called the
workload (in units of inventory)at timet, for Stations.

Applying the formula (4.28) we find that the value[I − R]−1
ij is zero or one for

eachi, j, and it is equal to one if and only if a customer entering theith queue will
receive processing at bufferj prior to exiting the system. It then follows that, for each
t ≥ 0, the quantity

[Q(t)T[I −R]−1]j =

ℓ∑

i=1

[I −RT]−1
j i Qi(t)

denotes the total number of services that must be completed at bufferj for all of the
customers in the system at timet. Finally, thesth entry ofY (t) defined in (5.8) is
expressed,
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Ys(t) :=
∑

j:s(j)=s

[Q(t)T[I −R]−1]j , t ≥ 0.

Hence,Ys(t) is equal to the total number of services that must be completed at Stations
for all of the customers in the system at timet.

The recursion (4.2) can be applied to expressY through a similar recursion,

Y (t+ 1) = Y (t) − CM(t+ 1)U(t) + L(t+ 1), t ≥ 0, (5.9)

whereL(t) := C[I − R]−1A(t) for t ≥ 1. A simplified expression is obtained for the
homogeneous model based on theℓm-dimensionalidleness process,

ι(t) = 1 − CU(t), t ≥ 0. (5.10)

If U(t) ∈ U⋄ thenιs(t) is equal to zero or one, and is zero if and only if the server at
Stations is active.

Proposition 5.2.1. (Workload and Idleness) Assume that the CRW model is homo-
geneous. Then, the workload process can be expressed,

Y (t+ 1) = Y (t) − S(t+ 1)1 + S(t+ 1)ι(t) + C[I −RT]−1A(t+ 1), (5.11)

whereS is the diagonal matrix sequence{S(t) = diag(S1(t), . . . , Sℓm(t)) : t ≥ 1}
whose entries are defined in Definition4.1.1(v).

Proof. Consider any fixed stations ∈ S, and any timet ≥ 0. Based on the assumptions
of the proposition we obtain,

[CM(t+ 1)U(t)]s =
∑

j

Cs jMj(t+ 1)Uj(t)

= Ss(t+ 1)
∑

j

Cs jUj(t)

= (1 − ιs(t))Ss(t+ 1), s ∈ S, t ≥ 0,

which when combined with (5.9) gives (5.11). ⊓⊔

Example 5.2.1.KSRS model

The workload matrix in units of inventory is given by,

ΞY := C[I −RT]−1 = C[I +RT] =

[
1 0 1 1
1 1 1 0

]
,

where the routing matrixR is also defined in Example4.2.4. The model is homoge-
neous ifS1(t) :=M1(t) = M4(t) andS2(t) :=M2(t) = M3(t) for eacht ≥ 1. In this
case, the workload processY is expressed,

Y (t) := ΞYQ(t) =

[
Q1(t) +Q3(t) +Q4(t)
Q1(t) +Q2(t) +Q3(t)

]
,

which does evolve according to the recursion (5.11).
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5.2.2 Workload in units of time

Before moving to the completely general, possibly non-homogeneous model we con-
sider two special cases: the Klimov model, and the single-station re-entrant line.

5.2.2.1 Klimov model

The fluid model for the Klimov model is the ODE model,

d+

dtqi(t) = −µiζi(t) + αi, i = 1, 2, . . . , ℓ, t ≥ 0. (5.12)

The single workload vector isξ = (µ−1
1 , . . . , µ−1

ℓ )T, and the workload in units of time
isw(t) = ξTq(t) =

∑
µ−1
i qi(t), t ≥ 0.

A CRW model is described by the recursion,

Q(t+ 1) = Q(t) +A(t+ 1) −
ℓ∑

i=1

Mi(t+ 1)Ui(t)1
i, t ≥ 0, (5.13)

whereA is i.i.d. with finite mean, and eachM i is Bernoulli with meanµi. In the
homogeneous model we haveM i = S for eachi, and in this case the workload in
units of inventory is simply the total customer populationY (t) =

∑
Qi(t), t ≥ 0.

In the general Klimov model we define workload in units of time as follows. Ex-
actly as in the single server queue it is assumed that customers define their service
requirements upon arrival. LetGij(t) denote service time required by thejth customer
to arrive to bufferi at timet. For eachi, the random variables{Gij(t) : j, t ∈ Z+} are
assumed i.i.d. with common meanµ−1

i . The unconditional workload process in units
of time evolves according to the recursion (5.3) with U(t) :=

∑m
i=1 Ui(t) and

L(t) =

ℓ∑

i=1

1{Ai(t) ≥ 1}
Ai(t)∑

j=1

Gij(t). (5.14)

5.2.2.2 Single-station re-entrant line

The re-entrant line consisting of a single station is defined by the recursion,

Q(t+ 1) = Q(t) +A1(t+ 1)11 +

ℓ∑

i=1

Ui(t)Mi(t+ 1)[1i+1 − 1i], (5.15)

where to obtain a compact representation we set1ℓ+1 := 0.
We list here the three different notions of workload for this model:

(i) Suppose that the model is homogeneous:Mi(t) = S(t) for eachi. Then, applying
Definition 5.2.1, the workload in units of inventory is expressed,

Y (t) :=

ℓ∑

i=1

(ℓ− i+ 1)Qi(t), t ≥ 0.
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(ii) The (conditional) workload in units of time is defined by,

W (t) :=

ℓ∑

i=1

ξiQi(t), t ≥ 0,

whereξi =
∑ℓ

j=i µ
−1
j , 1 ≤ i ≤ ℓ.

(iii) The unconditional workload in units of time is denotedW(t). It evolves according
to the recursion (5.3), whereU(t) =

∑
Ui(t), and{L(t) : t ≥ 1} is an i.i.d.

process onZ+ with common meanE[L(t)] = ρ• = ξ1α1.

To complete the description ofW(t) we now describe the input process{L(t) :
t ≥ 1}. If there arem = A(t) ≥ 1 arrivals to the queue at timet, we let{Gij(t) : 1 ≤
i ≤ ℓ, 1 ≤ j ≤ m} denote the total service time required by thejth customer at the
ith queue. These random variables are assumed to be mutually independent, with mean
consistent with the fluid model. We thus arrive at a formula for the work arriving to the
system at timet,

L(t) = 1{A1(t) ≥ 1}
ℓ∑

i=1

A1(t)∑

j=1

Gij(t).

The process{L(t)} is i.i.d. with mean

E[L(1)] =

ℓ∑

i=1

E[A1(1)Gij(1)] =

ℓ∑

i=1

α1µ
−1
i = ρ•.

5.2.2.3 Workload in the general scheduling model

In the general scheduling model it is possible to formulate anℓm-dimensional work-
load processW . The specification of the arrival processes{Ls} is complicated in the
general model since we must consider up toℓ separate arrival streams.

At time t suppose thatm = Ar(t) ≥ 1 new customers arrive to bufferr. This
collection of customers brings with it a family of service requirements{Gr,i,j(t) : 1 ≤
i ≤ ℓ, 1 ≤ j ≤ m}, where for thejth customer to arrive at timet, Gr,i,j(t) denotes the
respective service time required at bufferi. These random variables are assumed to be
supported on{1, 2, . . . } with meanE[Gr,i,j(t)] = µ−1

i .
The total new workload for Stations at timet is denoted,

Ls(t) =

ℓ∑

r=1

1{Ar(t) ≥ 1}
∑

i:s(i)=s

Ar(t)∑

j=1

Gr,i,j(t). (5.16)

It is assumed thatG andA are independent processes. We then define the unconditional
workload process as theℓm-dimensional process whosesth component evolves as,

Ws(t+ 1) = Ws(t) − 1 + ιs(t) + Ls(t+ 1), t ≥ 0, (5.17)

whereι is theℓm-dimensional idleness process defined in (5.10).
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In summary, given any CRW model we obtain anℓm-dimensional description of
the evolution of the workload in units of time via (5.17). For consistency with the CRW
model (4.2) a geometric distribution is imposed: for eachr, i, j, t,

P{Gr,i,j(t) = T + 1 | Gr,i,j(t) > T} = µi, T ≥ 0, i = 1, . . . , ℓ. (5.18)

However, it is not necessary to start with the CRW model (4.2), in which case the
distribution of{Gr,i,j(t)} may not be geometric. Given a physical network, a workload
model of the form (5.17) can be constructed directly based on observed statistics ofthe
physical system.

The evolution equation for workload in the fluid and CRW models is the basis of
the relaxations considered next.

5.3 Relaxations for the fluid model

For the purposes of control, typically only a few of the workload vectors impose serious
constraints on the dynamic behavior of the network. A much simpler control problem
is obtained by relaxing those constraints corresponding to relatively small load.

Definition 5.3.1.Relaxation for the fluid model

For a given integer1 ≤ n ≤ ℓm, thenth relaxationof the fluid model is composed
of a cumulative allocation procesŝz, a queue-length procesŝq, andn-dimensional
workload procesŝw defined as follows:

(i) The cumulative allocation process is subject to the linear constraints,

Ĉ[ẑ(t1) − ẑ(t0)] ≤ (t1 − t0)1, 0 ≤ t0 ≤ t1 <∞,

whereĈ is then× ℓmatrix whoseith row coincides with that ofC for 1 ≤ i ≤ n.
The non-negativity constraints on the increments are relaxed, so that the control
set (4.3) is the unbounded polyhedron,

Û := {u ∈ R
ℓm : Ĉu ≤ 1}. (5.19)

The allocation rate at timet defined as the right derivativêζ(t) := d+

dt ẑ(t) satisfies

ζ̂(t) ∈ Û for eacht.

(ii) The queue-length process is defined exactly as in (4.24) by

q̂(t) = x−Bẑ(t) + αt, t ≥ 0, x ∈ R
ℓ
+, (5.20)

andq̂ is again constrained bŷq(t) ∈ X for t ≥ 0.

(iii) With Ξ̂ := −ĈB−1, the associated workload process (in units of time) is de-
fined byŵ(t) = Ξ̂q̂(t) for t ≥ 0.

(iv) The workload process is constrained to the polyhedralworkload space,

W := {Ξ̂x : x ∈ X}. (5.21)
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(v) If the fluid model is homogeneous, then the workload process in units of inven-
tory is defined bŷy(t) = Ĉ[I −RT]−1q̂(t) for t ≥ 0.

The dynamics of the workload processes are described in Proposition5.3.1.
Part (ii) is an extension of Proposition4.2.1: The independencein (5.23) means that
the derivatived

+

dt ŵ(t) can take on any value in{x ∈ R
n : x ≥ −(1− ρ)} depending on

the choice ofζ(t) ∈ Û.

Proposition 5.3.1. For eachn ≤ ℓm, thenth relaxation satisfies the following:

(i) The velocity space for the relaxation is given by,

V̂ = {v : 〈ξs, v〉 ≥ −(1 − ρs), 1 ≤ s ≤ n} . (5.22)

(ii) The procesŝw is subject to the independent linear constraints,

d+

dtŵs(t) ≥ −(1 − ρs), 1 ≤ s ≤ n. (5.23)

Equivalently, the workload process can be expressed,

ŵ(t) = ŵ(0) − δt+ I(t), t ≥ 0, (5.24)

whereδs = 1 − ρs for 1 ≤ s ≤ n; The idleness processI is non-negative valued
and non-decreasing.

(iii) Suppose that the fluid model is homogeneous. Then, the processŷ is subject
to the independent linear constraints,

d+

dt ŷi(t) ≥ −µs + λs, 1 ≤ s ≤ n, (5.25)

whereλs := µsρs.

Proof. The expression (5.20) for q̂ and the definition of̂Ξ imply the representation,

ŵ(t) := Ξ̂q̂(t) = ŵ(0) − Ĉẑ(t) + Ξ̂αt, t ≥ 0, x ∈ R
ℓ
+.

From the definition ofρ given in Definition4.2.3we also have,

Ξ̂α = (ρ1, . . . , ρn)
T.

This combined with the constraint̂Cζ̂(t) ≤ 1 completes the proof of (i) and (ii)
Part (iii) follows from (ii) and the representation̂ys = µsŵs. ⊓⊔

A one-dimensional relaxation reveals a great deal about network behavior when-
ever there is a single dominant face inV that is relatively close to the origin. This is
illustrated in the processor sharing model:
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V̂
v1

v2

ξ1

V

Figure 5.1: Velocity space for the processor-sharing model with parameters defined in
(4.31), and its relaxation with velocity spacêV.

Example 5.3.1.Processor sharing model

Consider the model shown in Figure2.6with the parameters specified in Example4.2.2.
Figure5.1compares the velocity spaceV for the fluid model previously shown in Fig-
ure4.2, with the velocity spacêV for a one-dimensional relaxation.

It follows from the geometry illustrated in Figure4.2thatT ∗ is a linear function of
x ∈ R

2
+. In fact, for the numerical values used in Example4.2.2the left hand sloping

face ofV is given by{v : 〈ξ1, v〉 = −(1 − ρ1)} = {v : 3v1 + 4v2 = −1}, so that
T ∗(x) = 3x1+4x2 for x ∈ R2

+. The minimal draining timêT ∗ for the one-dimensional
relaxation coincides withT ∗ in this example.

5.3.1 Minimal process

The most basic control solution for a relaxation is a generalization of the non-idling
condition.

Definition 5.3.2.Minimal solution

Suppose thatR ⊂ W ⊂ R
n
+ is a closed convex set containing the origin, andw ∈ W is

any given initial condition. AnR-minimalsolutionŵ◦ starting fromw is any feasible
solution satisfying the differential constraints (5.23) and,

(i) ŵ◦(t) ∈ R for all t > 0.

(ii) If ŵ is any other solution with identical initial conditionw and satisfying
ŵ(t) ∈ R for all t > 0 then,

ŵ◦
s(t) ≤ ŵs(t), t ≥ 0, s ∈ {1, . . . , n}.

WhenR = W thenŵ◦ is calledminimal, orpoint-wise minimal. In this case the process
is said to be controlled using thework-conserving policy.
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An R-minimal solution exists in one or two dimensions sinceR is a convex subset
of the positive orthant. In higher dimensions we show by example that such a strong
form of minimality may not be feasible.

Be forewarned that point-wise minimality onW is not necessarily a desirable prop-
erty. While the work-conserving policy is typically optimal for a one dimensional re-
laxation, in Section5.3.2we find that optimal solutions for a relaxation are frequently
not work-conserving for dimensions two or higher.

In the one-dimensional relaxation there is a minimal solution onW = R+, defined
by the non-idling policy:ι(t) = 0 whenw(t) > 0. Similarly, anR-minimal solution
always exists for the two dimensional relaxation, regardless ofR. For eachw0 ∈ R

2

define,
Rw0 =

{
w ∈ W : wi ≥ w0

i , for all i
}
, (5.26)

We denote by[w]R the projection ofw onto the setRw in the standardℓ2 norm.
Proposition5.3.2follows from Theorem5.3.3that follows.

Proposition 5.3.2. Consider a two-dimensional relaxation of the fluid scheduling
model, and suppose thatR ⊂ W is a closed convex set containing the origin. Then,
for each initial conditionw ∈ W there exists anR-minimal solutionŵ◦ that can be
expressed,

ŵ◦(t;w) = [[w]R − δt]R, t > 0, w ∈ W. (5.27)

⊓⊔

The existence of a minimal solution is not guaranteed when the dimension is three
or greater.

Station  1 Station  2 Station  3

µ
1

µ
3

µ
5

µ
2

µ
4

µ
6

6
α

1
α

Figure 5.2: Three-station network

Example 5.3.2.Minimal solution for a three-station network

Consider the three-station network shown in Figure5.2. It is assumed that all service
rates are equal to unity, so that the3 × 6 workload matrix can be expressed,

Ξ =




1 1 0 1 0 1
1 0 1 1 0 1
1 0 1 0 1 1




For simplicity consider the arrival-free model whereα1 = α6 = 0, so thatρ = 0.
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Consider the pair of vectors,

w3 := Ξ̂13 = [0, 1, 1]T, w4 := Ξ̂14 = [1, 1, 0]T.

The initial conditionx = 13 + 14 has corresponding workloadw = Ξx = (1, 2, 1)T.
From the initial conditionx it is possible to reach either13 or 14 in exactly one second.
Any minimal solution must then satisfŷw◦(t;w) ≤ w3 = Ξ13 andŵ◦(t;w) ≤ w4 =
Ξ14 at t = 1, which implies thatŵ◦(1;x) ≤ (0, 1, 0)T.

The only vector inW satisfying this inequality isw = (0, 0, 0)T. However, the
origin is not reachable in one second since the minimal draining time isW ∗(x) =
T ∗(x) = max〈ξi, x〉 = 2.

We now turn to some positive results. The following result implies Proposi-
tion 5.3.2.

Theorem 5.3.3. (Existence of Minimal Workload) The following are equivalent for
any given closed, convex, polyhedral setR ⊂ W containing the origin:

(i) A minimal solutionŵ◦ exists for each initial conditionw ∈ W;

(ii) For eachw ∈ W the set (5.26) contains a point-wise minimal element.

If either of these equivalent conditions hold, then a point-wise minimal trajectory may
be expressed as (5.27), where[w]R, w ∈ R

n, is the projection ofw onto the setRw in
the standardℓ2 norm.

The interesting part of the theorem is the representation (5.27) when [ · ]R exists.
To prove this we first establish some properties for this process.

Proposition 5.3.4. If the point-wise projection[ · ]R exists, then for eachw ∈ W the
semigroup property holds for the processŵ◦ defined (5.27),

ŵ◦(t1 + t2;w) = [ŵ◦(t1;w) − δt2]R, t1, t2 > 0, w ∈ W. (5.28)

Moreover, for each1 ≤ i ≤ n the functionŵ◦
i (t;w) is convex as a function oft for

t ∈ (0,∞).

Proof. We first establish convexity. For any positivet1, t2 consider the trajectory

ŵ(t) = ŵ◦
1 +

t− t1
t2

(ŵ◦
2 − ŵ◦

1), t1 ≤ t ≤ t2,

with ŵ◦
1 := ŵ◦(t1;w) andŵ◦

2 := ŵ◦(t2;w). We haveŵ(t) ≥ [w]R − δt whent = t1
and whent = t2, and it then follows by linearity that this lower bound holds for
every t ∈ [t1, t2]. Convexity ofR implies thatŵ(t) ∈ R for t ∈ [t1, t2], so that by
the definition ofw◦ in (5.27) we must havêw(t) ≥ [[w]R − δt]R = ŵ◦(t;w) for all
t ∈ [0, t2]. This is the desired convexity.
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To prove the semigroup property (5.28) we establish upper and lower bounds. To
obtain the upper bound note thatŵ◦(t1;w) ≥ [w]R − δt1 for anyt1, so that,

ŵ◦(t1 + t2;w) := [[w]R − δ(t1 + t2)]R ≤ [ŵ◦(t1;w) − δt2]R.

To obtain the lower bound we note that convexity ofŵ◦ on (0,∞) implies the bound,

ŵ◦(t1 + t2;w) − ŵ◦(t1;w) ≥ ŵ◦(t2;w) − ŵ◦(0+;w)

The right hand side is bounded below by−δt2, which gives

ŵ◦(t1 + t2;w) ≥ ŵ◦(t1;w) − δt2,

so thatŵ◦(t1 + t2;w) ≥ [ŵ◦(t1;w) − δt2]R. We thereby obtain (5.28). ⊓⊔

Proof of Theorem5.3.3. If (i) holds, then for eachw ∈ W the vectorŵ(0+;w) ∈ R

must be point-wise minimal, which implies (ii).
Conversely, if (ii) holds then the trajectory given bŷw•(t;w) = [[w]R − δt]R,

t ≥ 0, is a piecewise linear function oft for each initial conditionw. The semigroup
property (5.28) implies that ddt ŵ

•(t;w) ≥ −δ for all t, so that this trajectory is feasible
for the relaxed fluid model, and hence (i) holds withŵ◦ defined in (5.27). ⊓⊔

When the minimal process exists and can be expressed via (5.27) we find that it
can also be represented as the solution to the ODE,

d+

dt ŵ(t) = −δ + ι(t) , t > 0 , ŵ(0+) = [w]R , (5.29)

where the idleness rateι is expressed as the state-feedback lawι(t) = φ(ŵ(t)), t ≥ 0,
with

φ(w) := δ − δ(w);

δ(w) := limt↓0 t−1{[w − tδ]R − w}, w ∈ R.
(5.30)

Proposition5.3.5summarizes some properties of the projection, and resultingproper-
ties of the feedback lawφ. We assume that the regionR ⊂ W is polyhedral, of the
form

R = {w ∈ R
n : 〈ni, w〉 ≥ −βi , 1 ≤ i ≤ ℓR}, (5.31)

where{βi} are non-negative constants, and{ni} ⊂ R
n. The ith faceF (i) ⊂ R is

defined by
F (i) := {w ∈ R : 〈ni, w〉 = −βi} , 1 ≤ i ≤ ℓR. (5.32)

We assume moreover thatR has non-empty interior, and that each of the setsF (i) is of
dimensionn− 1.

Proposition 5.3.5. Suppose that the setR given in (5.31) has non-empty interior, and
that the point-wise projection[ · ]R : R

n → R exists. Then,
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(i) For eachy ∈ R
n, the projection[y]R is the unique optimizerw◦ ∈ R of the

linear program,

min w1 + · · · + wn

s. t. 〈ni, w〉 ≥ −βi , 1 ≤ i ≤ ℓR
w ≥ y.

(ii) For each faceF (i) with i ∈ {1, . . . ℓR}, there is a uniqueji ∈ {1, . . . , n}
satisfying,

niji > 0 , and nij ≤ 0 , j 6= ji.

(iii) The feedback lawφ : W → R
n
+ defined in (5.30) satisfiesφ(w) = 0 for w ∈

interior (R). Otherwise, if for somei ∈ {1, . . . , ℓR} we havew ∈ F (i), and
w 6∈ F (i′) for i′ 6= i, thenφ(w)j = 0 for j 6= ji, whereji is defined in (ii).

Proof. Let w◦ ∈ R be an optimizer of the linear program in (i). We havew◦ ≥ [y]R
sincew◦ ≥ y, and hence also

∑
w◦
i ≥ ∑

([y]R)i. It follows that [y]R is the unique
optimizer of this linear program.

We prove part (ii) by contradiction: Fix1 ≤ i ≤ ℓR, and suppose that in fact
nij > 0 andnik > 0 for some1 ≤ j < k ≤ ℓR.

Considerw ∈ F (i), with w 6∈ F (i′) for i′ 6= i. For ε > 0 we consider the open
ball centered atw given byB(w, ε) = {y ∈ R

n : ‖w − y‖ < ε}, where‖ · ‖ denotes
the Euclidean norm.

Fix w0 ∈ B(w, ε) with w0 6∈ R, and define

sj = −(nij)
−1(βi + 〈ni, w0〉), sk = −(nik)

−1(βi + 〈ni, w0〉).

We havesj > 0, sk > 0 by construction sincew0 6∈ R, and the vectors{wj := w0 +
sj1j, wk := w0 + sk1

k} satisfy〈ni, wj〉 = 〈ni, wk〉 = −βi. Hence, we may choose
ε > 0 so that each of these vectors lies inF (i) ⊂ R for anyw0 ∈ B(w, ε) ∩ R

c.
We conclude that[w0]R ≤ min(wj , wk), which is only possible if[w0]R = w0. This
violates our assumptions, and completes the proof of (ii).

Part (iii) is immediate from (ii) and the definition (5.30). ⊓⊔

We conclude this section with some results illustrating the structure of a minimal
solution under the conditions of Theorem5.3.3.

Resources is said to besatiatedat statex provided there existsv ∈ V̂ satisfying
〈ξs, v〉 = −(1 − ρs), andvi ≥ 0 wheneverxi = 0.

Proposition 5.3.6. Suppose thatρ• < 1. Then for any two statesx1, x2 ∈ X, the
minimal timeT̂ ∗(x1, x2) to travel fromx1 to x2 is finite. If T̂ ∗(x1, x2) > 0 then

T̂ ∗(x1, x2) = max

{ 〈ξj, x1 − x2〉
1 − ρj

: 1 ≤ j ≤ n

}

= max

{ 〈ξj, x1 − x2〉
1 − ρj

: j is satiated byx1

}
.
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Proof. With v = (x2 − x1)/T̂ ∗(x1, x2) ∈ V̂, the trajectory below is both feasible and
time-optimal:

q̂(t;x1) = x1 + vt, 0 ≤ t ≤ T̂ ∗(x1, x2) .

Moreover, simple dynamic programming arguments (along the lines of the proof of
Proposition4.3.3) ensure that

d
dt T̂

∗(q̂(t;x1), x2) = −1, 0 < t < T̂ ∗(x1, x2).

Hence, whenevers∗ is a maximizer, so that

T̂ ∗(x1, x2) =
〈ξs∗ , x1 − x2〉

1 − ρs∗
,

we must have〈ξs∗ , v〉 = −(1−ρs∗). This implies that resources∗ is satiated byx1. ⊓⊔

Satiated resources play a role analogous to dynamic bottlenecks in the construction
of a time-optimal trajectory. The following result is an analog of Proposition4.3.3. It
is an easy corollary to Proposition5.3.6.

Theorem 5.3.7. (Satiated Resources and Minimality) Suppose thatρ• < 1. Let q̂
be any solution to thenth workload relaxation, starting atx ∈ X, and letw(t;x) =
Ξ̂q̂(t;x), t ≥ 0. We then have,

(i) If w is point-wise minimal, then each satiated resource is working at capacity
for each0 < t <∞. That is, if resourcei is satiated at timet, then

d
dtwi(t) = −(1 − ρi).

(ii) If each satiated resource works at capacity for allt, then the resulting workload
trajectoryw is point-wise minimal.

⊓⊔

5.3.2 Effective cost

We now turn to control solutions for a workload relaxation based on a given cost func-
tion for theℓ-dimensional network. For simplicity we restrict to a linear cost function
c(x) = cTx with ci > 0 for eachi ∈ {1, . . . , ℓ}.

Suppose that two statesx0, x1 ∈ X are given with〈ξs, x0〉 ≤ 〈ξs, x1〉 for all
1 ≤ s ≤ n. For anyκ > 0 let v = κ(x1 − x0). This velocity vector lies in the set̂V
defined in (5.22), and the feasible trajectorŷq(t;x0) = x0 + tv, 0 ≤ t ≤ 1/κ reaches
x1 in 1/κ seconds. It follows that the minimum time to reachx1 starting fromx0 is
zero. This leads to the following terminology.

Definition 5.3.3.Effective cost for a workload-relaxation

Suppose that the state spaceX is a convex polyhedron, and thatc : X → R+ is a linear
cost function. Then,
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(i) The effective costc : W → R+ is defined forw ∈ W as the value of the linear
program

c(w) = min 〈c, x〉

s. t. Ξ̂x = w, x ∈ X.
(5.33)

(ii) The region on whichc is monotoneis denotedW+. That is,

W
+ :=

{
w ∈ W : c(w

′
) ≥ c(w) wheneverw

′ ≥ w andw′ ∈ W.
}

(iii) For eachw ∈ W, aneffective stateX ∗(w) is a vectorx∗ ∈ X that minimizes
the linear program (5.33):

X ∗(w) ∈ arg min
x∈X

(
c(x) : Ξ̂x = w

)
. (5.34)

(iv) For anyx ∈ X, anoptimal exchangeable stateP∗(x) ∈ X is defined via,

P∗(x) = X ∗(Ξ̂x). (5.35)

The effective cost is easily computed for a one-dimensional relaxation. Consider
the case in which there are no buffer constraints so thatX = R

ℓ
+. Hence the linear

program (5.33) that defines the effective cost becomes,

c(w) = min c(x) s. t. 〈ξ1, x〉 = w, x ∈ R
ℓ
+ .

Proposition 5.3.8. If n = 1 and there are no buffer constraints, then the effective cost
is given by the linear function,c(w) = (ci∗/ξ

1
i∗)w, w ∈ R+, where the indexi∗ is any

solution toci∗/ξ
1
i∗ = min1≤i≤ℓ

(
ci/ξ

1
i

)
. An effective state can be expressed as a linear

function ofw via,

X ∗(w) =
( 1

ξ1i∗
1i∗

)
w , w ∈ R+.

⊓⊔

The conclusion of Proposition5.3.8 is an example ofstate space collapse: Re-
gardless of the size ofℓ, there exists an optimal solution̂q∗ that evolves on a one-
dimensional region for allt > 0.

Throughout this book it is assumed thatX ∗ : W → X is defined to be a single-
valued, continuous function onW. This can be assumed without loss of generality:

Proposition 5.3.9. Suppose thatc is a linear function onX. Then, there exists a
continuous functionX ∗ : W → X such thatx∗ = X ∗(w) is a minimizer of the linear
program (5.33) for eachw ∈ W.
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Proof. The result follows from [138, Theorem II.1.4 and Theorem I.3.2]. The condi-
tions of these theorems hold for the linear program defined in (5.34) since the feasible
set has non-empty interior. ⊓⊔

Recall from Section1.3.1the definition of the dual of a linear program. The dual
of (5.33) with X = R

ℓ
+ can be expressed as,

max ψTw

s. t. Ξ̂Tψ ≤ c.
(5.36)

The dual variableψ in (5.36) is not sign-constrained since this corresponds to the equal-
ity constraintΞ̂x = w in (5.33). The following result follows from the fact that an op-
timal solution to (5.36) can be found amongbasic feasible solutions. We denote these
by {ci : 1 ≤ i ≤ ℓc̄}.

Proposition 5.3.10. Suppose thatX = R
ℓ
+. Then, the effective cost is piecewise

linear:
c(w) = max

1≤i≤ℓc
〈ci, w〉, w ∈ W, (5.37)

where{ci : 1 ≤ i ≤ ℓc̄} are extreme points of the constraint region in the linear
program (5.36). ⊓⊔

Example 5.3.3.KSRS model

Consider the KSRS model withX = R
4
+ and cost function equal to theℓ1 norm. The

effective cost for the two-dimensional relaxation is the solution to the linear program
(5.44), whereΞ̂ = Ξ is the4× 2 matrix given in (4.34). We consider the following two
special cases,

CASE 1 µ2 = µ4 = 1/3 andµ1 = µ3 = 1. Then,

{
ci : i = 1, 2, 3

}
=

{
1
3

(1
0

)
, 1

4

(1
1

)
, 1

3

(0
1

)}

CASE 2 µ2 = µ4 = 1 andµ1 = µ3 = 1/3. Then,

{
ci : i = 1, 2, 3

}
=

{( 1
−2

)
, 1

4

(1
1

)
,

(−2
1

)}

In each caseW = R
2
+, and the effective costc : W → R+ is continuous, piecewise

linear, and strictly linear on each of the three regions{Ri : i = 1, 2, 3} defined by

R1 = {0 < 3w1 < w2 <∞} , R2 = {0 < w1 < 3w2 < 9w1} , R3 = {0 < 3w2 < w1} .

Level sets of the effective cost in each case are shown in Figure5.3. It is evident that
W

+ = R
2
+ so that the effective cost is monotone in Case 1; In Case 2 the monotone

region isW+ = closure (R2).

The monotone region can be empty.
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Figure 5.3: Level sets of the effective cost for the KSRS model, in Cases 1 and 2
respectively.

J(w) < 1
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− δ

Figure 5.4: Level sets of the value function̂J for the KSRS model in Cases I and II
respectively under the work-conserving policy.

Example 5.3.4.Effective cost for tandem queues

The effective cost for the two-dimensional relaxation is defined by the linear program,

c(w) = min c1x1 + c2x2

s. t. x1 = µ1w1

x1 + x2 = µ2w2

x ≥ 0.

(5.38)

This can be solved to givec(y) = (c1 − c2)µ1w1 + c2µ2w2. Hence the effective cost is
linear, and it is monotone if and only ifc1 ≥ c2. If this inequality fails thenW+ = ∅.

Suppose now thatX is restricted via buffer constraints. It is assumed that0 <
bi ≤ ∞ for 1 ≤ i ≤ ℓ, andX := {x ∈ R

ℓ
+ : x ≤ b}. In this case the effective cost

c : W → R+ is the solution to the linear program,

c(w) := min cTx

s. t. Ξx = w,

x ≤ b, x ≥ 0.

(5.39)
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Its dual is expressed,
max ψTw − σTb

s. t. Ξ̂Tψ − σ ≤ c, σ ≥ 0.
(5.40)

The variableψ in (5.40) is again not sign-constrained. The dual variableσ corresponds
to theinequalityconstraintx ≤ b in (5.39), which requires thatσ ≥ 0.

The extreme points in the constraint region of (5.40) are denoted{ci, di : 1 ≤ i ≤
ℓc̄}. Note that the integerℓc̄ defined here is in general larger than the integer used in
(5.37).

The optimizers(ψ∗, σ∗) to (5.40) are Lagrange multipliers. Consequently,ψ∗ pro-
vides sensitivity of the effective cost to workload, andσ∗ provides sensitivity with re-
spect to buffer constraints. The following result is a consequence of these observations.
In particular, Proposition5.3.11(ii) quantifies how the effective costc(w; b) decreases
with increasing values ofb.

Proposition 5.3.11. For thenth relaxation, and eachw ∈ W, b ∈ R
ℓ
+,

(i) The effective costc(w) = c(w; b) is given by

c(w) = max
1≤i≤ℓc̄

(
ciTw − d

iT
b
)
. (5.41)

(ii) Suppose that there is a unique maximizing index in (5.41), denotedi∗ =
i∗(w, b). Then,

∂
∂wj

c(w; b) = ci
∗

j , 1 ≤ j ≤ n,

∂
∂bj
c(w; b) = −di

∗

j , 1 ≤ j ≤ ℓ , if bj <∞.
⊓⊔

The definition of the indexi∗ in Proposition5.3.8is similar to the construction of
the Klimov indices defined in thec-µ rule for the Klimov model in Section2.2. Proposi-
tion 5.3.11strengthens this analogy when specialized to a one-dimensional relaxation.
In this special case the linear program that defines the effective cost is written,

min cTx

s. t. 〈ξ1, x〉 = w

x ≤ b, x ≥ 0 .

Let {θ1, . . . , θℓ} denote a permutation of{1, . . . , ℓ} such that

ci
ξ1i

≤ cj
ξ1j

if θi < θj. (5.42)

The integers{θ1, . . . , θℓ} are regarded as generalized Klimov indices.
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w

c(w)
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ξj1

cj2

ξj2

cj3

ξj3

cj4

ξj4

bj1ξ
1
j1

Figure 5.5: Effective cost for a one-dimensional relaxation with four buffer constraints.
The cost is piecewise linear, with slopes{cji/ξji : i ≥ 1} as indicated in the figure.

Proposition 5.3.12. Suppose that the state space includes buffer constraints, so that
it can be expressed as (4.35) for constants{bi} ⊂ (0,∞]. Then, the effective cost
c : W → R+ for the one-dimensional relaxation is piecewise linear and convex, as
illustrated in Figure5.5. For a givenw ∈ R+, the effective statex∗ = X ∗(w) satisfies,

x∗i = bi whenever
∑

j:θj>θi

x∗j > 0, (5.43)

where the generalized Klimov indices{θj} are defined in (5.42). ⊓⊔

We next illustrate the impact of buffer constraints using a two-dimensional relax-
ation of the simple re-entrant line.

Example 5.3.5.Relaxations for the simple re-entrant line

Consider the3-buffer model shown in Figure2.9with X = R
3
+, andc(x) = cTx, x ∈ X.

It is assumed that the model is homogeneous, so thatµ1 = µ3. For a givenw ∈ W the
linear program (5.33) that defines the effective cost for the two-dimension relaxation is
expressed,

c(w) := min [c1x1 + c2x2 + c3x3],

s. t.
[
2 1 1
1 1 0

]
x =

[
µ1 0
0 µ2

]
w, x ≥ 0.

Its dual can be expressed,

c(w) = max [ψ1µ1w1 + ψ2µ2w2],

s. t.



2 1
1 1
1 0


ψ ≤



c1
c2
c3


 .

(5.44)

Consider the special case in which the cost function is equal to the total inventory,
c(x) = |x| = x1 +x2 +x3. Below are some properties of the effective cost under these
assumptions:
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Figure 5.6: At left is a plot of the effective cost for the simple re-entrant line. The
monotone regionW+ is shown at right. The effective cost is not monotone since feed-
ing the second station conflicts with draining buffer three.

0

20

40

60

80

100

0

20

40

60

80

100

0

500

1000

1500

2000

1
w 2w

Effective Cost

W
+

Infeasible Region

1
w

 2w

µ−1
2

b1

µ−1

1
b1

Figure 5.7: At left is shown the effective cost for the three buffer model shown in
Figure2.9when the constraintq1 ≤ b1 is imposed. The monotone regionW

+ increases
as the upper-boundb1 decreases.

(i) The workload space is expressed,

W = {w : 0 ≤ w2

w1
≤ 2

ρ2

ρ1
}. (5.45)

(ii) The effective cost is given by,

c(w) = max(µ2w2, µ1w1 − µ2w2). (5.46)

The effective statex∗ := X ∗(w) satisfiesx∗2 = 0 whenw2/w1 ≤ ρ2/ρ1.

(iii) The monotone region for the effective cost is the positive cone,

W
+ = {w :

ρ2

ρ1
≤ w2

w1
≤ 2

ρ2

ρ1
}. (5.47)

Figure5.6shows a sub-level set ofc. It is apparent that the effective cost is not mono-
tone sinceW+ is a strict subset ofW. This is to be expected since whenc is equal to the
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total inventory, reducing workload at Station2 does not necessarily reducec(q(t)). In
particular, for the unrelaxed model, ifq2(t) = 0 andq3(t) > 0 then the myopic policy
will set ζ3 = 1, which results in starvation of the second resource.

Given a vectorb ≥ 0 of buffer constraints, the effective cost is the solution to the
linear program,

c(w) = min x1 + x2 + x3

s. t. 2x1 + x2 + x3 = µ1w1,
x1 + x2 = µ2w2,

x ≥ 0,
x ≤ b.

whose solution is given by,

c(w; b) = max(µ2w2, µ1w1 − µ2w2, µ1w1 − b1) . (5.48)

It is independent ofb2 andb3, even though the workload spaceW depends upon the
values of these parameters. The effective cost and the monotone regionW

+ are shown
in Figure5.7whenb1 is finite andb2 = b3 = ∞.

5.3.3 Value functions

Recall that an application of the fundamental theorem of calculus gives the representa-
tion (3.31) for the derivativeddtJ(q(t)) in the fluid model. It follows that ifJ is smooth
atx ∈ R

ℓ
+, and ifζ(t) = u (constant) on some non-empty time interval[0, t0), then

〈∇J (x), Bu+ α〉 = −c(x).

Similar reasoning can be applied to the fluid workload model with value function,

Ĵ(w) :=

∫ ∞

0
c(ŵ(t)) dt , w ∈ W. (5.49)

If Ĵ is continuously differentiable then the fundamental theorem of calculus leads to
the identity,

D0Ĵ = −c (5.50)

where the differential generator for the fluid model is defined in analogy with (3.4) via,

D0f := −δT∇f, (5.51)

whereδs = 1 − ρs, 1 ≤ s ≤ n, is defined below (5.24).
We now establish general conditions under which the value function is smooth

whenŵ is theR-minimal process on a polyhedral region of the form (5.31). To evaluate
the gradient ofĴ we differentiate the workload procesŝw(t) = [w − δt]R with respect
to the initial conditionw ∈ R. Let O ⊂ R

n denote the maximal open set such that
[o]R andc([o]R) are eachC1 for o ∈ O. Generally, sincec and the projection are each
piecewise linear onRn, it follows that the setO can be expressed as the union,
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O =
⋃

1≤i≤ℓO
Ri, Ō = R

n. (5.52)

where each of the sets{Ri : 1 ≤ i ≤ ℓO} is an open polyhedron, and the functions
[ · ]R andc([ · ]R) are each linear onRi for eachi.

Theorem5.3.13establishes several useful properties of the fluid value function.

Theorem 5.3.13. Assumptions(a)-(c) given below refer to a convex polyhedral do-
mainR ⊂ R

n
+ containing the origin:

(a) The setR ⊂ R
n
+ has non-empty interior, and the point-wise projection[ · ]R : R

n →
R exists.

(b)
∫ ∞

0
1{(w − δt) ∈ Oc} dt = 0 for eachw ∈ R

n.

(c) δ ∈ interior (R)

If Assumptions(a)and(b) hold, then

(i) The functionĴ : R → R+ is piecewise-quadratic,C1, and its gradient∇Ĵ is
globally Lipschitz continuous onR.

(ii) The dynamic programming equation (5.50) holds onR.

(iii) The following boundary conditions hold,

〈φ(w),∇Ĵ(w)〉 = 0 , w ∈ R , (5.53)

whereφ is defined in (5.30) with respect to the regionR.

(iv) If in addition Assumption(c) holds, then the functionφ does not vanish on∂R.

Before proceeding with the proof of Theorem5.3.13we again turn to the KSRS
model to illustrate its assumptions and conclusions.

Example 5.3.6.KSRS model

Consider first the case in whichδ1 = δ2 > 0, the cost function isc(w) = max(w1, w2),
and the constraint region isR = W = R

2
+. Assumption (b) does not hold: The integral

in (b) is non-zero for any non-zero initial conditionw on the diagonal inR2
+. The value

function given byĴ(w) = 1
2δ

−1
1 max(w2

1 , w
2
2) is notC1 onR

2
+. This explains why (b)

is required in Theorem5.3.13(i).
To see why (c) is required in Part (iv) we takeδ1 = 4δ2; c(w) = w1 + w2; and

R = {0 ≤ w1 ≤ 3w2 ≤ 9w1}. Assumptions (a) and (b) hold, and theC1 value
function may be explicitly computed:

Ĵ(w) = 1
2w

TDw, w ∈ R, withD = 1
11δ

−1
1

[
3 −1

−1 15

]
.
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Although smooth, we have∂∂w2
Ĵ(w) 6= 0 andφ(w) = 0 along the lower boundary of

R. This is possible since the model violates (c).

We now consider some positive results based on the parameter values specified in
Example5.3.3with R = W = R

2
+. The functions[ · ]R andc([ · ]R) are each linear on

each of the sets{R1, R2, R3} shown in Figure5.4. The open polyhedronR4 = {y ∈
R

2 : y < 0} is also contained inO since [y]R = 0 and c([y]R) = 0 on R4. This
reasoning leads to a representation of the form (5.52).

Shown in Figure5.4 are level sets of the value function in Case 1 and Case 2.
The level sets are smooth sincêJ is C1 under the work-conserving policy by The-
orem 5.3.13. It is also piecewise-quadratic, and purely quadratic within each of the
regions{Ri : i = 1, 2, 3}: Ĵ(w) = 1

2w
TDiw for w ∈ Ri, i = 1, 2, 3.

TheC1 property also facilitates computation of̂J : Exactly as shown in Exam-
ple 4.3.1and Example4.3.2, the dynamic programming equation (5.50) is equivalent
to the equations,

− wTDiδ = −〈ci, w〉, w ∈ Ri, i = 1, 2, 3. (5.54)

It follows thatDiδ = ci for eachi. A single constraint on each of{D1,D3} is ob-
tained on consideringw on the two boundaries ofR2

+. Finally, theC1 property implies
thatD1

(1
3

)
= D2

(1
3

)
andD3

(3
1

)
= D2

(3
1

)
. These linear constraints can be solved to

compute{D1,D2,D3}. For example,D1 = 1
3δ

−1
1

[
1 0
0 0

]
in Case 1.

Proof of Theorem5.3.13. The dynamic programming equation (ii) is simply the fun-
damental theorem of calculus: We have,

Ĵ(w) =

∫ t

0
c(ŵ(s;w)) ds + Ĵ(ŵ(t;w)), t ≥ 0.

Rearranging terms, dividing byt, and lettingt→ 0 gives the result.
To establish the smoothness property in (i) we define fort ≥ 0, w ∈ R,

Γ(t;w) := ∇w{c(ŵ(t;w))} = ∇w{c([w − δt]R)}, (5.55)

whenever the gradient with respect tow exists. LetΠ: O → R
n×n denote then × n

derivative of[ · ]R with respect tow. The matrix-valued functionΠ is constant on each
of the connected components ofO. The gradient (5.55) exists wheneverw∞(t) :=w−
δt ∈ O for a givenw ∈ R, t > 0, and by the chain rule,

Γ(t;w) = Π(w∞(t))T
(
{∇wc} ([w∞(t)]R)

)
.

Under (b) we havew∞(t) ∈ O for eachw ∈ R, and a.e.t ∈ R+.
We conclude that, for eachw ∈ W, the gradient (5.55) exists for a.e.t ≥ 0. Lips-

chitz continuity ofc(ŵ(t;w)) with respect to(t, w) justifies exchanging differentiation
and integration as follows,

∇wĴ(w) =

∫ ∞

0
∇w{c(ŵ(s;w))} ds.
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This implies the representation,

∇wĴ(w) =

∫ bT ∗(w)

0
Γ(t;w) dt, (5.56)

where the minimal draining time for the fluid model is the piecewise linear function,

T̂ ∗(w) = max
1≤i≤n

δ−1
i wi, w ∈ W.

The range of integration in (5.56) is finite sinceΓ(t;w) = 0 for t > T̂ ∗(w).
The proof of (i) is completed on establishing Lipschitz continuity of the right hand

side of (5.56). For a given initial conditionw ∈ R, let {Rwi : i = 1, . . . ,m} denote the
sequence of regions in{Ri} (defined in (5.52)) so thatw∞(t) :=w− δt enters regions
{Rw1 , Rw2 , . . . } sequentially. We setT0 = 0, let Ti denote the exit time fromRwi , and
setΓi := Γ(t;w) for t ∈ (Ti−1, Ti), i ≥ 1. From the forgoing we see that the gradient
can be expressed as the finite sum,

∇wĴ(w) =
m∑

i=1

(Ti(w) − Ti−1(w))Γi.

Each of the functions{Ti(w)} is piecewise linear and continuous onR under (a) and
(b), and this implies that∇Ĵ is Lipschitz continuous.

To see (iii), fixw ∈ ∂R, andw′ ∈ interior (R). Thenwθ := (1 − θ)w + θw′ ∈
interior (R) for eachθ ∈ (0, 1]. Consequently, applying (ii) we have forθ ∈ (0, 1],

〈δ,∇J(wθ)〉 = c(wθ), and〈δ(w),∇Ĵ (w)〉 = c(w).

This combined with continuity of∇Ĵ andc establishes the boundary property

〈φ(w),∇Ĵ (w)〉 = 〈δ − δ(w),∇Ĵ(w)〉 = 0.

It is obvious from (5.30) thatφ(w) 6= 0 on the boundary under (c), proving (iv).
⊓⊔

5.3.4 Optimization

We conclude this section with some examples of optimal control solutions for work-
load relaxations. Under appropriate conditions it can be shown that the respective op-
timal solutions for the relaxation and the original fluid modelcouplein the sense that
q∗(t;x) = q̂∗(t;x) following a relatively short transient period. Moreover, given the
solution to the relaxation, we can construct a policy for the unrelaxed model so thatq

couples in this sense. The policy construction is based on the solution of finite dimen-
sional linear programs. We postpone this development to Section6.6.3where we treat
more general models. Here we illustrate the concepts here through examples.

The following definition generalizes myopic policies for a workload model.

Copyright Cambridge University Press 2007. On-screen viewing permitted. Printing not permitted. 
http://www.cambridge.org/us/catalogue/catalogue.asp?isbn=9780521884419



Control Techniques for Complex Networks Draft copy April 22, 2007 185

Definition 5.3.4.Myopic policy for the fluid relaxation

For ann-dimensional workload model with effective costc : W → R+, suppose that
the point-wise projection[ · ]R : R

n → R exists withR = W
+. Themyopic policyfor

the fluid model is defined so that,

(i) ŵ is R-minimal, and (ii) q̂(t) = P∗(q̂(t)) for eacht.

For small values ofn, an optimal solution to the workload-relaxation is frequently
myopic, and also path-wise optimal. This is always the case in one-dimension:

Proposition 5.3.14. The myopic policy is path-wise optimal for a one-dimensional
relaxation.

Proof. The myopic solution̂q◦ satisfiesc(q̂◦(t)) = c(ŵ◦(t)) for t > 0, and

ŵ◦(t) = (ŵ◦(0) − (1 − ρ1)t)+, t > 0.

Sincec is a monotone function ofw ∈ R+, it follows that for any other feasible state
trajectoryq,

c(q̂(t)) ≥ c(ŵ(t)) ≥ c((ŵ(0) − (1 − ρ1)t)+), t ≥ 0.

That is,c(q̂(t)) ≥ c(q̂◦(t)) for t > 0. ⊓⊔

For relaxations of dimension greater than one it is not always so easy to identify an
optimal solution, but we can obtain some qualitative results. The (optimal) fluid value
function is defined as a function ofw ∈ W by

Ĵ∗(w) = min

∫ ∞

0

c(ŵ(s;w)) ds , (5.57)

where the minimum is over all policies, subject to the conditions of Definition5.3.1.
The following result follows from the fact that the workload relaxation is a true relax-
ation of the fluid model, in the sense that it is subject to fewer constraints.

Proposition 5.3.15. For any1 ≤ n ≤ ℓm the following hold for thenth relaxation:

(i) The value function̂J∗ is a convex, monotone function ofw satisfying,

Ĵ∗(Ξ̂x) ≤ J∗(x), x ∈ X.

(ii) Similarly, the minimal draining times satisfŷT ∗(Ξ̂x) ≤ T ∗(x) for x ∈ X.

(iii) If n = ℓm thenT̂ ∗(Ξ̂x) = T ∗(x) for all x ∈ X.

Proof. The only part that requires proof is part (iii). However, this follows directly
from the representation (4.29) for T ∗(x). ⊓⊔
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Example 5.3.7.Optimizing workload in the KSRS model

We now compute optimal solutions for the KSRS model in the two cases introduced in
Example5.3.3. One can show that a path-wise optimal solution exists in eachcase, and
the optimal policy is myopic.

In Case 1 the effective cost is monotone, so thatci ≥ 0 for eachi. In this case
the work-conserving policy coincides with the myopic policy. It follows that the value
function Ĵ for the work-conserving policy is convex in this case, which is seen in the
plot at left in Figure5.4.

A level set for the value function̂J under the work-conserving policy is shown at
right in Figure5.4 in Case 2. Based on this plot it is clear that the value functionis
not convex. In Case 2 the monotone region for the effective cost is given byW

+ =
closure (R2), as shown at right in Figure5.3. In this case, a path-wise optimal solution
exists and coincides with the myopic policy. The value function is purely quadratic on
R
∗,

Ĵ∗(w) = 1
2w

TDw, w ∈ R
∗, D = 1

8δ
−1
1

[
3 −1

−1 3

]
. (5.58)

In each case the boundary conditions (5.53) hold for Ĵ . In this two-dimensional
example, this means that∂Ĵ/∂w2 is zero along the lower boundary ofR

∗, and∂Ĵ/∂w1

is zero along the upper boundary.

The behavior of a workload relaxation may appear entirely unnatural sinceV̂ is
unbounded. Nevertheless, for a properly chosen relaxation the gap between the value
functions in the respective optimal control solutions can be tightly bounded. We il-
lustrate this claim using the simple re-entrant line. Again, precise results for general
models are developed in Section6.6.

Example 5.3.8.Optimizing workload in the simple re-entrant line

Consider the total-cost optimization problem for the model considered in Exam-
ple 5.3.5without buffer constraints. Our goal is to achieve the minimal cost Ĵ∗(w)
defined in (5.57). Recall that the effective cost and monotone region are obtained in
Example5.3.5. In particular, the workload space and monotone region are given by,

W = {w : 0 ≤ w2

w1
≤ m}, W

+ = {w : 1
2m ≤ w2

w1
≤ m},

with m = 2ρ2/ρ1. The optimal solution has the following properties:

(i) ŵ∗ is R
∗-minimal on the polyhedron

R
∗ = {w : m∗

ww1 ≤ w2 ≤ mw1},

wherem∗
w = µ1µ

−1
2 (1 +m∗

x)
−1, withm∗

x is given in (4.53).

(ii) If ρ2 ≤ ρ1 thenm∗
w = 1

2m so thatR∗ = W
+, and the resulting optimal policy

coincides with the myopic policy. Moreover, it is path-wise-optimal solution from
each initial condition.
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(iii) If ρ2 > ρ1 then the optimal policy is not myopic. Moreover, if the initial
conditionŵ∗(0) = w satisfies

w2

w1
<
ρ2

ρ1
,

then a path-wise-optimal solution starting fromw cannot exist.

These conclusions all follow from consideration of the fluid value function, exactly as
in Example4.3.2. The parameterm∗

w is consistent with the corresponding parameter
m∗
x given in (4.53) for the unrelaxed model: Ifx2 = 0 thenx3 > m∗

xx1 if and only
if w2 < m∗

ww1. Moreover, the effective statex∗ = X ∗(w) satisfiesx∗2 = 0 when
w2 < m∗

ww1.
Consider for example the parameters defined in (2.26). The conditions of (iii) hold

sinceρ2 = 9/10 > 9/11 = ρ1, so we conclude that a path-wise-optimal solution does
not exist from certain initial conditions. The infinite-horizon-optimal policy forq̂ is
defined by the switching-curve in workload space,

s∗(w1) = m∗
ww1 = 11

20w1, w1 > 0.

That is, station two is permitted to idle as long as20w2 < 11w1. In the relaxed model,
if the initial workload is below this line, then the optimal state trajectory jumps upward
to reach it at timet = 0+. Henceforth, the idleness process for the second station
satisfiesddtI2(t) = 0 until the upper boundary of the workload spaceW is reached.

In Figure 5.8 the optimal trajectory minimizing (4.37) is compared to the opti-
mal solution for the two-dimensional relaxation. The triangular region shows the error
introduced by relaxing the original network optimization problem. Note that the unre-
laxed model catches up with the relaxed model after a short transient period, denoted
T̂ ◦ in the figure. Consequently, although the optimal policy for the unrelaxed model
incurs a higher cost when compared with the relaxation, this error is small relative to
the total cost.

For comparison, shown in Figure5.9 are the optimal solutions for the first and
second workload relaxations for this model. The two plots are very different since the
loads at stations one and two are nearly equal. In the one-dimensional relaxation only
q̂∗11 (t) is ever non-zero in the optimal solution fort > 0, while in the two dimensional
relaxationq̂∗22 (t) = 0 for all t > 0, but the other two buffers remain non-zero for a
period of time. The optimal solutionq∗ couples with each relaxation, at times denoted
T̂ ◦i, i = 1, 2. The coupling timêT ◦2 is short relative to the draining time, whilêT ◦1 is
far greater.
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buffer 3 

buffer 2 

buffer 1 

Cost ignored in 

relaxation

t

c(q∗(t))

2c(q̂∗ (t))

Coupling timeT̂ ◦(x)

Figure 5.8: Optimal trajectories for the fluid model and its two-dimensional relaxation
in the simple re-entrant line withc(x) = |x|. The dashed line shows the costc(q̂∗(t;x))
for the optimized workload-relaxation. The two solutions couple,q̂∗(t;x) = q∗(t;x),
for t ≥ T̂ ◦(x).

t

buffer 3 

buffer 2 

buffer 1 

2c(q̂∗ (t))

1c(q̂∗ (t))

T̂ ◦1(x)T̂ ◦2(x)

c(q∗(t))

Figure 5.9: Optimal cost-curves for the first and second workload-relaxations in
the simple re-entrant line. The plot of the costc(q̂∗2(t;x)) coincides with the plot
c(q̂∗(t;x)) shown in Figure5.8 for the two-dimensional relaxation. The plot of the
cost c(q̂∗1(t;x)) is the optimal cost as a function of time for the one-dimensional re-
laxation.
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5.4 Stochastic workload models

5.4.1 Relaxations for the CRW model

Relaxations of a stochastic workload model are constructed just as in the fluid model.
The workload in units of time and the workload in units of inventory each evolve ac-
cording to a CRW model, described by the respective recursions (5.17) and (5.9). For
simplicity we consider here relaxations of the workload in units of inventory for a ho-
mogeneous model; The relaxation of workload in units of time is defined analogously
based on the models introduced in Section5.2.2.

Recall that then × ℓ matrix Ĉ was introduced in Definition5.3.1 to define the
workload relaxation for the fluid model.

Definition 5.4.1.Relaxation for the homogeneous CRW model

Assume that the following conditions hold:

(i) The CRW scheduling model is homogeneous, so that the workload processY

is expressed as (5.11).

(ii) The state processQ is restricted toX⋄ :=X∩Z
ℓ
+, and the allocation processU

is restricted to the setU⋄ defined in (4.5).

Then, for a given integer1 ≤ n ≤ ℓm, thenth relaxationof the CRW model is defined
by then-dimensional recursion,

Ŷ (t+ 1) = Ŷ (t) + Ŝ(t+ 1)̂ι(t) − Ŝ(t+ 1)1 + L̂(t+ 1), t ≥ 0, (5.59)

whereL̂(t) := Ĉ[I−RT]−1A(t), andŜ is then×n diagonal matrix sequence,{Ŝ(t) =
diag(S1(t), . . . , Sn(t)) : t ≥ 1}. The idleness procesŝι is adapted to{Ŝ, L̂, Ŷ }, and
Ŷ is restricted to theworkload space,

Y⋄ = {y = Ĉ[I −RT]−1x : x ∈ X⋄}.

The procesŝY is a relaxation of the workload in units of inventory. The relaxation
of the (conditional) workload in units of time is defined by the simple scalingŴi(t) :=
µ−1
i Ŷi(t), i = 1, . . . , n.

For a given cost functionc : X → R+ the effective cost (5.33) defines a cost func-
tion c on W. This, along with the mappingX ∗ that defines the effective state can be
defined forŶ based on the correspondence betweenŶ andŴ . In particular, the ef-
fective cost onY is defined bycY(y) := c(w), y ∈ Y, withwi :=µ−1

i yi for eachi. When
there is no risk of ambiguity we drop the subscript and letc(y) denote the effective cost
for Ŷ .

The myopic policy for the relaxation is defined as in other models.
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Definition 5.4.2.Myopic policy for a workload relaxation

Suppose thatŶ is the n-dimensional workload model (5.59) with effective cost
cY : Y → R+. ThecY-myopic policy is defined by the feedback law,

φ̂(y) ∈ arg min E[cY(y + Ŝ(1)ι − Ŝ(1)1 + L̂(1))], y ∈ Y⋄,

where the minimum is over allι ∈ R
n
+ such thaty+ Ŝ(1)ι− Ŝ(1)1 + L̂(1) ∈ Y⋄ with

probability one. The queue length processQ̂ is defined as the effective state,

Q̂(t) = X ∗(Ŵ (t)), t ≥ 0,

whereX ∗ : W → X is defined in (5.34), andŴi(t) := µ−1
i Ŷi(t), i = 1, . . . , n.

The proof of Proposition5.4.1(i) is identical to the proof of Proposition5.3.14,
and (ii) is then immediate from Theorem3.0.1and the definition of the optimal average
cost given in Section4.1.3.

Proposition 5.4.1. The following hold for a one-dimensional relaxation (5.59) based
on Stations, for anys ∈ {1, . . . , ℓm}:

(i) ThecY-myopic policy is path-wise optimal.

(ii) The optimal average cost for the unrelaxed model satisfiesη∗x ≥ η̂∗ for all
x ∈ X⋄, where

η̂∗ :=
ci∗
µsξsi∗

(
1
2

σ2
s

µs − λs

)
, (5.60)

with i∗ defined in Proposition5.3.8, λs := µsρs, and

σ2
s := ρsE[(L̂(1) − Ŝ(1))2] + (1 − ρs)E[(L̂(1))2]

⊓⊔

Example 5.4.1.Dai-Wang model

We revisit the model of Dai and Wang under the assumptions of Example4.6.4 to
illustrate the application of Proposition5.4.1.

The two workload processes in units of inventory for a CRW model are defined by,

Y1(t) = 3Q1(t) + 2Q2(t) +Q3(t) +Q4(t) +Q5(t)

Y2(t) = 2
(
Q1(t) +Q2(t) +Q3(t)

)
+Q4(t), t ≥ 0.

(5.61)

It was previously assumed that the second station is a bottleneck, so thatρ1 < ρ2 = ρ•,
with ρ1 = 3α1/µ1 andρ2 = 2α1/µ2.

Consider a one-dimensional relaxation based on the second workload process.
Given any linear cost function on buffer levels, the effective cost onW can be ex-
pressed,

c(w) = c∗w, w ∈ R+, with c∗ = min{1
2c1,

1
2c2,

1
2c3, c4}. (5.62)
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Based on the cost functionc(x) = x1 + 2(x2 + x3 + x4 + x5) we havec1 <
min{c2, c3, 2c4}, andc∗ = 1

2c1 = 1
2 .

The other parameters in the bound (5.60) are obtained as follows:µsξsi∗ = µ2ξ
2
1 =

2, λs = 2α1, ρs = λ2/µ2, and based on the statistics (4.74),

σ2
s = ρ2(µ2 +m2

L) + (1 − ρ2)m
2
L = λ2 +m2

L

wherem2
L = E[(L̂(1))2] = (α1/κ)(2κ)

2 = 2λ2κ. Hence (5.60) becomes,

η̂∗ =
1 + 2κ

4

ρ2

1 − ρ2
.

This lower bound is indicated in Figure4.16for κ = 1, 3, 5 and9. The relative error in
the bound (5.60) decreases as variability increases, corresponding to larger values ofκ.

5.4.2 Controlled Brownian model

Relaxations for the general CRW model can be constructed based on the recursion
(5.17). In many cases the relaxed model is far simpler than the original model in ‘buffer
coordinates’. Here we consider diffusion approximations for these discrete-time work-
load models.

The general controlled Brownian-motion model defined in Definition5.4.3is ob-
tained on adding a Brownian motion to the fluid model equation (5.29).

Definition 5.4.3.Controlled Brownian-motion

The controlled Brownian-motion (CBM) model is the continuous-time controlled
stochastic procesŝW onW subject to the dynamics,

Ŵ (t;w) = w − δt+ Î(t) + N̂(t), Ŵ (0) = w ∈ W, t ≥ 0 , (5.63)

whereδ ∈ R
n denotes thedrift vectorwith components,

δs = 1 − ρs, 1 ≤ s ≤ n.

The state procesŝW , the idleness procesŝI, and the disturbance procesŝN are subject
to the following constraints:

(i) Ŵ is constrained to the workload spaceW defined in (5.21).

(ii) The stochastic procesŝN is a drift-lessn-dimensional Brownian motion,
whose instantaneous covarianceΣ is full rank, i.e.,Σ > 0.

(iii) The idleness procesŝI is constrained to be adapted to the Brownian motion
N̂ , with Î(0) = 0, and

Îs(t1) ≥ Îs(t0), 0 ≤ t0 ≤ t1 <∞, 1 ≤ s ≤ n.

A processÎ satisfying these constraints is calledadmissible.
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Recall that the CBM model was constructed as an approximation for the single
server queue based on the scaling (2.4) for a family of processes{Qκ} parameterized
by κ with load ρκ ↑ 1. A similar ‘heavy-traffic’ scaling can be used in the network
setting. We do not consider this limit theory in this book, beyond what what was
already established for the single server queue.

We turn to the simple re-entrant line to illustrate how a CBM model is constructed.

Example 5.4.2.Simple re-entrant line

Consider the simple re-entrant line under the homogeneity assumption, so that the CRW
model can be expressed according to the recursion (4.10). It follows from (5.8) that the
workload process in units of inventory is defined by the pair of equations,

Y1(t) = 2Q1(t) +Q2(t) +Q3(t);

Y2(t) = Q1(t) +Q2(t), t ≥ 0.
(5.64)

The workload relaxation is defined as the controlled random-walk model,

Ŷ (t+ 1) = Ŷ (t) + S(t+ 1)̂ι(t) − S(t+ 1)1 +C[I −RT]−1A(t+ 1), t ∈ Z+ ,

whereS denotes the two-dimensional i.i.d. matrix sequence{S(t) = diag(S1(t), S2(t)) :
t ≥ 1}. This can be expressed in a form similar to (5.63),

Ŷ (t+ 1) = Ŷ (t) − δ + S(t+ 1)̂ι(t) + N̂(t+ 1), t ≥ 0 . (5.65)

where the drift vector is defined by the mean incrementE[Ŷ (t + 1) − Ŷ (t)] when
ι̂(t) = 0, given by

− δ := α1

(2
1

)
− µ1

(1
0

)
− µ2

(0
1

)
, (5.66)

andN̂(t):=δ−S(t)+C[I−RT]−1A(t), t ≥ 1. Given this description, we can construct
the CBM model so that the first and second order statistics in the two workload models
agree, with drift−δ and covariance matrix isΣ = Cov(N̂(1)).

For example, if the marginal distribution of the i.i.d. process(S1,S2,A1) is as
defined in (4.11), then the covariance isΣ = Cov(N̂ (t)) =

α1

(
−δ+

(
2
1

))(
−δ+

(
2
1

))T
+µ1

(
δ+

(
1
0

))(
δ+

(
1
0

))T
+µ2

(
δ+

(
0
1

))(
δ+

(
0
1

))T
. (5.67)

This model is considered in-depth in Section5.6.2.

The construction of anR-minimal solution for the CBM model is based on Defini-
tion 5.3.2for the fluid model. It is assumed that the polyhedral regionR has non-empty
interior, and has the form (5.31), so that the existence of anR-minimal solution for the
fluid model is characterized using Theorem5.3.3, based on the projection[ · ]R. We
have seen that the existence of the projection requires some assumptions on the setR
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for dimensions2 or higher. Figure5.2 shows an example in which a minimal process
does not exist from each initial condition in this three dimensional fluid model, and the
same conclusion will be reached in the three dimensional CBM model.

We begin with the following refinement of the deterministic workload model
through the introduction of an additive disturbance: Fix a continuous functiond : R+ →
R
n satisfyingd(0) = 0, and consider the controlled model,

ŵ(t) = w − tδ + I(t) + d(t) , t ≥ 0. (5.68)

An idleness processI is again called admissible if it has non-decreasing components,
with I(0) = 0, andŵ(t) ∈ W for all t > 0.

Proposition5.4.2establishes the existence of anR-minimal solution for the model
(5.68) whenever it exists for the disturbance-free model (withd ≡ 0.) TheL∞-norm
in Proposition5.4.2(ii) is given by,

‖d − d′‖[0,t] := max
0≤s≤t

‖d(s) − d′(s)‖, t ≥ 0, (5.69)

where‖ · ‖ denotes the Euclidean norm.
The existence of a minimal solution can be regarded as a multi-dimensional gen-

eralization of theSkorokhod mapdescribed in Section3.1.2.

Proposition 5.4.2. Suppose that the setR is given in (5.31), and that the point-wise
projection [ · ]R : R

n → R exists. Then,

(i) An R-minimal solutionŵ◦ exists for each continuous disturbanced, and each
initial conditionw ∈ W.

(ii) There exists a fixed constantkR <∞ satisfying the following: For any two ini-
tial conditionsw,w′ ∈ W, and any two continuous disturbance processesd,d′,
the resulting workload processes{ŵ◦( · ;w), ŵ◦′ ( · ;w′)} obtained with the re-
spective initial conditions and disturbances satisfy the following bounds fort ≥ 0:

‖ŵ◦(t;w) − ŵ◦′(t;w′)‖ ≤ kR
[
‖w − w′‖ + ‖d − d′‖[0,t]

]
.

(iii) For eachŵ◦(0) ∈ W, i ∈ {1, . . . , ℓR}, andj 6= ji,
∫ ∞

0
1
(
ŵ◦(t) ∈ F (i), ŵ◦(t) 6∈ F (i′) for i′ 6= i

)
dIj(t) = 0.

Proof. Fix r ≥ 1 and definetk = r−1k for k ≥ 0. We define the piecewise linear,
continuous disturbancedr as follows: It is linear on[tk, tk+1), anddr(tk) = d(tk) for
eachk ≥ 0. The piecewise linear minimal procesŝwr may be defined inductively by
ŵr(t) = [[w]R − tδ]R for t ∈ (0, t1], and fork ≥ 1,

ŵr(t) = [ŵ(tk) − (t− tk)δ + (t− tk)(d(tk+1) − d(tk))]R, t ∈ [tk, tk+1].

This is the minimal solution for the disturbancedr. The continuity property Propo-
sition 5.4.2 (ii) can be verified withkR independent ofr ≥ 1, and (iii) is a direct
consequence of Proposition5.3.5(iii) and the definition ofŵr.
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Sinced is continuous it is uniformly approximated by the{dr : r ≥ 1} in L∞[0, t]
for eacht > 0. We conclude that{ŵr : r ≥ 1} is a Cauchy sequence inL∞[0, t], and
hence it is convergent to some function̂w◦. The limiting processŵ◦ is the desired
solution in (i), and this satisfies the properties stated in (ii) and (iii). ⊓⊔

Proposition5.4.2leads to the following extension of Definition5.3.2.

Definition 5.4.4.Minimal solution

Suppose that the pointwise projection[ · ]R exists. TheR-minimal solution for the CBM
model is the pair(Ŵ , I) coinciding with theR-minimal solution for (5.68) with d =
N .

The resulting idleness processI is random sinceN is assumed to be a Gaussian
stochastic process. The controlled processŴ is a time-homogeneous, strong Markov
process. The strong Markov property follows from the sample-path construction ofŴ

[469].

5.5 Pathwise optimality and workload

In this section we apply workload relaxation techniques to establish pathwise optimal-
ity in several special cases.

5.5.1 Klimov model

Recall that the Klimov model was defined in Section2.2as the single-station schedul-
ing problem based on a linear cost functionc : X → R+. Thec-µ rule was introduced,
which is precisely thec-myopic policy, and we found that this defined a pathwise op-
timal solution for the fluid model. Similar conclusions can be reached for the CRW
model. We begin with the simplest case in which pathwise optimality is feasible.

Homogeneous model

The homogeneous Klimov model can be expressed as follows,

Qi(t+ 1) = Qi(t) − S(t+ 1)Ui(t) +Ai(t+ 1), t ≥ 0, 1 ≤ i ≤ ℓ,

whereS is a (scalar) i.i.d. Bernoulli sequnce, andA is i.i.d. onZ
ℓ
+ with finite second

moment. The workload process in units of inventory is defined as the sumY (t) =∑
Qi(t), and evolves as a single server queue,

Y (t+ 1) = Y (t) − S(t+ 1)U(t) + L(t+ 1), t ≥ 0,

whereL(t) =
∑
Ai(t) andU(t) =

∑
Ui(t). Pathwise optimality requires that the

policy be non-idling:U(t) = 1 if Y (t) ≥ 1. This does hold for thec-µ rule, and in fact
we do have,
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Proposition 5.5.1. The c-µ rule is pathwise optimal for the homogeneous Klimov
model.

Proof. Assume without loss of generality that the cost parameters are ordered so that
c1 ≥ c2 ≥ · · · ≥ cℓ. The c-µ rule is then the priority policy satisfying for each
m ∈ {1, . . . , ℓ},

U [m](t) :=
m∑

i=1

Ui(t) = 1 whenever Y [m](t) :=
m∑

i=1

Qi(t) ≥ 1. (5.70)

We interpretY [m](t) as the workload at timet for all of them most costlyunfinished
jobs.

On lettingL[m](t) =
∑m

i=1Ai(t) we find that the partial workload also evolves as
a single server queue,

Y [m](t+ 1) = Y [m](t) − S(t+ 1)U [m](t) + L[m](t+ 1), t ≥ 0, (5.71)

and the priority policy is precisely the non-idling policy forY [m].
It follows that under thec-µ rule policy,Y [m] is pathwise optimal for eachm. This

completes the proof since,

c(Q(t)) = cℓY (t) +

ℓ−1∑

m=1

(cm − cm+1)Y
[m](t)

⊓⊔

Homogeneous cost

Suppose thatc(x) = |x| =
∑
xi, but the service rates depend upon the customer class.

The c-µ rule gives priority to the buffer with the largest service rate in this case. We
assume that the buffers are ordered so thatµ1 ≥ µ2 ≥ · · · ≥ µℓ.

The CRW model is given by theℓ-dimensional recursion (5.13) whereA is again
i.i.d. with finite second moment, and eachM i is Bernoulli with meanµi. Suppose that
the following stochastic dominance condition holds: for eachm ∈ {1, . . . , ℓ}, and any
time t,

Mm(t) = 1 ⇒Mi(t) = 1 for each1 ≤ i ≤ m. (5.72)

Then, under thec-µ rule, the proof of Proposition5.5.1can be adapted to show that the
processY [m] defined in (5.70) is again pathwise optimal for eachm. This gives,

Proposition 5.5.2. Suppose that (5.72) holds for the Klimov model, and thatci = c1
for eachi. Then, thec-µ rule is pathwise optimal.

Lastly, we turn to the general model.
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Pathwise optimality in the mean

Consider the general Klimov model (5.13) with general linear cost function. As before
it is assumed that thec-µ rule defines the priority policy (5.70), which means that the
buffers have been ordered so thatc1µ1 ≥ c2µ2 ≥ · · · ≥ cℓµℓ.

We consider partial workload as before, but now measured in units of time,

W [m](t) :=

m∑

i=1

µ−1
i Qi(t), t ≥ 1, m ∈ {1, . . . , ℓ}.

We have

c(Q(t)) = cℓµℓW (t) +

ℓ−1∑

m=1

(cmµm − cm+1µm+1)W
[m](t).

Hence, the expectationE[c(Q(t))] is minimized if the expectation of each of{W [m](t) :
1 ≤ m ≤ ℓ} are simultaneously minimized. Proposition5.5.3shows that thec-µ rule
achieves this, and thereby proves that this policy ispathwise optimal in the mean, in
thatE[c(Q(t))] is minimized over all policies for each timet.

Proposition 5.5.3. For the general Klimov model,E[W [m](t)] is minimized under the
c-µ rule at each timet ≥ 1, and eachm ∈ {1, . . . , ℓ}.

Proof. Similar to the proof of Proposition5.5.2, the proof here rests on a particular
probabilistic representation of the queue. In this case we apply the workload in units
of time for the Klimov model introduced in Section5.2.2.1.

Suppose that for eachi ∈ {1, . . . , ℓ}, thejth customer to be serviced at bufferi
requiresGi,j time-units of service. The random variables{Gi,j : 1 ≤ i ≤ ℓ, j ≥ 1} are
i.i.d. with geometric distribution satisfying,

P{Gi,j = T + 1 | Gi,j > T} = µj, T ≥ 0.

LetW [m](t) denote theactual timerequired to clear all of the customers in the system
at timet, ignoring future arrivals. This partial workload process evolves according to
the recursion,

W [m](t+ 1) = W [m](t) − U [m](t) + L[m](t+ 1),

whereU [m](t) :=
∑m

i=1 Ui(t) and{L[m](t) : t ≥ 1} is i.i.d. with common distribution
given by,

L[m](t) ≈
m∑

i=1

1{Ai(t) ≥ 1}
Ai(t)∑

j=1

Gi,j(t).

Whenm = ℓ we obtainL[m](t) = L(t) (defined in (5.14).)
Thus{W [m](t) : t ≥ 0} evolves exactly as the CRW model for the single server

queue. We conclude that the non-idling policy is optimal,
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U [m](t) :=
m∑

i=1

Ui(t) = 1 whenever W [m](t) ≥ 1.

The proof is completed on noting thatE[W [m](t)] = E[W [m](t)] for eacht. ⊓⊔

X̄

c(x

x

x) ≤ c(x∗
x∗

)

ξ

2

1

Figure 5.10: Extreme point̄Q∗ optimizing the linear program (5.73).

The conclusion of Proposition5.5.3can also be reached by constructing a linear
program that characterizes the optimal cost, and considering extreme points in the con-
straint set. Let̄X ⊂ R

ℓ
+ denote the set of all possible average-state values,

X̄ = {Eφ[Q(t)] : φ is stationary}

where the expectation is taken in steady-state (given by infinity if the controlled process
is not ergodic.) Since the cost is assumed linear, for any stationary policyφ we must
have, for somex ∈ X̄,

E
φ[c(Q(t))] = cTx.

Consequently, the optimization problem can be cast as the linear program,

min cTx

s. t. x ∈ X̄.
(5.73)

Without loss of generality the optimizer can be chosen as an extreme point inX̄. It
follows from Proposition5.5.3 that the optimizing extreme point coincides with the
c-µ priority policy.

This point of view is the basis of the linear programming approaches to optimiza-
tion considered in Sections9.2and9.3.

5.5.2 Single-station re-entrant line

Consider the homogeneous re-entrant line consisting of a single station, defined by the
ℓ-dimensional recursion,

Q(t+ 1) = Q(t) +A1(t+ 1)11 + S(t+ 1)

ℓ∑

i=1

Ui(t)[1
i+1 − 1i], (5.74)

where we define1ℓ+1 := 0. For this homogenous model there is a pathwise optimal
solution provided the cost is also homogeneous.
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Suppose thatc(x) = |x| =
∑
xi. The myopic policy for the fluid model coincides

with LBFS in the simple re-entrant line, and the same holds true for any re-entrant line.
The analysis of the CRW model under this policy is almost identical to the homoge-
neous Klimov model.

The quantityY [m](t) is now defined by,

Y [m](t) :=
ℓ∑

i=m

(m− i+ 1)Qi(t) t ≥ 0.

This is interpreted as the workload in units of inventory, for all “down-stream” jobs, at
time t. We haveY (t) = ΞYQ(t) = Y [1](t) using Definition5.2.1. The LBFS policy
can be described as follows: for eachm ∈ {1, . . . , ℓ},

U [m](t) :=

ℓ∑

i=m

Ui(t) = 1 whenever Y [m](t) ≥ 1. (5.75)

Based on this representation, similar to the proof of Proposition5.5.1we have,

Proposition 5.5.4. The LBFS policy is pathwise optimal for the single-station, homo-
geneous re-entrant line with cost function equal to theℓ1 norm,c( · ) ≡ | · |. ⊓⊔

In moving to multiple-resource models pathwise optimality is typically infeasible.
In such cases we consider a workload relaxation. Conditions for the existence of a
pathwise optimal solution are transparent for the relaxation. When pathwise optimality
is not feasible it is revealing to understand why.

5.5.3 Workload models

The simplest case tells most of the story: A criterion for pathwise optimality is easily
obtained in a one-dimensional relaxation.

Proposition 5.5.5. Consider the workload model (5.11) in one-dimension,

Y (t+ 1) = Y (t) − S(t+ 1) + S(t+ 1)ι(t) + L(t+ 1), t ≥ 0, (5.76)

where(S,L) is an i.i.d. process onZ2
+ andS is Bernoulli. If the cost functioncY : Y →

R+ is monotone, then the non-idling policy is pathwise optimal. ⊓⊔

Monotonicity is of course critical. For example, in the simple inventory model
introduced in Section2.6 in which Y = Z the state process evolves as (5.76), yet
pathwise optimality is impossible since the cost function cannot be monotone.

A single example illustrates how Proposition5.5.5can be generalized to multidi-
mensional workload models.

Example 5.5.1.KSRS model

Consider the KSRS model withX = R
4
+, and cost functionc : R

4 → R+ equal to the
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ℓ1 norm. The effective cost for the two-dimensional relaxation was computed in two
particular cases in Example5.3.3. Figure5.3 shows the sublevel sets of the effective
costc : R

2
+ → R+. In Case 1 the effective cost is monotone, while in Case 2 it is not.

The non-idling policy is pathwise optimal in Case 1 since the resutling workload
process is minimal. It is also easily seen that in Case 2 pathwise optimality cannot hold
for any policy.

In conclusion, pathwise optimality holds if and only if the effective cost is mono-
tone.

For workload models of dimension3 or higher the situation is more complex even
whenc is monotone since a minimal solution may not exist. It was shown in Theo-
rem5.3.3that the existence of a minimal solution is equivalent to the existence of the
projection operator[ · ]Y.

We now consider how to optimize when the effective cost is not monotone.

5.6 Hedging in networks

The main conclusion in Section4.4 is that safety-stocks are sometimes necessary to
compensate for variability and delay in a stochastic network. Here we describe a second
important aspect of control in the face of variability. In a workload model the following
class of policies generalizes the hedging-points defined earlier in the one-dimensional
inventory model.

This definition applies to any of the workload models defined in this chapter, both
deterministic and stochastic. We use the notationY for workload in this section since
our main examples treat workload in units of inventory.

Definition 5.6.1.Affine policies

Suppose thatR ⊂ Y is a polyhedral region of the form,

R = {y ∈ Y : 〈ni, y〉 ≥ 0 , 1 ≤ i ≤ ℓr}.

Givenaffine-shift parameters{βi : 1 ≤ i ≤ ℓR} ⊂ R+, we define the affine constraint
region,

R(β) = {y ∈ Y : 〈ni, y〉 ≥ −βi , 1 ≤ i ≤ ℓR}. (5.77)

The associatedaffine policyfor an n-dimensional workload model is defined as the
idleness process associated with the minimal process onR(β), assuming this exists.

Typically we defineR = R(0) based on the fluid model. It is assumed that a
piecewise-linear cost function is given,

c(y) = max〈ci, y〉, y ∈ R
n. (5.78)

The constraint regionR(0) is either the optimal constraint region for the fluid model,
or the regionY

+ that defines the myopic policy. The regionR(β) is thus an affine
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enlargement of the constraint region for the fluid model whenβ > 0. The constants
{βi} are interpreted as hedging-points for the workload model.

We postpone analysis to Chapter9, based on some preliminary results described
in Chapter7. In this section we introduce the main concept used to construct hedging-
points, and present a detailed example.

5.6.1 Height process

Here we introduce a general two-dimensional workload model. For the purposes of
optimization it is convenient to relax integer constraints: The workload processY is
simply constrained to a convex coneY ⊂ R

2, and evolves in discrete-time according
to the recursion,

Y (t+ 1) = Y (t) − µ+ ι(t) + L(t+ 1), t ≥ 0, Y (0) ∈ Y. (5.79)

It is assumed thatµ ∈ R
2
+, and thatL an i.i.d. sequence taking values inR

2
+ ∩ Y,

with meanλ ∈ R
2
+ satisfyingλ < µ. The idleness increment processι also takes on

non-negative values. This may be viewed as a relaxation of the workload in units of
time defined in (5.17), in which caseµ = 1 andL(t) = L(t). The two-dimensional
fluid model is defined as in (5.24) by,

y(t) = y(0) − δt+ I(t), t ≥ 0, y(0) ∈ Y,

whereδ := µ− λ > 0.
The cost functionc : Y → R+ is piecewise linear. To describe structural properties

of optimal control solutions in two dimensions we simplify discussion by assuming
that the cost function is monotone in its first variabley1. Under this assumption, the
monotone regionY+ can be expressed as the coneY

+ = {y ∈ Y : y2 ≥ m∗y1} for
somem∗ > 0. This allows us to focus attention on a single switching curve that defines
an optimal policy for the workload model.

In the approximations described here based on the affine region (5.77) we always
chooseR(0) = Y

+. Let c+, c− ∈ {ci} denote the cost vectors that define the lower
boundary ofY+. By definition of the monotone region and the constantm∗ we must
have,

c+1 ≥ 0 , c+2 ≥ 0 , c−1 ≥ 0, c−2 < 0,

and c((1,m∗)
T) = c+1 +m∗c

+
2 = c−1 +m∗c

−
2 .

(5.80)

We consider several separate cases, according to the structure of the effective cost:

CASE I The effective costc is monotone onY, i.e.,Y+ = Y.

CASE II The effective costc is not monotone onY, andδ ∈ Y
+.

CASE II* The effective costc is not monotone onY, and the vectorδ lies
in the interior ofY+.

CASE III The effective costc is not monotone onY, andδ 6∈ Y
+.

CASE IV Y
+ = ∅.
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The following taxonomy is obtained for control solutions:

(i) In Case I the work-conserving policy is optimal for the CBM and fluid models.
For the CRW model the policy that makesY minimal onY is optimal, provided a
minimal solution exists.

(ii) In Case II the two-dimensionalfluid modeladmits a path-wise optimal solution
from each initial condition: The optimal trajectories evolve inY

+ for t > 0, and
y∗ is the minimal process onY+.

(iii) In Case III path-wise optimality cannot hold for arbitrary initial conditions, even
in the fluid model. Optimal trajectories for the fluid model evolve in a closed
positive coneR∗(0) ⊂ Y that is strictly larger thanY+.

(iv) Case IV is unusual, although we have seen in Example5.3.4 that Y
+ = ∅ is

possible for a workload relaxation of the tandem queues.

The structural properties of optimal policies described informally here, and strength-
ened in later chapters, are obtained through an associatedheight processdefined with
respect to the half-line{y2 = m∗y1 : y1 ≥ 0} defining the lower boundary ofY+. It is
formally defined as the difference,

H(t) = Y2(t) −m∗Y1(t), t ≥ 0, (5.81)

and up until the first timeτ1 thatι1(t) is non-zero it evolves as follows,

H(t+ 1) = H(t) − µH + ι2(t) + LH(t+ 1), 0 ≤ t < τ1, (5.82)

whereLH(t) := L2(t) − m∗L1(t) andµH = (−m∗, 1)µ = µ2 − m∗µ1. A typical
sample path of the height process is illustrated in Figure5.11, with Y controlled using
an affine policy.

The processH is similar to a CRW model of a simple inventory model of the form
introduced in Section2.6. This similarity is strengthened on introducing a cost function
cH : R → R+ for the height process,

cH(x) = c+Hx+ + c−Hx−, x ∈ R,

wherec+H = c+2 andc−H = |c−2 |, based on (5.80).
In our approximation of the optimal policy we consider the following relaxation in

which it is allowable to setι1(t) = 0 for all t:

Definition 5.6.2.Unconstrained process

Theunconstrained processY ∞ is the workload model satisfying (5.79), but with the
state-space constraintY (t) ∈ Y relaxed, so thatY ∞ evolves inR

2. The cost function
for the unconstrained process is a relaxation of (5.78),

c∞(y) := max{〈c+, y〉, 〈c−, y〉}, y ∈ R
2. (5.83)

The associated height process is denotedH∞(t) := Y∞
2 (t) −m∗Y∞

1 (t), t ≥ 0, with
cost functioncH .
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Y
+

y1

s∞
∗

(y1)

s∞
∗

(y1;0)

y2

Optimal policies for 

the unconstrainted process

Y (t)

H(t)

Figure 5.11: Workload model controlled using an affine policy and the associated
height process. The dark grey region is infeasible forY , but this constraint is dis-
regarded in the unconstrained model with state processY ∞. The light grey region
indicates the monotone region for the effective costc. The height processH∞ is posi-
tive recurrent in Case II* when the policy is affine.

We will see that a discounted-cost optimal policy forY ∞ is precisely affine:
ι∞∗
1 (t) = 0 for all t, and for some constanty∗2 ≥ 0,

ι∞∗
2 (t) = max(0,−y∗2 −H∞∗

2 (t)), t ≥ 0. (5.84)

The resulting workload process is minimal on a half-space inR
2. The height process

evolves according to the recursion,

H∞(t+ 1) = max(H∞(t),−y∗2) − µH + LH(t+ 1). (5.85)

For the two-dimensional model (5.79) the discounted-cost optimal policy is ap-
proximated by an affine policy of the form (5.84). Approximations are obtained
for the average-cost optimal policy in Case II* only. The significance of Case II*
is that the height processH∞ satisfying (5.85) is positive recurrent if and only if
δH := δ2 − m∗δ1 > 0, so that its steady-state mean is finite (see Theorem3.0.1.)
It follows from the definitions thatδH > 0 precisely when the assumptions of Case II*
are satisfied.

These remarks are intended to convey the main ideas. With a bit more work we
can obtain an explicit expression for the value of the hedging-pointy∗2. We return to
this in Section7.5, where a precise statement is provided in Theorem7.5.1.

5.6.2 Case study: Simple re-entrant line

Consider the simple re-entrant line shown in Figure2.9 with c the ℓ1 norm, so that
c(x) = |x| equals the total inventory. It is assumed that the model is homogenous,
which in this example implies thatµ1 = µ3. We consider several sets of parameters
{µi, α1}, and in each case construct policies for a CRW model and its relaxation.

We consider several models simulataneously:

(i) The CRW model evolves according to the three-dimensional recursion (4.10).

Copyright Cambridge University Press 2007. On-screen viewing permitted. Printing not permitted. 
http://www.cambridge.org/us/catalogue/catalogue.asp?isbn=9780521884419



Control Techniques for Complex Networks Draft copy April 22, 2007 203

(ii) The two-dimensional workload relaxation in units of inventory for the fluid and
CRW models,

d+

dt ŷ1(t) = µ1ι̂(t) + 2α1 − µ1

d+

dt ŷ2(t) = µ2ι̂(t) + α1 − µ2 (5.86)

Ŷ1(t+ 1) − Ŷ1(t) = −S1(t+ 1) + S1(t+ 1)̂ι1(t) + 2A1(t+ 1)

Ŷ2(t+ 1) − Ŷ2(t) = −S2(t+ 1) + S2(t+ 1)̂ι2(t) +A1(t+ 1), (5.87)

with initialization Ŷ (0), ŷ(0) ∈ Y := {y ∈ R
2
+ : y2 ≤ y1}.

(iii) The CBM model described in Example5.4.2whose driftδ and covarianceΣ are
chosen to approximate the first and second order statistics in the CRW model
(5.87).

(iv) The unconstrained procesŝY
∞

that evolves as in (5.87) onY
∞ := R

2, as well as
associated height processes.

5.6.2.1 Hedging and workload

The two-dimensional relaxation of this model is examined in Example5.3.5. With c
theℓ1-norm, the expression (5.46) implies that the effective cost is given as a function
of y ∈ Y by,

c(y) = max(y2, y1 − y2) . (5.88)

The plot of the level sets ofc shown in Figure5.6 shows that the effective cost is
not monotone in this example: The monotone region is a strict subset ofY, and is
independent of the service and arrival rates,

Y
+ := {y ∈ R

2
+ : 1

2y1 ≤ y2 ≤ y1} .

An optimal solution for the fluid workload-relaxation (5.86) is described by the
linear policyobtained in Example5.3.8,

Work resource 2 at maximal rate ify2 > m∗y1,

wherem∗ ∈ [0, 1
2 ] is a constant. For the CRW relaxation we consider affine policies of

the specific form,

Work resource 2 at maximal rate ify2 > m∗y1 − y2 . (5.89)

For the3-dimensional CRW model we consider translations of (5.89) to buffer-coordinates.

5.6.2.2 Policy translation

We now compare a family policies for the three-dimensional CRW model inspired by
the form of the affine policy (5.89).
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Figure 5.12: Contour and surface plots of average cost for Case II (a). The constant
y1 = 2y2 is used in the affine policy (5.90).
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Figure 5.13: Contour and surface plots of average cost for Case II (b)
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On substitutingy1 = 2x1 +x2 +x3 andy2 = x1 +x2 into the inequality in (5.89)
we obtainx1 + x2 > m∗(2x1 + x2 + x3) − y2, which we interpret as a warning that
Station2 should not be starved of work.

Whenm∗ = 1
2 this becomesx2 > x3 − y1, wherey1 := 2y2. This motivates the

following candidate policy for the three dimensional model based on the hedging point
y1 and an additional safety-stockx2,

Serve buffer one if buffer three is zero, or
x3 < x2 + y1, x2 ≤ x2, andx1 > 0.

(5.90)

For the fluid model, the optimal parameters arex2 = y1 = 0. The parametery1 is
interpreted as a hedging-point since it is defined with respect to the workload model.
The safety-stockx2 is used to compensate for delay when transferring inventory from
buffer one to buffer two.

Consider the following two instances of Case II for this model:

Case II(a) µ1 = µ3 = 20, µ2 = 10, α1 = 9. ρ1 = ρ2 = 9/10.

Case II(b) µ1 = µ3 = 20, µ2 = 11, α1 = 9. ρ1 = 9/10 andρ2 = 9/11.

In each instance the vectorδY = (µ1 − λ1, µ2 − λ2)
T lies within the monotone region

Y
+, whereλ1 = 2α1 andλ2 = α1. The optimal policy for the fluid model is defined

by the switching-curvey2 = m∗y1 with m∗ = 1
2 , since this defines the lower boundary

of Y+.
Figure5.12shows results from simulation of the controlled network for arange

of parameters using the affine policy (5.90) in Case II (a). For each data-point the
simulation was run for5× 106 time units, starting with an empty network. We see that
the best affine shifty1 is very large. However, sensitivity with respect to this parameter
is extremely small.

Figure 5.13 shows the results from simulation experiments in Case II (b).The
sensitivity is much higher to the thresholdy1 since the switching curve is attracting, in
the sense that the height process is positive recurrent. The optimal values based on this
simulation arey∗1 = 9 andx∗2 = 1.

We now consider an instance of Case III using the rates seen previously in (2.26).
The loads at the two machines areρ1 = 9

11 andρ2 = 9
10 respectively. In this case one

would expect lower sensitivity with respect to the policy since the mean drift forces the
process away from the optimal switching-curve for both stochastic and fluid models.

The infinite-horizon optimal control for the fluid model is given by the switching
curve illustrated in Figure2.10. For this set of parameters it is expressed,

Serve buffer one if buffer three is zero, orx1 > x3 andx2 = 0 (5.91)

The optimal policy (5.91) enforces the following condition fory:

Work resource 2 at maximal rate if y2 >
1
3y1.

(5.92)
An affine translation is implemented as follows: From the expressions forY1 andY2

given in (5.64) we writey2 >
1
3y1 − y2 as
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Figure 5.14: Contour and surface plots of average cost for affine policies in Case III.

x1 + x2 >
1
3 (2x1 + x2 + x3) − y2

which can be simplified to2x2 + x1 > x3 − y1, wherey1 = 3y2. For y1 ≥ 0 and
x2 ≥ 0 we define the policy for the CRW model,

Serve buffer one if buffer three is zero, or2x2 + x1 > x3 − y1 andx2 ≤ x2, (5.93)

wherex2 is again interpreted as a static safety-stock. The average cost optimal policy is
illustrated in Figure4.11. The policy (5.93) is a good fit with the optimal policy when
x2 = 2 andy1 = 10.

Shown in Figure5.14are the results of a simulation of the policies defined in (5.93)
with x̄2 = 1, 2, . . . , 12 andy1 = 1, 2, . . . , 36. The simulation was run forT = 5× 106

simulation steps.
This example illustrates the relative sensitivity of cost to control parameters. On

a fluid scale, the sensitivity of cost with respect to the thresholdx2 ≤ x̄2 is strictly
positive. On the other hand, the first-order sensitivity is zero for perturbations of the
switching curvey2 = 1

3y1. The contour plot given in Figure5.14 shows that this
dichotomy is inherited by the stochastic model in this example. Sensitivity with respect
to y1 is extremely low, while sensitivity with respect tox2 is relatively high.

5.6.2.3 Buffer constraints

Suppose now that buffer constraints are imposed. We takeb2 = b3 = ∞, and vary the
constraintb1 on buffer one. Transforming (5.48) to workload in units of inventory we
arrive at the following expression for the effective cost,

c(y) = max(y2, y1 − y2, y1 − b1) . (5.94)

The workload space is the same as in the unconstrained case,Y = {y ∈ R
2
+ : y2 ≤ y1}.

In Case II an optimal solution for the two dimensional fluid relaxation will main-
tain ŷ∗(t) ∈ Y

+ for all t > 0, and anyy ∈ Y. As b1 decreases, the idle time at Station 2
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Figure 5.15: Surface plots of average cost for the CRW model in Case II (a) with buffer
constraints. The sensitivity estimate (5.98) is nearly exact in this example. Sensitivity
with respect toy1 remains very small.

decreases in an optimal control solution. In the limiting case whereb1 = 0 the optimal
solutionŷ∗ is point-wise minimal.

Computing the sensitivity of cost with respect to a buffer constraintbi <∞ in the
fluid model is straightforward: Applying (5.39),

∂

∂bi
c(q̂∗(t)) = −ψi1(q̂∗i (t) = bi) , (5.95)

whereψi ≥ 0 is a Lagrange-multiplier, and̂q∗ is the optimal solution to the relaxation
on the constrained state space.

Consider now the stochastic workload-relaxation. Suppose that the policy is fixed,
and that the state spaceY and the workload procesŝY do not depend onb in a neigh-
borhood of some valueb0 of interest. In this case we obtain an exact expression for
first-order sensitivity since only the effective costc is subject to variation. To obtain a
simple form writec(Ŷ (t)) = c(Q̂(t)), whereQ̂(t) = X ∗(Ŷ (t)) is the effective state.
Hence, exactly as in (5.95) we obtain,

∂

∂bi
c(Ŷ (t)) = −ψi1(Q̂i(t) = bi) .

Remember, there is nothing probabilistic in this argument: The costc(Ŷ (t)) varies
with bi only because the cost functionc depends onbi. On taking expectations (and
exchanging derivative and expectation) we obtain,

∂

∂bi
E[c(Ŷ (t))] = −ψiP(Q̂i(t) = bi). (5.96)

If the policy in workload space also changes withbi then the formula (5.96) must be
modified to take this into account.

We conclude with results from a single numerical experiment in Case II (a).
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In the CRW model (4.10) it is impossible to maintain a strict upper bound onQ1 -
we simply impose the constraint that buffer one receives priority wheneverQ1(t) ≥ b1.
A policy of this form will maintain a constraint of the formQ1(t) ≤ b1 +K with high
probability (of order1−(9/20)K ). The control laws forQ considered in the numerical
experiments below are modifications of those given in (5.90):

Serve buffer one if buffer three is zero, or
x3 < x2 + y1 andx2 ≤ x2 andx1 > 0 , or
x1 ≥ b1.

(5.97)

For this policy we use the expression (5.96) as a guide in an approximation of
sensitivity with respect tob1. Applying (5.94) we obtainψ1 = 1, which suggests the
sensitivity approximation,

[
E
b1=k[c(Q(t))] − E

b1=k−1[c(Q(t))]
]
≈ −[Pb1=k(Q1(t) ≥ k)], k ≥ 1.

The right hand side converges to zero geometrically fast ask → ∞. The simplest case
is k = 1 since the resulting policy is First-Buffer First-Served (FBFS). In this case
Q1 is equivalent to an M/M/1 queue with arrival rateα1 and service rateµ1. For the
numerical values considered here it follows from Proposition3.4.1that

P(Q1(1) ≥ 1) = α1/µ1 = 9/20,

and this gives the approximation,

E
b1=1[c(Q(t))] − E

b1=0[c(Q(t))] ≈ −9/20. (5.98)

The surface plot shown in Figure5.15shows the steady-state meanE
b1=k[c(Q(t))],

computed via simulation, for a range ofk under the policy (5.97). Again, for each data-
point in this plot, the simulation was run for5× 106 time units, starting with an empty
network. We see in this example that the approximation (5.98) is nearly exact.

The value of the workload relaxation in this example is its use in visualizing the im-
pact of policy decisions. Almost any statistic of interest can be computed numerically
for the full network model for a network with only three buffers and two stations. In
more complex networks, nothing is explicitly computable for the full network model.
In such cases we can again construct a workload relaxation to obtain sensitivity and
performance estimates that will serve as a guide to policy selection, or design issues
such as the choice of total buffer storage capacity.
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5.7 Notes

Many of the concepts in this chapter, such as theeffective costandstate space collapse
are borrowed from the heavy-traffic literature on stochastic networks. The central idea
is to construct a parameterized family of networks with increasing network load, as
constructed for the single server queue in Section3.2.2. Under appropriate conditions
on the network and policy, then-dimensional process{Ξ̂Q(t) : t ≥ 0} is approximated
by a version of the CBM model.

Soon after the seminal work of Kingman [303, 304], heavy-traffic theory was
developed by Iglehart and Whitt [277, 278, 491], Foschini and Salz [192], Harrison,
Reiman, Williams and others [230, 240, 406, 232, 244, 233, 329]. The network shown
in Figure4.15was introduced in [133] to show that a heavy-traffic limit may not exist
in a network setting.

See Kimura’s survey [302] for the state of the art in 1993. Harrison [237, 236]
and Bramson and Williams [88] contain more up-to-date bibliographies, as well as
[85, 499, 325, 494] and the monographs by Kleinrock [305], Asmussen [24], and Chen
and Yao [99].

The construction of workload in units of time described in Section5.2.2is adapted
from the classical construction in the M/G/1 queue [114].

The viewpoint of this chapter is similar to [294] where no attempt is made to justify
a heavy-traffic limit. Rather, a candidate CBM model is considered so that “important
features of good control policies are displayed in sharpest relief”. The CRW workload
model, like the CBM model, allows independent modelling of variability and drift.
An advantage of the discrete time workload model is that solutions always exist, and
performance evaluation is straightforward through simulation.

The fact that one obtains a model of reduced dimension as a relaxation without
constructing a Brownian model was first applied in Neil Laws’ thesis [335]. Laws in-
troduces a one-dimensional relaxation of a stochastic network to obtain a performance
bound similar to Proposition5.4.1. In this thesis and [294] the authors also consider
the CBM model with applications to policy synthesis. Extensions are contained in
[242, 207, 334, 488, 389, 123], and surveyed in [293].

The multi-dimensional workload relaxation for the fluid model was introduced in
[361]. Multi-dimensional relaxations for the stochastic CRW model are considered in
[106, 255, 362, 363], and an application to electric power networks is containedin
[104]. Affine polices were proposed in [357, p. 194].

There are parallels between workload relaxations and the theory of two-time-
scale Markov processes, as described in books by Ethier and Kurtz [171] and Yin
and Zhang [503]. Consider a family of Markov chains parameterized byε ∈ [0, 1].
For each parameter the Markov chain is defined via a transition matrix of the form
P ε = P 0 + ε∆, whereP 0 is itself a transition matrix, and the matrix∆ satisfies
∆1 = 0. The setting is analogous to the parameterization of a network by load, where
P 0 corresponds to a network satisfyingρ• = 1. The concepts developed in [503] are
themselves an extension of the singular perturbation technique for model reduction in
deterministic dynamical systems, as described in Kokotovic et. al. [309].
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Also similar to a workload relaxation is the use ofcoarse variablesto approxi-
mate the dynamics of molecular structures. The origins of this approach lie in the work
of Mori and Zwanzig [375, 505], which remains an important tool for model reduc-
tion in statistical mechanics [111, 297]. A version of this technique is summarized in
PropositionA.1.1 in the Appendix. Recently, attempts have been made to extend these
techniques for application to the type of production systems considered in Chapter7 -
see [504].

The Skorokhod map is introduced in an analysis of Jackson networks in Harrison
and Reiman [240], and applied to prove heavy-traffic limit theorems in Reiman[406].
The origin is of course Skorokhod [451]. The minimal process onR is the subject
of the thesis of P. Yang [502]. Proposition5.3.5 (ii) is given in [502, Lemma 4.4].
Theorem5.3.13is taken from [363]. Proposition5.4.2is a minor extension of [361,
Theorem 3.10]. Far deeper and more general results can be found in work of Soner and
Shreve [454] and Dupuis and Ramanan [160]. See also [158, 159, 26] for more results
and more history.

The approaches to pathwise optimality contained in Section5.5, and in particular
the proof of optimality of thec-µ rule, are based onconservation laws. Little’s Law is
another conservation law, and related invariance equations abound in the steady-state
analysis of networks. See Kleinrock [306] for Little’s Law and its generalizations.

The seminal work of Coffman and Mitrani [166] extends the conservation law for
a single class model to multi-class/single-station models by characterizing the set of
achievable performance vectors. Such a characterization provides a proof of optimality
of thec-µ rule in Federgruen and Groenevelt [176]. Tsoucas and Walrand [475], Sig-
man [449], and Green and Stidham [222] have shown that similar conservation laws
hold pathwise in some models.

The structure of the achievable region in network models is typically defined by
polymatroid constraints, as described in the book of Chen and Yao [99]. Related work
and extensions are contained in Shanthikumar, J.G. and Sumita [441], Shanthikumar
and Yao [440, 442], Dacre, Glazebrook and Niño-Mora [125], and Bertsimas and
Niño-Mora [57]. Textbook treatments are contained in Gelenbe and Mitrani [202,
Ch. 6], Heyman and Sobel [265, Chapter 8], Glasserman and Yao [210], Baccelli and
Brémaud [33, Chapter 3], as well as Chen and Yao [99]. There are also fascinating par-
allel developments in information theory for multiple access communication networks
[470].
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5.8 Exercises

5.1 Compute the effective cost for three queues in tandem, with costc(x) = |x|.
5.2 Figure4.15 shows a re-entrant line with two stations. Assume that the model is

homogeneous, so thatµ1 = µ2 = µ5 andµ3 = µ4. Compute the following based
on the cost functionc(x) = |x| = x1 + · · · + x5.

(i) The effective cost for each one-dimensional relaxation.

(ii) The effective cost for each one-dimensional relaxation with the buffer con-
straints,

qi ≤ 1 for eachi = 1, . . . , 5.

5.3 The re-entrant line shown below is homogeneous, so thatµ1 = µ3 = µ5 andµ2 =
µ4.

α1

Station  1

Station  2

(i) Find the two workload vectors.

(ii) Find the effective cost for a two-dimensional relaxation, withc(x) = |x| =
x1+· · ·+x5. Note thatc is expressed more elegantly in terms of the workload
in units of inventory,c(w) = cY (y), with yi = µiwi.

(iii) How can your result be generalized to more complex re-entrant lines consist-
ing of two stations?

5.4 Consider the criss-cross network shown in Figure4.18. The fluid model is three-
dimensional withα = (α1, 0, α3)

T, and constituency matrix defined implicitly in
(4.105). It is assumed that the model is homogeneous, so thatµ1 = µ3.

(i) Obtain the effective cost for the two-dimensional workload relaxation for an
arbitrary linear cost functionc(x) = c1x1 + c2x2 + c3x3, x ∈ R

3
+. Under

what conditions isc monotone?

(ii) Compute the infinite-horizon optimal policy for the workload model when
ci = 1 for eachi.

(iii) Repeat (ii) with the linear cost functionc1 = 1 andc2 = c3 = 2.

5.5 Consider again the criss-cross network. Compute the fluid value functionĴ∗ for a
workload relaxation, and based on this define

h0(x) = Ĵ∗(Ξ̂x) + b
2‖x− P∗(x)‖2, (5.99)

with b > 0 a constant, andP∗(x) the effective state (5.35). Simulate the resulting
h-MaxWeight policy in a CRW model based on (4.94) for a range ofb andθ (with
θ defined in (4.94).)
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5.6 Proposition5.3.8states that every buffer but one is empty in an effective statefor
a one dimensional relaxation. This underlines the conflict that arises frequently in
network optimization: Optimization of an idealized model dictates zero inventory
at certain stations, while in a more realistic discrete/stochastic model, adopting a
“zero-inventory policy” results in starvation of resources.

Suppose thatc : X → R+ is quadratic, of the formc(x) = 1
2x

TDx, x ∈ R
ℓ
+, for

a symmetric matrixD. For an appropriately chosen matrixD the effective state is
far less ‘singular’:

(i) Compute the effective state for a one-dimensional relaxation based on the first
workload vector, and show that it is linear in the workload valuew ∈ R+.

(ii) Suppose thatD−1 exists and has non-negative entries. For what values ofi is
x∗i = 0 (wherex∗ = X ∗(w) with w > 0)?

(iii) If D is diagonal, argue that the station is not starved of work:

w > 0 =⇒
ℓ∑

i=1

C1 ix
∗
i > 0.

(iv) Consider now a general relaxation. Prove the following proposition:

Proposition 5.8.1. Suppose thatD > 0 is diagonal, and letc : W → R+

denote the effective cost for then-dimensional relaxation. Then the monotone
region is given by,

W
+ = {Ξ̂D−1Ξ̂Tψ : ψ ∈ R

n
+}.

For any givenw ∈ W
+, the effective state is given by,

X ∗(w) = D−1Ξ̂Tψ,

whereψ is the vector obtained in the representationw = Ξ̂D−1Ξ̂Tψ. ⊓⊔
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Chapter 6

Routing & Resource Pooling

In the preceding chapters we learned that resources in a network must be shared among
different classes of customers. This sharing is performed through scheduling at each
station in the network.

Scheduling is just one of many decision processes encountered in typical applica-
tions. In the Internet there are many paths between nodes, and hence protocols must be
constructed to determine appropriate routes. In a power distribution system there may
be many generators that can meet current demands distributed across the power grid. A
manufacturing system may have redundant processing equipment, or multiple vendors,
and this then leads to a network somewhat more complex than those considered in the
previous two chapters.

1

8
2

543

6 7

Figure 6.1: Network routing

Figure6.1 shows a network with eight nodes, four arrival streams, and ten links.
The high congestion between nodes one and three can be modeled through an addi-
tional linear constraint on the rate vectorζ in a fluid model. There are many routes
from node 1 to node 8, even though node 4 is temporarily unavailable. This example
demonstrates that there may be many equilibria in a routing model; The best route for
a given user will depend upon the current environment.

213
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Most of the concepts introduced in previous chapters, such as stabilizability and
workload-relaxations, will be extended to this more general setting. Consideration
is largely restricted to a fluid model since the definitions are most transparent in this
setting.

The state processq that defines the evolution of the vector of queue lengths in
the fluid model again evolves on a convex, polyhedral state space denotedX, with
X ⊆ R

ℓ
+. As in (4.24), the state space is used to model hard constraints, such as

finite buffers. The cumulative allocation processz evolves onR
ℓu
+ for some integer

ℓu ≥ 1. The dynamics of the network are captured by the relationship between these
two deterministic processes. These dynamics are again assumed linear, of the form

q(t) = x+Bz(t) + αt, t ≥ 0, x ∈ R
ℓ
+. (6.1)

Whent = 0 we haveq(0) = x ∈ R
ℓ
+, so thatx is the initial condition for the fluid

model.
Each indexi ∈ {1, . . . , ℓu} is viewed as a particularactivity. Activities may

include a combination of scheduling of jobs at a particular station, and routing those
jobs to other stations once service is completed.

The cumulative allocation processz indicates how much time has been devoted
to each activity. Constraints on the allocation process arise from link constraints, pro-
cessing constraints at nodes, and possibly also contention for service among customer
classes. All of these constraints are assumed to be captured by the following set of
linear inequality constraints:

(i) For eachi ∈ {1, . . . , ℓu} the deterministic processzi(t) is non-decreasing, with
zi(0) = 0. This expresses the constraint that the cumulative time that an activity
is performed can never decrease.

(ii) There is anℓm × ℓu constituency matrixC such that

C[z(t1) − z(t0)] ≤ (t1 − t0)1, 0 ≤ t0 ≤ t1 <∞, (6.2)

where1 denotes a vector of ones. It is assumed thatC has binary entries.

Theℓu dimensional processz is calledadmissibleif it satisfies these constraints, and
in additionq does not leave the state spaceX. The vector ofallocation ratesis defined
as the right derivative,ζ(t) = d+

dtz(t), which is constrained to lie in the polyhedronU

defined in (4.3) by U := {u ∈ R
ℓm : u ≥ 0, Cu ≤ 1}.

Each of theℓm rows ofC is regarded as aresource. We identify ‘resourcer’ with
the set of corresponding activities:

Ir := {j ∈ {1, . . . , ℓu : Crj = 1}. (6.3)

The definitions ofstabilizability, and theminimal draining timesT ∗ andW ∗ are
stated exactly as in Definition4.2.2. In particular, the minimal draining time for the
arrival-free model is the solution to the linear program,
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W ∗(x) = min T

s. t. Bz + x = 0
Cz ≤ T1
z ≥ 0 .

(6.4)

It is assumed throughout this chapter that the arrival-free model is stabilizable, so that
W ∗(x) <∞ for x ∈ R

ℓ
+.

Also, as in the scheduling problem, stabilizability is characterized by a formulation
of network load. This is formally defined as the solution to a linear program very
similar to (6.4):

Definition 6.0.1.Network load

Thenetwork loadρ• is the value of the linear program,

min ̺

s. t. Bζ + α = 0
Cζ ≤ ̺1
ζ ≥ 0.

(6.5)

A vectorζe ∈ R
ℓu is called anequilibrium if it is feasible for the linear program (6.5):

Bζe + α = 0, and ζe ∈ U. (6.6)

The idea behind Definition6.0.1is that we consider all allocation ratesζe that pro-
vide an equilibrium, and choose among these the one that has minimal overall impact
on the system: For any equilibrium vectorζe, and any resourcer ∈ {1, . . . , ℓm}, the
value(Cζe)r is the proportion of time that this resource will be busy in equilibrium.
The worst case is given as the maximum

̺(ζe) := max
r=1,...,ℓm

(Cζe)r,

and the network load as defined in (6.5) is ρ• = min ̺(ζe), where the minimum is over
all equilibrium allocation rates.

The next section contains characterizations of load and workload in this general
setting. In Section6.3 we consider three very different approaches to choose a ‘good’
equilibrium vectorζe whenρ• < 1:

(i) Section6.3.1develops the maximal-flow approach, leading to theMin-Cut Max-
Flow Theorem.

(ii) Alternatively, on assigning linear cost on link utilization, an equilibrium is ob-
tained via optimization. This approach leads to an equilibrium corresponding to
a single optimal path from source to destination. This path can be computed us-
ing a recursive algorithm known as theBellman-Ford algorithm. This ideas are
explored in Section6.3.2.
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(iii) Section6.4contains a version of the MaxWeight algorithm to address routing in a
distributed, multi-user setting.

In this chapter we come across phenomena that could not have arisen in the sim-
pler scheduling model. A fundamental concept in routing models isresource pooling.
An example is the way links in a communication system cooperate to send information
across the network. In examples we find that resource pooling can reduce complexity
dramatically. When several resources pool to form asingle bottleneckwe find that a
one-dimensional relaxation can be justified for policy synthesis and performance ap-
proximation.

In communication, computer, and transportation systems we frequently see far less
favorable behavior known assimultaneous resource possessionin which a single ‘cus-
tomer’ can tie up several resources simultaneously. Some examples of simultaneous
resource possession are treated in Section6.5.

Section6.6concerns workload relaxations and related concepts for the fluid model.
Here we improve the motivation for this approach by establishing results that bound
the gap between the two models. A simple translation of a policy obtained from the
relaxation is approximately optimal in heavy traffic.

This brings us to a frontier in the stochastic networks area. Bounds on the perfor-
mance gap between a CRW model and its optimized relaxation are also possible, but
these results are highly technical. In Section6.7 we provide examples to illustrate the
bounds that can be expected for stochastic models.

Section6.7also contains a few words on policy translation. In particular, we revisit
MaxWeight and myopic policies from the point of view of workload, and show how to
introduce hedging to reduce idling. However, there is not much more to say in this
chapter since the translation techniques introduced in the previous two chapters carry
over to this more general setting with few changes.

6.1 Workload in general models

Here we consider notions of workload for the general network model (6.1). The defi-
nition of workload vectors is more subtle in this general setting in which the matrixB
is not square. In particular, we cannot define the workload matrix through a matrix in-
version as in Definition4.2.3. However, a complete generalization of the development
of Section4.2 is possible by re-examining the minimal draining time.

The main results of this section are summarized in Theorem6.1.1. The representa-
tion (6.7) implies that the workload vectors can be interpreted as Lagrange multipliers
since they define sensitivity of the minimal draining time with respect to the initial
conditionx.

The representationρ• = W ∗(α) provides the following interpretation of the net-
work load: The vectorα is equal to the total amount of exogenous arrivals in one
second. Consequently, the network load is equal to the amount of time required to
process these arrivals, given that there are no additional arrivals to the network.
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Theorem 6.1.1. (Geometric Construction of Workload) Suppose that the arrival-
free model is stabilizable. Then, there are vectors{ξs : 1 ≤ s ≤ ℓr} ⊂ R

ℓ such that
the following hold for the model (6.1),

(i) The minimal draining time for the arrival-free model defined in (6.4) can be
expressed as the maximum,

W ∗(x) = max
1≤s≤ℓr

〈ξs, x〉 , x ∈ R
ℓ
+. (6.7)

(ii) The network load defined in Definition6.0.1can be expressed,

ρ• = W ∗(α) = max
1≤s≤ℓr

ρs , α ∈ R
ℓ
+,

whereρs = 〈ξs, α〉.

(iii) The model (6.1) is stabilizable if, and only if,ρ• < 1.

(iv) If the network is stabilizable then the minimal draining time can be expressed,

T ∗(x) = max
1≤s≤ℓr

〈ξs, x〉
1 − ρs

<∞ , x ∈ R
ℓ
+. (6.8)

Proof. Parts (i), (iii) and (iv) are contained in Proposition6.1.4. The vectors{ξs} are
defined in Definition6.1.1below.

To see (ii) consider the linear program (6.5) that defines the network load. This is
precisely (6.4) whenx = α, and hence (ii) follows from (i). ⊓⊔

We consider both geometric and algebraic (linear programming) interpretations
of workload vectors since both approaches have value for intuition, computation, and
improving the theory.

6.1.0.4 Workload and the velocity space

The proof of Theorem6.1.1requires a closer look at the geometry of the velocity space
V ⊂ R

ℓ, defined by
V := {Bζ + α : ζ ∈ U}. (6.9)

LettingV0 denote the velocity space for the arrival-free model,

V0 := {v = Bζ : ζ ∈ U}, (6.10)

one may conclude from the definition (6.9) that the setV is expressed as the translation,
V = {V0 + α} := {v + α : v ∈ V0}.

The polyhedronV0 contains the origin inRℓ since by definition we have0 ∈ U. It
follows that this set can be expressed as the intersection of half-spaces,

V0 = {v ∈ R
ℓ : 〈ξs, v〉 ≥ −os, 1 ≤ s ≤ ℓv}, (6.11)
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where the constants{os : 1 ≤ s ≤ ℓv} take on values zero or one, andξs ∈ R
ℓ for

eachs. We assume that the vectors{ξs} are minimally specified, in the sense thatV0

can not be represented via (6.11) using a subset of the vectors{ξs}.
The setV0 has non-empty interior since the arrival-free model is stabilizable: This

follows from Proposition6.1.3with α = 0, which implies that{v ∈ R
ℓ : −ε < vi <

0} ⊂ V0 for someε > 0. Hence the set{v ∈ V0 : 〈ξs, v〉 = −os} is an (ℓ − 1)
dimensional face of the polyhedronV0. This face passes through the origin if, and only
if, os = 0.

Given this structure, we arrive at a geometric construction of workload vectors:

Definition 6.1.1.Workload In Units Of Time

Suppose that the arrival-free model is stabilizable. Then,

(i) The vectorξs ∈ R
ℓ is called aworkload vectorif os = 1. The number of

distinct workload vectors is denotedℓr. By reordering, we assume thatos = 1 if
and only ifs ≤ ℓr.

(ii) The ℓr-dimensionalvector loadis given byρ = (ρ1, . . . , ρℓr)
T, whereρs :=

〈ξs, α〉 for s ≤ ℓv.

The load parameters{ρs} can be used to represent the velocity spaceV as follows:

Proposition 6.1.2. The velocity space can be expressed,

V = {v ∈ R
ℓ : 〈ξs, v〉 ≥ −(os − ρs), s = 1, . . . , ℓv}.

Proof. We begin with the representation of the velocity space as a translationV =
{V0 + α}. Hence, from (6.11), on writingv′ = v + α,

V = {v + α ∈ R
ℓ : 〈ξs, v〉 ≥ −os, s = 1, . . . , ℓv}

= {v′ ∈ R
ℓ : 〈ξs, v′ − α〉 ≥ −os, s = 1, . . . , ℓv}

= {v′ ∈ R
ℓ : 〈ξs, v′〉 ≥ −os + ρs, s = 1, . . . , ℓv}.

(6.12)

⊓⊔

A geometric construction of the minimal draining time is possible based on con-
sideration of the translation{V + x0} for a given initial conditionx0 ∈ X. If
x1 ∈ X ∩ {V + x0} thenv = x1 − x0 ∈ V, and it follows that the following tra-
jectory is feasible, and travels fromx0 to x1 in exactly one second,

q(t) = x0 + tv, 0 ≤ t ≤ 1.

This shows thatX ∩ {V + x0} is precisely the set of states reachable fromx0 in one
second or less. Similarly, on scalingV by a real numberT > 0 we find thatX∩{TV +
x0} is identified as the set of states reachable fromx0 in no more thanT seconds. This
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ξ1

ξ2

x2

x1

{V + x0

x0

}

{2V + x0}

{3V + x0}

Figure 6.2: The minimal draining timeT ∗ is piecewise linear since the velocity spaceV

is a polyhedron. The minimal draining time from the initial statex0 shown isT ∗(x0) =
3.

geometry is illustrated for a two-dimensional example in Figure6.2. From the initial
conditionx0 ∈ R2

+ shown in the figure, the minimal draining time isT ∗(x0) = 3, and
is expressed in terms of the first workload vector as follows,

T ∗(x0) = min{T : 0 ∈ {TV + x0}} = max
s=1,...,6

〈ξs, x0〉
os − ρs

=
〈ξ1, x0〉
1 − ρ1

.

We thus arrive at the following representation for the time required to travel be-
tween two states:

Proposition 6.1.3. Suppose that the arrival-free model is stabilizable, and that0 ∈
V. Then, the following are equivalent for two statesx1, x2 ∈ X with x1 6= x2, and
T > 0:

(i) There exists an admissible allocationz such thatq(T ) = x2 whenq(0) = x1.

(ii) T−1(x2 − x1) ∈ V.

Moreover, if either of these equivalent conditions hold, then the minimal time to reach
x2 fromx1 is finite, and given by

T ∗(x1, x2) = min{T > 0 : T−1(x2 − x1) ∈ V} = max
s=1,...,ℓv

〈ξs, x1 − x2〉
os − ρs

. (6.13)

Proof. Suppose that the conditions of (i) hold:q is a feasible trajectory starting from
x1 and satisfyingq(T ) = x2. On denotingv(t) := d+

dtq(t) ∈ V, 0 ≤ t ≤ T , we obtain
by convexity ofV,

T−1(q(T ) − q(0)) = T−1

∫ T

0
v(t) dt ∈ V.

That is,v := T−1(x2 − x1) ∈ V.
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Conversely, ifv := T−1(x2 − x1) ∈ V then the trajectory,

q(t) = x1 + tv, 0 ≤ t ≤ T,

evidently reachesx2 in preciselyT seconds. This proves the desired equivalence, and
shows thatT ∗(x1, x2) = min{T > 0 : T−1(x2 − x1) ∈ V}.

The representation (6.13) is established as follows. First, note that since0 ∈ V by
assumption, it follows from Proposition6.1.2that0 ≥ −(os − ρs), or

os ≥ ρs, s = 1, . . . , ℓv . (6.14)

Consequently, again by Proposition6.1.2, we have the following implications:

T−1(x2 − x1) ∈ V ⇐⇒ T−1〈ξs, x2 − x1〉 ≥ −(os − ρs), s = 1, . . . , ℓv

⇐⇒ 〈ξs, x1 − x2〉 ≤ (os − ρs)T, s = 1, . . . , ℓv

⇐⇒ 〈ξs, x1 − x2〉
os − ρs

≤ T, s = 1, . . . , ℓv,

where the division in the last equivalence is justified by (6.14). ⊓⊔

Based on Proposition6.1.3 we obtain representations for the minimal draining
times in analogy with Proposition4.2.2.

Proposition 6.1.4. Suppose that the arrival-free model is stabilizable. Then, the fol-
lowing hold for the model (6.1),

(i) For the arrival-free model, the minimal draining time is given by

W ∗(x) = max
1≤s≤ℓr

〈ξs, x〉 , x ∈ R
ℓ
+.

(ii) For the model with arrivals, providedρ• < 1, the minimal draining time is
finite, and can be expressed,

T ∗(x) = max
1≤s≤ℓr

〈ξs, x〉
1 − ρs

, x ∈ R
ℓ
+.

Proof. Consider first the arrival free model in whichα = 0. Proposition6.1.3contin-
ues to hold in this situation, and settingx2 = 0 gives,

W ∗(x) = max
1≤s≤ℓv

1

os
〈ξs, x〉 , x ∈ R

ℓ
+.

Recall thatos = 0 for s > ℓr. If for some suchs we have〈ξs, x〉 > 0, we conclude
thatW ∗(x) cannot be finite. Since by assumptionW ∗(x) < ∞ for eachx ∈ R

ℓ
+, it

must follow that

ξsj ≤ 0 for eachs > ℓr and each1 ≤ j ≤ ℓ. (6.15)
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We thus arrive at the desired expression forW ∗(x) in (i).
The proof of part (ii) is similar to (i): Proposition6.1.3gives,

T ∗(x) = max
1≤s≤ℓv

〈ξs, x〉
os − ρs

, x ∈ R
ℓ
+.

The ratio〈ξs, x〉/(os − ρs) is non-positive fors > ℓr: (6.15) implies that〈ξs, x〉 ≤ 0
andos − ρs = |ρs| for suchs. Hence the maximum can be restricted tos ≤ ℓr as
claimed. ⊓⊔

6.1.0.5 Workload and linear programs

The minimal draining timeT ∗(x) can be expressed as the value of a linear program
analogous to (6.4). Combining this observation with Proposition6.1.4we obtain an
alternate representation of workload.

Consider the computation of the minimal time to reach one state from another. For
any two statesx1, x2 ∈ X, a feasible allocation processz takingq from x1 to x2 in T
seconds must satisfyq(T ) = x1 + Bz + αT = x2 andT−1z ∈ U. These constraints
on z andT can be expressed as linear constraints, and we thereby obtain the LP,

T ∗(x1, x2) = min T

s. t. x1 +Bz + αT = x2

Cz ≤ 1T
z ≥ 0.

(6.16)

To construct a dual of (6.16) we express the constraints in matrix form,
[
−B −α
−C 1

] [
z
T

]
= x1 − x2

≥ 0
, z ≥ 0, T ≥ 0.

We define two dual variables, denotedξ ∈ R
ℓ andν ∈ R

ℓm
+ . The vectorξ is not sign

constrained since it corresponds to the equality constraint above, andν is non-negative
since it corresponds to the inequality constraintCz ≤ 1T . The dual of (6.16) takes the
form

T ∗(x1, x2) = max 〈ξ, x1 − x2〉
s. t. −BTξ − CTν ≤ 0

−αTξ + 1Tν ≤ 1
ν ≥ 0.

(6.17)

The primal linear program (6.16) and its dual (6.17) have the same value, provided a
bounded solution to (6.16) exists (see Theorem1.3.2.)

Equation (6.17) can be applied to computeW ∗(x), which is defined to beT ∗(x1, x2)
with x1 = x, x2 = 0, andα = 0. In this special case the linear program (6.17) be-
comes,

W ∗(x) = max 〈ξ, x〉
s. t. −BTξ − CTν ≤ 0

1Tν ≤ 1
ν ≥ 0.

(6.18)
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Hence, provided the origin is reachable from the initial conditionx, the minimal drain-
ing time can be expressedW ∗(x) = max〈ξ, x〉, where the maximum is over all pairs
(ξ, ν) satisfying the constraints in (6.18). This maximum can be taken over extreme
points in the constraint region (6.18).

Recall that a workload vectorξs defines a face ofV0 that does not pass through the
origin. Similarly, in Proposition6.1.5we see that(ξ,0) is never an extreme point ifξ
is non-zero.

Proposition 6.1.5. Suppose that the arrival-free model is stabilizable. Then, the non-
zero extreme points of the constraint set in (6.18) are of the form(ξ, ν) with 〈ν,1〉 = 1.

Proof. We first establish that1Tν = 0 or 1 if (ξ, ν) is extremal. This follows from the
form of the constraint region (6.18): If 1Tν ∈ (0, 1) then(rξ, rν) will be feasible forr
in a neighborhood of1.

Suppose now that1Tν = 0. It follows thatν = 0 sinceν ≥ 0, and the constraint
on ξ reduces to−BTξ ≤ 0. If ξ 6= 0 then(rξ,0) is feasible for eachr > 0 when(ξ,0)
is feasible. This shows that(ξ,0) cannot be extremal ifξ 6= 0. ⊓⊔

All of these results point to a relationship between extreme points of (6.18), and
the workload vectors{ξs} defined previously. The question we must answer is,If ξs

is a workload vector, can it be extended to form a feasible solution to (6.18)? Proposi-
tion 6.1.6provides an affirmative answer.

Proposition 6.1.6. If ξs is a workload vector, then there existsνs ∈ R
ℓm
+ such that

(ξs, νs) is feasible for (6.18), with 〈νs,1〉 = 1.

Proof. If ξs is a workload vector then〈ξs, v〉 ≥ −1 for eachv ∈ V0, and this lower
bound is attained at somevs. From the definition ofV0 we havevs = Bζs for some
ζs ∈ U. These observations can be expressed in a linear program,

1 = max
{
〈−BTξs, ζ〉 s. t. Cζ ≤ 1, z ≥ 0

}
,

where the inequality〈ξs, v〉 ≥ −1 has been replaced by the equivalent inequality
〈−BTξs, ζ〉 = 〈ξs,−Bζ〉 ≤ 1. Letting ψ ∈ R

ℓm
+ denote a Lagrange multiplier for

the inequality constraintCζ ≤ 1, we obtain from Theorem1.3.2,

1 = min 〈ψ,1〉
s. t. CTψ ≥ −BTξs

ψ ≥ 0.

Any optimizerψ∗ of this dual satisfies the desired conclusions:ψ∗ ≥ 0, 〈ψ∗,1〉 = 1,
andCTψ∗ +BTξs ≥ 0. Hence we can takeνs := ψ∗. ⊓⊔

Proposition6.1.6 is the basis of the construction ofpooled resourcesin general
network models.
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6.2 Resource pooling

In the scheduling model each workload vector is associated with a station. Each work-
load vector may be associated with aset of resourcesin the more general model con-
sidered in this chapter.

Definition 6.2.1.Resource Pooling

Suppose that the arrival-free model is stabilizable. Fixs ∈ {1, . . . , ℓr}, and letνs

denote the dual vector constructed in Proposition6.1.6. Then,

(i) The associatedpooled-resourceis

Rp
s := {r ∈ {1, . . . , ℓm} : νsr > 0}. (6.19)

(ii) The pooled-resource is called abottleneckif ρs = ρ•. In this case, each re-
sourcer ∈ Rp

s is called abottleneck resource.

Proposition6.2.1implies that the setRp
s is uniquely determined by the workload

vectorξs, even ifνs is not uniquely determined byξs. For eachs ≤ ℓr, and anyt,
we interpret the inner product〈ξs, q(t;x)〉 as the workload, measured in units of time,
for the sth pooled-resource. Proposition6.2.1shows that this workload decreases at
maximum rate(1 − ρs) if and only if each associated resource cooperates to work at
full capacity.

Proposition 6.2.1. For any 1 ≤ s ≤ ℓr, and anyζ ∈ U, the following are equiva-
lent:

(i) 〈ξs, Bζ〉 = −1

(ii) (Cζ)r = 1 for r ∈ Rp
s, andζ satisfies the complementary slackness condition,

ζr > 0 =⇒ [BTξs + CTνs]r = 0 , 1 ≤ r ≤ ℓm. (6.20)

Proof. Suppose that (i) holds. Because(ξs, νs) is feasible for (6.18) we have the in-
equality BTξs + CTνs ≥ 0. This combined with the assumption thatζ ∈ U ⊂ R

ℓu
+

implies the bound,

−1 + 〈νs, Cζ〉 = 〈ξs, Bζ〉 + 〈νs, Cζ〉 = 〈ζ, [BTξs + CTνs]〉 ≥ 0 ,

so that〈νs, Cζ〉 ≥ 1. Since the reverse inequality also holds whenζ ∈ U we must have
equality:

− 1 + 〈νs, Cζ〉 = 〈ζ, [BTξs + CTνs]〉 = 0 . (6.21)

In fact, sinceνs is a probability distribution on{1, . . . , ℓu} andCζ ≤ 1, the equality
(6.21) implies that(Cζ)r = 1 for all r ∈ Rp

s. The equation (6.21) also implies the
complementary slackness condition (6.20) since[BTξs + CTνs] ≥ 0, andζ ≥ 0.
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Conversely, if (ii) holds then the complementary slackness condition implies the
identity, 〈ξs, Bζ〉 + 〈νs, Cζ〉 = 〈ζ, [BTξs + CTνs]〉 = 0. This combined with the
assumption in (ii) that(Cζ)r = 1 wheneverr ∈ Rp

s (equivalently〈νs, Cζ〉 = 1), gives
(i). ⊓⊔

The following example illustrates the need for the complementary slackness con-
dition (6.20).

Example 6.2.1.Queue with redundant activities

The system shown in Figure6.3 is described by the fluid model equations,

d+

dtq(t) = −µ1ζ1(t) − µ2ζ2(t), t ≥ 0.

It is assumed thatζ1(t)+ ζ2(t) ≤ 1 for all t so that this system is of the form (6.1) with

B = [−µ1,−µ2], C = [1, 1].

α1 µ1

µ2

Figure 6.3: A queue with two similar activities.

Suppose thatξ ∈ R+ is a workload vector. Applying Proposition6.1.6we can find
ν ∈ R+ such that the pair(ξ, ν) is feasible for the LP (6.18). In this simple example
feasibility means thatν ∈ [0, 1], and the inequality constraint is satisfied,

(−µ1

−µ2

)
ξ +

(1
1

)
ν = BTξ + CTν ≥

(0
0

)

Proposition6.1.6also implies that we can takeν = 1, so that the vector inequality
above reduces toµiξ ≤ 1 for i = 1, 2. Assuming thatµ1 > µ2 it then follows that
ξ = µ−1

1 is the unique workload vector, and the network load is given byρ• = ξα1 =
α1/µ1.

Consider the allocation rate given byζ = (0, 1)T ∈ U. This satisfiesCζ = 1, yet,

〈ξ,Bζ〉 = −µ2/µ1 > −1.

It follows from Proposition6.2.1 that the complementary slackness condition is vio-
lated. Indeed, (6.20) can be written for thisζ as

[BTξ + CTν]2 = 0 ,

which isfalsesince the left hand side is equal to1 − µ2/µ1.
Of course, ifµ1 > µ2 then the allocation rate given byζ∗ = (1, 0)T minimizes the

time to drain the queue. This satisfiesCζ∗ = 1 and does satisfy the complementary
slackness condition (6.20).
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Example 6.2.2.Simple routing model

Consider the simple routing model shown in Figure2.14. There are three buffers (one
at the router), and four activities: processing at buffer1 or buffer2, as well as routing
to buffer1 or to buffer2. The fluid model is expressed as the controlled ODE,

d+

dtq =



−µ1 0 µr 0
0 −µ2 0 µr
0 0 −µr −µr


 ζ +




0
0
αr


 . (6.22)

The constituency matrix is given by

C =




1 0 0 0
0 1 0 0
0 0 1 1


 .

The third row ofC expresses the constraint at the router,ζ3 + ζ4 ≤ 1.

V

v1

v2

ξ

Figure 6.4: Velocity space for the simple routing model whenq3 ≡ 0.

The workload vectors are constructed as the extreme points of the constraint region
shown in (6.18). This can be expressed,

BTξ + CTν =




−µ1 0 0
0 −µ2 0
µr 0 −µr
0 µr −µr


 ξ +




1 0 0
0 1 0
0 0 1
0 0 1


 ν ≥ 0,

together with the additional constraints1Tν ≤ 1 andν ≥ 0. There are a total of six
variables in(ξ, ν) and five constraints beyond the positivity constraints forν.

Extreme points correspond tobasic feasible solutions[342]. A systematic ap-
proach to computation is to first put the LP in the standard form (1.8), which requires
that we expand the number of variables by writingξ = ξ+ − ξ− with ξ+ andξ− each
non-negative vectors. We then have an LP of the form (1.8) with five constraints and
nine variables. A basic solution is obtained on setting four of the nine variables equal
to zero, setting all inequalities to equalities, and then attempting to solve the resulting
system of equations. If a unique solution exists and it is feasible, then this is a basic
feasible solution as well as an extreme point.

This process can be performed on a computer, with the following result. First
suppose that the inequality constraints involvingB andC are replaced by the equality
constraintBTξ + CTν = 0. This gives,
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ξ1 = ν1
µ1

ξ2 = ν2
µ2

ξ1 − ξ3 = ν3
µr

ξ2 − ξ3 = ν3
µr
.

The last two equalities implyξ1 = ξ2, and the first two giveν1µ2 = ν2µ1. If ν3 = 0
these equations can be solved to give the extreme point,

ν1 =

(
µ1

µ1 + µ2
,

µ2

µ1 + µ2
, 0

)T

ξ1 =

(
1

µ1 + µ2
,

1

µ1 + µ2
,

1

µ1 + µ2

)T

.

Three other extreme points are,

ν2 = (1, 0, 0)T, ξ2 = (µ−1
1 , 0, 0)T,

ν3 = (0, 1, 0)T, ξ3 = (0, µ−1
2 , 0)T,

ν4 = (0, 0, 1)T, ξ4 = (0, 0, µ−1
r )T .

The corresponding load parameters are,

ρ1 =
αr

µ1 + µ2
, ρ2 = ρ3 = 0, ρ4 =

αr
µr
.

Recall that the router is assumed to befast. We interpret this to mean thatµr >
µ1 + µ2, and thatx3 ≡ 0. The network load is thenρ• = (µ1 + µ2)

−1αr. Assume
moreover that the model is heavily loaded, so that neither station on its own can handle
the arrival rate. That is,max(µ1, µ2) < αr. In this case the minimal draining time is a
linear function ofx,

T ∗(x) =
1

1 − ρ•

(
x1 + x2

µ1 + µ2

)
, x ∈ R

3
+, x3 = 0. (6.23)

The extreme point(ξ1, ν1) shows resource pooling of the two downstream nodes.
When (6.23) holds, then this resource pooling is interpreted as follows: a trajectoryq
is time-optimal if and only if,

ζ1(t) = 1 and ζ2(t) = 1 wheneverq(t) 6= 0. (6.24)

This is illustrated in Figure6.4 where the workload vectorξ1 defines a face of the
velocity spaceV that nearly passes through the origin inR

2.

Example 6.2.3.ALOHA model

Consider the multiple access communications model illustrated in Figure2.4. Letting
α ∈ R

2
+ denote the vector of arrival rates, the velocity space for the fluid model is

expressed as the translationV = {−U + α}, or

V = {v ∈ R
2 : v = α− u for someu ∈ U}.
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Fading ModelStatic Model

V V

v1

v2

v1

v2

Figure 6.5: Velocity spaces in two versions of the ALOHA communication model.

The velocity space is illustrated in Figure6.5 for each of the two cases shown in Fig-
ure 2.5.

In the static model (without fading) the velocity space is polyhedral, as shown at
left in Figure6.5. The setV is very similar to that obtained in the simple routing model.
In particular, when the network load is high then there is a single dominant face that
nearly meets the origin inR2.

Although the model is not naturally described through the state space equations
(6.1), we can construct workload vectors to represent bothV and the minimal draining
time for the static model. First, the setU is polyhedral, and has the simple form,

U = {u ∈ R
2 : u ≥ 0, 〈ξs, u〉 ≤ 1, s = 1, 2, 3},

where the vectors{ξs : s = 1, 2, 3} define the three faces ofU shown in Figure2.5
that do not meet the origin. Consequently, the velocity spacefor the arrival free model
is given by,

V0 := −U = {v ∈ R
2 : v ≤ 0, 〈ξs, v〉 ≥ −1, s = 1, 2, 3} .

In the fading model the situation is more subtle. The velocity space is not poly-
hedral, as shown at right in Figure6.5. This makes some physical sense, given the
identification of faces ofV with workload vectors, and the correspondence of workload
vectors withpooled resources: In a wireless communication system resources may
include multiple paths, multiple frequency bands, and a range of coding algorithms.
Loosely speaking, the number of resources is infinite in wireless communications.

6.3 Routing and workload

We now consider how to choose efficient routes for a network as complex as the subset
of the Internet shown in Figure1.2. It is assumed that constraints are imposed only on
links in the network. This is a reasonable simplification in the Internet and in wireless
networks.

We begin with the single-user model illustrated in Figure6.6, consisting ofℓ nodes,
various links between them, and a single arrival stream. We let(i, j) denote the link
from nodei to nodej, for any pairi, j ∈ {1, . . . , ℓ}, and assume that the total rate
along this link is bounded by its capacityµij .
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Figure 6.6: Single-user routing model

We do not require thatµij = µji; That is, the capacity values aredirectional. The
directional flow on link(i, j) is denotedfij, and the corresponding allocation rate is
defined by the ratio,

ζij :=
fij
µij

, 1 ≤ i, j ≤ ℓ.

The link-constraints are then captured by the set of linear constraintsζ ∈ U, where

U := {0 ≤ ζij ≤ 1, 1 ≤ i, j ≤ ℓ}.

Theℓ-dimensional vector of queue-lengths evolves according to the differential equa-
tion,

d+

dtqi(t) = αi +

ℓ∑

k=1

ζkiµki −
ℓ∑

j=1

ζijµij (6.25)

In the single-user model there is a single exogenous arrival stream. Without loss of
generality we assume that this flow enters buffer1, so that

α = (α1, 0, . . . , 0)
T.

In this model each link is viewed as a resource, and the(i, j)th activity is inter-
preted as the process of routing packets along the corresponding link.

One goal is to obtain intuition regarding the nature of workload and network load in
a link-constrained network. In view of the definition of network load given in (6.5), to
obtain an expression for the network loadρ• it suffices to restrict attention to allocation-
rate vectorsζe ∈ R

ℓ2 that define an equilibrium,

0 = αi +
ℓ∑

k=1

ζe
kiµki −

ℓ∑

j=1

ζe
ijµij, 1 ≤ i, j ≤ ℓ, (6.26)

or, using the equivalent flow-notation,

αi +

ℓ∑

k=1

fki =

ℓ∑

j=1

fij, 1 ≤ i, j ≤ ℓ,

whereαi := 0 for i ≥ 2.
In Section6.4we consider a general model with multiple arrivals.
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6.3.1 Resource pooling and maximal flows

Here we interpret the maximal admissible arrival rateα∗
1 in equilibrium as amaximal

flow. In this way we build a bridge between the notions of workload introduced in
this chapter, and theMin-Cut Max-Flow Theoremof graph theory. This classical result
implies a characterization of network load based on binding paths for a network in
equilibrium.

Definition 6.3.1.Binding Link Constraints

For the link-constrained network,

(i) For a given arrival rate vectorα1 ∈ R
ℓ
+ and equilibrium rate vectorζe ∈ U

satisfying (6.26), the link-constraintµij is calledbinding if ζe
ij = 1 andζe

ji = 0.
Otherwise, the constraint isnon-binding.

(ii) A path between two nodesi1, i2 is callednon-bindingif each constraint along
each link along the path is non-binding. Otherwise, the path is called binding.

(iii) Let α∗
1 denote the maximum over all arrival ratesα1 ≥ 0 such thatζe ∈ U

exists satsifying (6.26). The associated vector of flowsf is then calledmaximal.

A maximal flow may have associated with it several paths that are binding, which
is a particular instance of resource pooling: The resources in the networks (the links)
cooperate to send material from link1 to link ℓ at the fastest possible rate.

Calculation of a maximal flow is closely related to the calculation of network load
as defined in Definition6.0.1:

Proposition 6.3.1. The arrival-free single-user model is stabilizable, and the network
load is given byρ• = α1/α

∗
1.

Proof. It is obvious thatρ• = 1 if α1 = α∗
1, and thatρ• = 0 if α1 = 0. The general

formula given in the proposition then follows from the following homogeneity prop-
erty:

ρ•(κα) = κρ•(α), κ ≥ 0.

Homogeneity is a consequence of the structure of the linear program (6.5) that defines
the network load. ⊓⊔

Suppose that an inflow rateα1 > 0 is given, and suppose that there is a non-
binding path from node1 to nodeℓ. Then, there existsε > 0 such thatfij ≤ µij − ε,
or fji ≥ ε for each linkl = (i, j) on this path. We can then define a new flow(ᾱ, f) as
follows: ᾱ1 = α1 + ε, and for all(i, j) on the path, set

f ij = fij + ε, f ji = fji if fij ≤ µij − ε

f ji = fji − ε, f ij = fij otherwise.
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Thus, if there is a non-binding path from node1 to nodeℓ, thenα1 is not maximal.
To find a maximal flow we formulate a test to see if a non-binding path exists.

Definition 6.3.2.Cuts and Flows

For the single-user network,

(i) A cut is any setA ⊂ {1, 2, . . . , ℓ}, satisfying1 ∈ A andℓ ∈ Ac.

(ii) The (maximal)flow fromA toAc is the sum,

µ(A,Ac) =
∑

{µij : i ∈ A, j ∈ Ac}.

Theorem 6.3.2. (Min-Cut Max-Flow Theorem) The maximal flowα∗
1 is equal to

minµ(A,Ac),

where the minimum is over all cutsA ⊂ {1, 2, . . . , ℓ− 1}.

Proof. Suppose thatf is a maximal flow. Since no material is lost in an equilibrium,
we must haveµ(A,Ac) ≥ α∗

1 for any cutA, which implies

minµ(A,Ac) ≥ α∗
1.

To prove the theorem we construct a cutA that achieves this lower bound based on a
flow f∗ that achieves the maximum flowα∗

1.
The setA ⊂ {1, . . . , ℓ} is defined to be the set of all1 ≤ j ≤ ℓ such that there

exists a non-binding path from node1 to nodej for the flow f∗. It is assumed that
1 ∈ A, and we must haveℓ ∈ Ac since the flowf∗ is assumed to be maximal. Any
link (i, j) with i ∈ A, j ∈ Ac must be binding by definition. Hence, for such links,
f∗ij = µij andf∗ji = 0. The result then follows. ⊓⊔

The theorem is a foundation for constructing fast algorithms to compute efficient
routes as well as network load.

Example 6.3.1.Simple link-constrained model

Consider the single-user routing model shown in Figure6.7. The capacities on each
of seven links are as indicated. The links are uni-directional so, for example, we have
µ5,4 = 0. The imposition of the rateµ5 = 100 at node5 is for the purposes of
constructing a linear fluid model of the form (6.1).

Listed below are four candidate cuts for this model, and the corresponding maxi-
mal flow fromA toAc:

A = {1, 2} µ(A,Ac) = µ1,3 + µ2,5 = 11
A = {1, 3} µ(A,Ac) = µ1,2 + µ3,2 + µ3,4 + µ3,5 = 11
A = {1, 2, 3} µ(A,Ac) = µ2,5 + µ3,4 + µ3,5 = 5
A = {1, 3, 4} µ(A,Ac) = µ1,2 + µ3,2 + µ3,5 + µ4,5 = 19
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Figure 6.7: Single-user routing model with min-cutA = {1, 2, 3}.

There are of course other cuts, but the choiceA = {1, 2, 3} is minimal, and hence
by the Min-Cut Max-Flow Theorem,

α∗
1 = µ(A,Ac) = 5.

The fluid model is stabilizable for any arrival rate satisfyingα1 < 5, and the network
load is thenρ• = α1/5.

We now consider the fluid model (6.1) to show that the conclusionρ• = α1/5 can
also be reached by constructing the workload vectors. There is a workload vectorξ
satisfying〈ξ, α〉 = ρ• = α1/α

∗
1, and the associated pooled resources are consistent

with the minimal cutA = {1, 2, 3}.
To construct a fluid model we first order the vector of activity rates as follows,

ζ = (ζ1,2, ζ1,3, ζ2,5, ζ3,2, ζ3,4, ζ3,5, ζ1,2, ζ5)
T

so that (6.25) is of the form (6.1) with α = (α1, 0, 0, 0, 0)
T, and

B =




−2 −10 0 0 0 0 0 0
2 0 −1 5 0 0 0 0
0 10 0 −5 −2 −2 0 0
0 0 0 0 2 0 −10 0
0 0 1 0 0 2 10 −100




Several workload vectors can be constructed, following the approach illustrated in
Example6.2.2. There is a unique extreme point(ξ, ν) of the constraint set in (6.18)
satisfyingξi = 0 for i ∈ Ac andνij = 0 for (i, j) 6∈ A×Ac:

ξ = (ξ1 ξ2 ξ3 ξ4 ξ5)
T

= (1/5 1/5 1/5 0 0)T

ν = (ν1,2 ν1,3 ν2,5 ν3,2 ν3,4 ν3,5 ν1,2 ν5)
T

= (0 0 1/5 0 2/5 2/5 0 0)T

In particular, the variables{ν2,5, ν3,4, ν3,5} are positive and sum to one, which identi-
fies resource pooling among the three corresponding links. The network load is indeed
given byρ• = 〈ξ, α〉 = α1/5.
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6.3.2 Bellman-Ford algorithm

The development of Section6.3.1 is motivated by a system-level desire to utilize all
available resources. We now consider routing from the point of view of an individ-
ual who wishes to find the ‘best’ single route to nodeℓ starting from node1. On
constructing an appropriate cost function one can model mathematically the desire to
avoid routing traffic through Bangalore, when it is intended to travel from Athens to
Chicago.

The optimization problem considered here is similar to thetraveling salesman
problemin which a traveller must choose a path that passes through each node exactly
once, and returns to the start. The routing problems considered here are far less com-
plex, and there are many tractable algorithms to obtain efficient or optimal solutions.
We present here the most famous technique, known as the Bellman-Ford algorithm.

Several restrictions are imposed to simplify the solution:

(i) The cost functionc depends only onζ. This is justified when considering equilib-
rium rates so that we may takeq ≡ 0.

(ii) The cost is linear, so thatc(ζ) = 〈c, ζ〉 for some vectorc.

(iii) Node and link constraints are ignored (although the cost parameters can be de-
signed to impose soft constraints on utilization rates on links).

A common choice is to identifyc(i,j) with the delay on link(i, j). We setc(i,j) = ∞ if
there is no link between nodesi andj.

For a given arrival rate vectorα ∈ R
ℓ
+, paths are then found by solving the linear

program,
L∗(α) := min 〈c, ζe〉

s. t. Bζe + α = 0
ζe ≥ 0.

(6.27)

Its dual is written,
max 〈α,ψ〉

s. t. BTψ + c ≥ 0.
(6.28)

The dual variableψ ∈ R
ℓ corresponds to the equality constraint in (6.27). If the opti-

mizerψ∗ is unique thenL∗(α′) = 〈α′, ψ∗〉 for all α′ in a neighborhood ofα.
It is assumed thatαi = 0 for i ≥ 2 in the single-user model. In this special case

we have the following simple representation for the unique optimizerψ∗.

Proposition 6.3.3. Consider the single user model without link constraints. Then,

(i) The unique optimizerψ∗ ∈ R
ℓ of the linear program (6.28) is independent of

α1 > 0 and can be expressed as the cost to go,

ψ∗
m = min

( ∑

(i,j)∈Pk

c(i,j)

)
, 1 ≤ m ≤ ℓ− 1,

where the minimum is over all pathsPk fromk to ℓ.
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(ii) The optimizer satisfies the following dynamic programming equation,

ψ∗
i = min

{
cij + ψ∗

j

}
, 1 ≤ i ≤ ℓ− 1, (6.29)

where the minimum is over all links(i, j).

(iii) For a giveni, if an optimal path between nodes 1 andℓ uses link(i, j), then
this link is an optimizer of the minimum in (6.29).

⊓⊔

The dynamic programming equation leads to the Bellman-Ford Algorithm. The
recursion (6.30) is an example ofvalue iteration, to be explored in a different context
in Chapter9.

Definition 6.3.3.Bellman-Ford Algorithm

The algorithm is initialized with anyψ0 ∈ R
ℓ
+ satisfyingψ0

ℓ = 0. For n ≥ 1 the
sequence of vectors{ψi : i ≥ 1} is defined recursively by,

ψn+1
i = min {c(i,j) + ψni }, 1 ≤ i ≤ ℓ− 1, n ≥ 0, (6.30)

where the minimum is over all links.

The proof of Theorem6.3.4(and also Proposition6.3.3) can be found in [47].

Theorem 6.3.4. (Convergence of the Bellman-Ford Algorithm) For anyψ0 ∈ R
ℓ
+

satisfyingψ0
ℓ = 0, the sequence of vectors{ψi : i ≥ 1} defined by the Bellman-Ford

Algorithm satisfy,
ψn → ψ∗, n→ ∞,

where the convergence is geometrically fast. ⊓⊔

6.4 MaxWeight for routing and scheduling

In his 1995 paper introducing the back-pressure algorithm, Tassiulas argues that dy-
namic control achieves better utilization of resources than can be achieved using a
static algorithm [467]. That is, the static viewpoint adopted in the previous section may
not be effective in a network consisting of thousands of competing flows generated by
different users, new flows joining the system, and old flows expiring.

Moreover, so far we have not addressed the critical issue of information: Is it
realistic to assume that each node in the network shown in Figure1.2 has complete
information regarding every flow in the system? It is unimaginable that so much infor-
mation could be distributed across the network, or that so much redundant information
would be useful.

While distributed versions of the Bellman-Ford Algorithm are available and imple-
mented in practice, for many reasons it is helpful to move away from the equilibrium
model.

We first consider the MaxWeight policy for an extension of the routing model
introduced in Section6.3.
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6.4.1 MaxWeight and back-pressure routing

It may appear that the addition of the queue-length process to the routing problem will
add substantial complexity to the problem of choosing routes. Remarkably, in some
sense the opposite is true. The queue process captures global information regarding
network behavior that can be exploited to obtain highly decentralized routing policies
for complex networks.

Consider the following extension of the routing model (6.25) consisting ofℓf
different users, along with the topology and link constraints imposed in Section6.3.
Userm wishes to send packets to a destinationdm ∈ {1, . . . , ℓ}. For each nodei there
areℓf different buffers corresponding to the different users. In a fluid model the buffer
contents of userm at nodei evolves according to the ODE,

d+

dtq
m
i (t) =

ℓ∑

j=1

(
−µmij ζmij (t) + µmjiζ

m
ji (t)

)
, 1 ≤ i ≤ ℓ, 1 ≤ m ≤ ℓf .

The allocation rates are subject to the constraintsζ ≥ 0,
∑

m ζ
m
ij ≤ 1 for eachm, and

we also impose the constraint thatqmj = 0 andζmij = 0 if starting from nodej there is
no route to the desired destinationdm. Based on these constraints we can construct the
setU of all allowable allocation rates.

The MaxWeight policy for this model is defined exactly as in (4.85),

φMW(x) ∈ arg min
u∈U(x)

〈Bu+ α,Dx〉, x ∈ X. (6.31)

The MaxWeight policy has an appealing representation that is similar to (4.88). The
importance of this policy in applications is its simple form, and the fact that it can be
implemented at each node in the network based soley on buffer levels at the node and
its neighbors.

This is called the back-pressure policy in the special caseD = I. For each link
(i, j) the maximal back-pressureis defined byΘij := maxµmij (x

m
i − xmj ), where the

maximum is overm ∈ {1, . . . , ℓf} such that nodedm is reachable from nodej. If
Θij(x) ≥ 0, then the back-pressure policy gives strict priority to buffers achieving the
maximal back-pressure:

∑

m=1,...,ℓf

{ζmij : µmij (x
m
i − xmj ) = Θij(x)} = 1, x ∈ X, (6.32)

and subject to the constraint thatζmij = 0 if nodedm is not reachable from nodej.

Example 6.4.1.Simple routing model: MaxWeight policy

Consider the MaxWeight policy defined in (6.31) applied to the routing model intro-
duced in Section2.10. Assuming that the buffer at the router remains empty we obtain
a two-dimensional network model. For a given diagonal matrixD > 0 the MaxWeight
policy can be expressed,

φ(x) ∈ arg min
u∈U(x)

{
D11(αru

r
1 − µ1u1)x1 +D22(αru

r
2 − µ2u2)x2

}
, x ∈ Z

2
+.
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On minimizing overur1 (with ur2 = 1 − ur1) we obtain the linear switching curve,

ur1 = 1 wheneverD11x1 < D22x2.

A simulation of a CRW model controlled using this policy withDii = µ−1
i is shown at

right in Figure2.16.

6.4.2 Simultaneous routing and scheduling

The MaxWeight policy for a general stochastic or fluid network model is defined pre-
cisely as for the scheduling model in Definition4.8.1. In the fluid model it coincides
with theh-myopic policy, whereh(x) = 1

2x
TDx with D diagonal. Consequently, it

can be described using a feedback lawφ as in (4.88) or (6.31).
For the general model (6.1) we denote,

Θj(x) := −
ℓ∑

i=1

xiDiiBij , 1 ≤ j ≤ ℓu, x ∈ X. (6.33)

The MaxWeight policy for the fluid model can be expressed,

φMW(x) ∈ arg max
{ ℓu∑

j=1

Θj(x)uj s. t. u ∈ U(x)
}
, x ∈ X. (6.34)

Proposition6.4.1implies that the MaxWeight policy for the fluid model defines a sta-
tionary deterministic policy for a CRW model.

A key assumption is that each activity can cause at most one queue to drain. Equiv-
alently, the matrix−B is Leontief:

Definition 6.4.1.Leontief matrix

A matrix isLeontief if each column of the matrix contains at most one strictly positive
element.

Proposition 6.4.1. Suppose that the arrival-free model is stabilizable and thatρ• <
1. Suppose moreover that the matrix−B is Leontief. That is, for eachj ∈ {1, . . . , ℓu}
there exists a unique valueij ∈ {1, . . . , ℓ} satisfying,

Bij ≥ 0 i 6= ij . (6.35)

For a given diagonal matrixD > 0 consider the MaxWeight policy defined for the fluid
model via (6.34).

(i) For eachx ∈ X the allocation vectorφ(x) is a solutionu∗ to the linear program,

arg max
{ ℓu∑

j=1

Θj(x)uj s. t. Cu ≤ 1, u ≥ 0
}
. (6.36)
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(ii) The optimizeru∗ of the linear program (6.36) can be chosen so thatu∗j ∈ {0, 1}
for eachj, andu∗j = 0 wheneverxij = 0.

Proof. To establish (6.36) it suffices to demonstrate that an optimizer of (6.36) can be
constructed withu∗ ∈ U(x). For this we show that an optimizer exists such thatu∗j = 0
wheneverxij = 0. Any u∗ ∈ U satisfying this condition also lies inU(x). That is, (i)
will follow from (ii).

To prove (ii), suppose thatu∗ is an extremal optimizer for (6.36). For anyj, if
xij > 0 andu∗j ∈ (0, 1) then the allocation vectoruθ := (1 − θ)u∗ + θ1j is feasible
wheneverθ ≤ 1 anduθj ≥ 0. That is, feasibility holds forθ ∈ [θ−, θ+] whereθ− =

−u∗j/(1 − u∗j ) andθ+ = 1. Henceu∗ can be written as a convex combination ofuθ
+

anduθ
−

, which is a contradiction to the assumption thatu∗ is extremal. We conclude
that an extremal optimizer exists, and it must satisfyu∗j ∈ {0, 1} for eachj for which
xij > 0.

Suppose now thatxij = 0. In this caseΘj(x) ≤ 0, and it follows that we can take
u∗j = 0 without loss of generality for any optimizer of (6.36). ⊓⊔

The description of the MaxWeight policy can be simplified further under a mild
additional restriction: Suppose that the sets{Ir : 1 ≤ r ≤ ℓm} are disjoint. In this case
the maximization (6.36) can be decomposed intoℓm separate optimization problems
that can be solved explicitly. The MaxWeight policy can be expressed as follows under
this assumption and the assumptions of Proposition6.4.1:

(a) If Θr(x) := maxj∈Ir Θj(x) < 0 then

φj(x) = 0 for eachj ∈ Ir(x). (6.37)

(b) If Θr(x) > 0 then, ∑

j∈Ir

{φj(x) : Θj(x) = Θr} = 1. (6.38)

(c) If Θr(x) = 0 then the choice is not unique: Either of the decision rules (6.37) or
(6.38) is consistent with the MaxWeight policy.

If Ir ∩ Ir′ is not empty for somer 6= r′ this means that the corresponding rows
of the constituency matrix are not orthogonal. In this case a representation of the
MaxWeight policy may be far more complex. We consider examples of these more
exotic networks in the next section.

6.5 Simultaneous resource possession

Simultaneous resource possessionarises in computer and communication systems, and
many other applications. For example, a computer process may require the use of mul-
tiple resources simultaneously including access to memory, disk-drive search, and pro-
cessor utilization. Audio or video communication may rely on simultaneous utilization
of shared links in a network.
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The following example concerns air traffic control, but the model could also de-
scribe Internet congestion control for delay sensitive traffic.

Class
1 Resource

2

Class
3

Class
4

Class
2 CMI CHI

LAX

PAR

Resource
3

Resource
1

Figure 6.8: Simultaneous resource possession in aircraft scheduling: The resources
highlighted in the figure indicate air-space between flights.

Example 6.5.1.Air traffic scheduling

Shown in Figure6.8 is a schematic showing four classes of customers who wish to
travel from source to destination. Class 1 and 2 customers each travel from Champaign-
Urbana to Paris, but Class 1 customers pay a higher fare. Class 3 customers travel from
Champaign-Urbana to Los Angeles, and Class 4 customers travel from Chicago to Los
Angeles. The resources highlighted in the figure indicate air-space between flights.
Schedulingamounts to determining which customers can make use of these resources
at a given time.

A fluid model is used to obtain estimates of the maximal traffic flow and to ob-
tain initial intuition for decision making over, say, a 12 hour period. To refine this
intuition requires consideration of variability and the finite number of flights between
destinations. For example, the common practice of over-booking flights is a form of
safety-stock to avoid starvation of resources. In this case the resources are planes and
airspace; An example ofstarvationis a half-full airplane in flight.

Constraints on the scheduling policy are imposed to ensure customer satisfaction
and avoid congestion at the airport in Chicago. For example, we must ensure that
customers leaving Champaign-Urbana destined for Los Angeles will have a reasonably
short wait for their flight in Chicago.

α
1

α
2

α
3

α
4

µ1 µ2 µ3

Figure 6.9: Customers of class 1, 2, and 3 each require two resources simultaneously
to complete service. Class 4 customers require service at resource 3 only.
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This scheduling problem can be placed within the framework of this chapter using
the network model shown in Figure6.9, in which the four allocation rates(ζ1, . . . , ζ4)
correspond to the four customer classes shown in the figure. The constituency matrix
is given by

C =




1 1 0 0
1 1 1 0
0 0 1 1


 .

The respective rows ofC correspond to airspace between 1) CHI and PAR; 2) CMI
and CHI; 3) CHI and LAX. Simultaneous resource possession is captured by the fact
that the rows ofC are not orthogonal.

The effect of simultaneous resource possession is essentially the opposite of re-
source pooling. A seemingly innocuous system can explode in complexity. This is
evident in the next example.

Arrivals to three

input ports

Output ports

matching

Output 1 Output 2 Output 3

input 1

input 2

input 3

Figure 6.10: Input-queued switch showing a matching three selected inputs to their
corresponding outputs.

Example 6.5.2.Input-queued switch

Figure6.10 shows a particular architecture known as aninput-queued switchused in
Internet routers. In the example shown there are three arrival streams to the threeinput-
queues, and threeoutput portsthat lead to three destinations. There are nine customer
classes in this model, where a customer is a packet of data, and the customer class is
determined by its point of origin and desired destination. This can be modeled using a
9-dimensional CRW or fluid model.

Assuming that the service rates are unity, the fluid model equations become,

d+

dtqij(t) = −ζij(t) + αij , i, j = 1, 2, 3, (6.39)

whereζij(t) denotes the processing rate of Class(i, j) customers (i.e. customers at
buffer iwith destinationj.) Viewed as a3×3 matrix, the constraintζ ∈ U is equivalent
to the assumption that this matrix is “doubly sub-stochastic”:

ζ ≥ 0,
3∑

kn=1

ζknj ≤ 1,

3∑

ko=1

ζiko ≤ 1, i, j = 1, 2, 3. (6.40)
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The constituency matrix has6 rows corresponding to these six constraints, and9
columns corresponding to the9 activities with rates{ζij}.

Simultaneous resource possession can be interpreted as blocking, exactly as in the
air traffic scheduling problem. For example, there are two active constraints while data
is routed from input queue 2 to output 1 as shown in the figure. That is, ifζ2,1 = 1 then
two of the constraints in (6.40) are binding,

3∑

kn=1

ζkn1 = 1,
3∑

ko=1

ζ2ko = 1.

The first equality is a consequence of the constraint that no data can be sent to output 1
from any other input queue whileζ2,1 = 1. The second equality follows from the fact
that the second input queue is busy processing packets whenζ2,1 = 1.

The MaxWeight policy for this model is defined exactly as in other models. Since
q is 9-dimensional, we choose nine positive constants, denoted{Dij}, and chooseζ(t)
at timet to minimize the derivative,

d+

dt

(
1
2

∑

ij

Dij [qij(t)]
2
)

subject to the constraint thatζ(t) ∈ U(x). From (6.39) and the representation of the
MaxWeight policy in (6.34) we conclude that the policy can be expressed as the feed-
back law,

φMW(x) ∈ arg max
u∈U(x)

∑
Dijuijxij, x ∈ R

9
+. (6.41)

The assumptions of Proposition6.4.1hold, so that we can assume that the maximum is
achieved to giveφMW(x) ∈ U⋄(x) for eachx ∈ X⋄.

There is no simple description of the policy of the form (6.37,6.38). In theN ×N
switch the setU is N2 dimensional, so that this is also the dimension of the search
space for computingφMW .

The literature surrounding the input queued switch has settled on a name for this
policy in a special case: If the constants{Dij} are all equal to one, then (6.41) is known
as theMaxWeight matchingpolicy, so thatφMW(x) ∈ arg maxu∈U(x)

∑
uijxij. The

matching shown in Figure6.10is a MaxWeight matching for the value ofx indicated
in the nine queues.

6.6 Workload relaxations

Most of the concepts in this section are straightforward extensions of those described
for the scheduling model in Chapter5. We also expand on the results of the previous
chapter to obtain a better understanding of the potential “gap” in behavior between a
network model and its relaxation.

6.6.1 Relaxations of the fluid model

The definition of a workload relaxation is essentially identical to Definition5.3.1. Re-
call that{ξs : 1 ≤ s ≤ ℓr} are the workload vectors introduced in Definition6.1.1.
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x0

ξ1

ξ2

x2

x1

V̂{ + x0}V{ + x0}

Figure 6.11: The velocity spacêV is an unbounded relaxation of the original velocity
spaceV.

Definition 6.6.1.Workload Relaxation

Suppose thatρ• < 1. Then, for a given integer1 ≤ n ≤ ℓr,

(i) The nth relaxationof (6.1) is defined to be the differential inclusion based on
the larger velocity space defined by,

V̂ = {v : 〈ξs, v〉 ≥ −(1 − ρs), 1 ≤ s ≤ n} . (6.42)

(ii) A feasible state trajectory is denoted̂q, and satisfies

q̂(t) ∈ X and
q̂(t1) − q̂(t0)

t1 − t0
∈ V̂, t ≥ 0, 0 ≤ t0 < t1 <∞.

(iii) The n-dimensionalworkload processis defined by

ŵ(t) = Ξ̂q̂(t), t ≥ 0,

where then× ℓ workload matrixis given byΞ̂ := [ξ1 | · · · | ξn]T.

(iv) The workload process is constrained to theworkload space,

W := {Ξ̂x : x ∈ X}.

A particular example illustrating the form of̂V is shown in Figure6.11. The inclu-
sion V ⊂ V̂ is a consequence of Theorem6.1.1(iv).

For eacht ≥ 0, 1 ≤ s ≤ n, thesth component of the workload process is again
subject to the simple constraint (5.23),

d+

dtŵs(t) ≥ −(1 − ρs), 1 ≤ s ≤ n.

These constraints aredecoupledif the workload vectors{ξs : 1 ≤ s ≤ n} are linearly
independent.
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The state space for the workload process isW, which is always a convex polyhe-
dron (recall thatX is a product of intervals,X = {x ∈ R

ℓ
+ : xi ≤ bi, 1 ≤ i ≤ ℓ}.) It

is apositive conewhenX = R
ℓ
+. That is, ifw ∈ W, thenκw ∈ W for eachκ ≥ 0.

Convexity ofX and the form of̂V imply that the minimal draining time for the
relaxation has a simple form, analogous to that obtained in Proposition6.1.3. Note that
the representation in Proposition6.6.1(i) uses an infimum, rather than a minimum over
T , to reflect the fact that̂V is unbounded and hence it is possible thatT̂ ∗(x1, x2) = 0.

Proposition 6.6.1. Suppose thatρs < 1 for each1 ≤ s ≤ n. Then, for any two states
x1, x2 ∈ X,

(i) The minimal time to reachx2 fromx1 for then-dimensional relaxation is given
by,

T̂ ∗(x1, x2) = inf{T > 0 : T−1(x2 − x1) ∈ V̂}.

(ii) T̂ ∗(x1, x2) = max
(
0, max

1≤s≤n

(〈ξs, x1 − x2〉
1 − ρs

))
.

Proof. Note that we must havêT ∗(x1, x2) <∞ since0 is an interior point of̂V.
The proof of (i) is identical to that given for the unrelaxed model in Proposi-

tion 6.1.3.
To see (ii), note first that if〈ξs, x1 − x2〉 ≤ 0 for each1 ≤ s ≤ n thenT−1(x2 −

x1) ∈ V̂ for eachT > 0. Consequently, the infimum in (i) is precisely zero: In thisnth
relaxation the process can jump instantly tox2 starting fromx1.

If 〈ξs, x1 − x2〉 > 0 for somes thenv∗ := (x2 − x1)/T̂ ∗(x1, x2) ∈ V̂ from the
definition of the relaxed velocity space (6.42). The resulting state trajectory using this
constant value reachesx2 starting fromx1 in minimal time. ⊓⊔

Proposition6.6.1implies thatT̂ ∗(x) = T ∗(x) for anyx ∈ R
ℓ
+ whenn = ℓr. For

the two-dimensional model shown in Figure6.11it is apparent that̂T ∗(x) = T ∗(x) for
anyx ∈ R

2
+ in a two-dimensional relaxation.

In the following two examples a one-dimensional relaxation is justified for suffi-
ciently high load.

ξ

V̂

V

v1

v2

Figure 6.12: Velocity space for the simple routing model and its one-dimensional re-
laxation.
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ξ
V V

v1

v2

v1

v2ξ2
ξ2

ξ1

Fading ModelStatic Model

Figure 6.13: One-dimensional relaxations of the velocity space in two versions of the
ALOHA communication model.

Example 6.6.1.Simple routing model

Recall that for sufficiently high load, the minimal draining time for the simple routing
model is given by thelinear function T ∗ shown in (6.23). Figure6.12shows a one-
dimensional relaxation of the velocity spaceV in the simple routing model when the
expression (6.23) is valid.

Proposition6.1.3and Proposition6.6.1imply that the minimal draining times co-
incide forx ∈ X = R

3
+,

T ∗(x) = T̂ ∗(x) = min{T > 0 : T−1x ∈ V̂} =
1

1 − ρ•

(
x1 + x2

µ1 + µ2

)
.

Example 6.6.2.ALOHA model

The velocity setV and its one-dimensional relaxation are shown in Figure6.13for the
two multiple-access communication models. In the static ALOHA model the setV and
its relaxation are similar to the simple routing model.

A fluid model for the dynamic model (2.15) will have a convex, non-polyhedral
velocity space as shown at right in Figure6.13. A one-dimensional relaxation can be
constructed even though the setV is not polyhedral.

We now turn to the more complex input-queued switch.

Example 6.6.3.Workload relaxation for the input-queued switch

Relaxation techniques are especially useful for the input-queued switch because of the
explosive growth in complexity with the number of buffers. In the example shown in
the figure there are three input buffers and three output ports, and6 possible matchings
between inputs and outputs. For a generalN × N switch there areN ! possibilities,
so that the number of possible matchings growssuper-exponentiallywith N . It is
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very fortunate that a workload relaxation of modest dimension can be constructed that
captures many important aspects of this scheduling problem.

In fact, the worst-case complexity in a workload relaxation is linear inN since the
number of workload vectors is equal to2N . This is explained in Proposition6.6.2for
N = 3.

Proposition 6.6.2. In the3×3 switch there are exactly six workload vectors, denoted
{ξn,i, ξo,j : i, j = 1, 2, 3} ⊂ {0, 1}3×3, and defined so that for eachx ∈ R

3×3
+ ,

〈ξn,i, x〉 =
∑

ko

xiko, 〈ξo,j, x〉 =
∑

kn

xknj , i, j = 1, 2, 3 .

The minimal draining time for the arrival-free model is the maximum,

W ∗(x) = max
i=1,2,3

(
max

(
〈ξn,i, x〉, 〈ξo,i, x〉

))
, x ∈ R

3×3
+ . (6.43)

For a given arrival rate matrixα the network load is given by the maximum of all
row-sums and column-sums ofα,

ρ• = max
i,j

(∑

ko

αiko,
∑

kn

αknj

)
. (6.44)

Proof. In words,〈ξn,i, x〉 :=
∑

kl ξ
n,i
kl xkl denotes the total amount of processing time

required by customers waiting in the input bufferi, and〈ξo,j , x〉 is the total amount of
processing time required by customers destined for outputj. This implies the repre-
sentation (6.43) for W ∗(x).

The vectors{ξn,i, ξo,j : i, j = 1, 2, 3} are the complete set of workload vectors
since it is not possible to expressW ∗(x) for all x using a maximum over some fixed
subset of these six vectors.

Applying Definition6.0.1we conclude that the load is given by (6.44). ⊓⊔

6.6.2 Effective cost

Suppose now that a cost function is givenc : X → R+. It is assumed thatc is convex,
continuous, and vanishes only at the origin.

Definition 6.6.2.Effective cost for a workload-relaxation

Suppose that the state spaceX is a convex polyhedron, and thatc : X → R+ is a convex
cost function that vanishes only at the origin. Then,

(i) The effective costc : W → R+ is defined for eachw ∈ W as the value of the
convex program,

c(w) = min c(x)

s. t. Ξ̂x = w, x ∈ X .
(6.45)
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(ii) The region wherec is monotoneis denotedW+. That is,

W
+ :=

{
w ∈ W : c(w

′
) ≥ c(w) wheneverw

′ ≥ w andw′ ∈ W.
}

(iii) For anyw ∈ W, aneffective stateX ∗(w) is defined to be any vectorx∗ ∈ X

that minimizes the convex program (6.45):

X ∗(w) ∈ arg min
x∈X

(
c(x) : Ξ̂x = w

)
. (6.46)

(iv) For anyx ∈ X, anoptimal exchangeable stateP∗(x) ∈ X is defined via,

P∗(x) = X ∗(Ξ̂x). (6.47)

Just as in Proposition5.3.10we have,

Proposition 6.6.3. For any workload relaxation, and any convex cost function,

(i) The effective costc : W → R+ is convex.

(ii) If the cost functionc : X → R+ is linear, then the effective cost is piecewise
linear,

c(w) = max
i

〈ci, w〉, w ∈ W . (6.48)

The vectors{ci} ∈ R
ℓ are the extreme points obtained in the dual of the linear

program (6.45).
⊓⊔

Consider a one-dimensional relaxation. Just as in the scheduling problem, the ef-
fective cost is easily computed in this case. For simplicity we ignore buffer constraints
in Proposition6.6.4. The proof is left as an exercise - see Exercise5.6and Exercise6.8.

Proposition 6.6.4. For the one-dimensional workload relaxation onX = R
ℓ
+,

(i) If c : R
ℓ
+ → R+ is linear then an effective state is given by

X ∗(w) =
( 1

ξ1i∗
1i∗

)
w, w ∈ R+,

where the indexi∗ is any solution toci∗/ξ
1
i∗ = min1≤i≤ℓ

(
ci/ξ

1
i

)
. The effective

cost is given by the linear function,

c(w) = c(X ∗(w)) = (ci∗/ξ
1
i∗)w, w ∈ R+.
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(ii) Suppose thatc : R
ℓ
+ → R+ is the quadraticc(x) = 1

2x
TDx, x ∈ R

ℓ
+, whereD

is an invertibleℓ× ℓ matrix, and suppose thatx∗1 ≥ 0, where

x∗1 :=
(
ξ1

T
D−1ξ1

)−1
D−1ξ1.

Then the effective state is again linear in the workload value, with

X ∗(w) = wx∗1, w ∈ R+.

The effective cost is the one-dimensional quadratic,

c(w) = 1
2

(
ξ1

T
D−1ξ1

)−1
w2, w ∈ R+.

⊓⊔

Example 6.6.4.Simple routing model

Returning to the simple routing model considered in Example6.6.1, in the one-
dimensional relaxation considered previously we haveξ = (µ1 + µ2)

−11 ∈ R
3.

If c : R
3
+ → R+ is a linear cost function then the effective state and effective cost

are given by

X ∗(w) = (µ1 + µ2)w1i∗ , c(w) = ci∗(µ1 + µ2)w, w ∈ R+, (6.49)

wherei∗ ∈ arg min1≤i≤3 ci.
Consider a quadratic cost function of the form

c(x) = 1
2(c1x

2
1 + c2x

2
2 + c3x

2
3). (6.50)

That is,D is the diagonal matrixD = diag(ci), and hence by Proposition6.6.4 the
effective state is given byX ∗(w) = wx∗1 for w ∈ R+, where

x∗1i =
µ1 + µ2

c−1
1 + c−1

2 + c−1
3

(c−1
1 , c−1

2 , c−1
3 )T.

The effective cost is,

c(w) = 1
2

(µ1 + µ2)
2

c−1
1 + c−1

2 + c−1
3

w2, w ∈ R+.

We now consider a high-dimensional relaxation for the input queued switch.

Example 6.6.5.Monotone region for the input-queued switch

Consider a balanced model in which all six of the workload vectors defined in Propo-
sition 6.6.2are used to construct a six-dimensional workload relaxation. The work-
load vectors are not linearly independent since

∑
i ξ

n,i =
∑

j ξ
o,j. They span five-

dimensions, and hence the workload spaceW lies in a five dimensional subspace of
R

6
+.
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Suppose thatc is the quadraticc(x) = 1
2‖x‖, x ∈ R

3 × R
3. For given vectors

(wn, wo) ∈ W, the effective cost is the solution to the quadratic program,

c(w) = min 1
2

∑

ij

x2
ij

s. t.
∑

k

xik = wn
i ,

∑

l

xlj = wo
j , i, j = 1, 2, 3

x ≥ 0.

(6.51)

A Lagrangian is constructed based on Lagrange multipliersψn, ψo ∈ R
3,

L(x, ψ) = 1
2

∑

ij

x2
ij +

∑

i

ψn
i

(
wn
i −

∑

k

xik
)

+
∑

j

ψo
j

(
wo
j −

∑

l

xlj
)
.

Assuming that the Lagrangian is minimized withx∗ > 0, the first order optimality
conditions give,

0 =
∂

∂xij
L (x∗, ψ) = x∗ij − ψn

i − ψo
j , i, j = 1, 2, 3.

The optimizer can thus be expressed in matrix form as the sum of two ‘outer products’,
x∗ = ψn1T + 1ψoT. The Lagrange multipliers and workload vectors are related by,

wn
i = 3ψn

i +
∑

j

ψo
j and wo

j = 3ψo
j +

∑

i

ψn
i .

The monotone region is precisely those(wn, wo) ∈ W for which the Lagrange multi-
pliers are non-negative:

W
+ =

{
(wn, wo) = (3ψn + |ψo|1, 3ψo + |ψn|1) : ψn, ψo ∈ R

3
+

}
.

Proposition6.6.5extends the conclusions of this example to the general model.
The assumption thatD−1 has non-negative entries is a relaxation of the assumption
thatD > 0 is diagonal.

Proposition 6.6.5. Suppose that̂Ξij ≥ 0 for each i, j in the nth relaxation, and
suppose thatD is a positive definite matrix satisfyingD−1

ij ≥ 0 for eachi, j. Suppose

finally thatD−1Ξ̂T1 > 0. Letc(x) = 1
2x

TDx, and letc denote the effective cost. Then
the monotone region is given by,

W
+ = {Ξ̂D−1Ξ̂Tψ : ψ ∈ R

n
+}.

Proof. The effective cost is the solution to the quadratic program,

c(w) = min 1
2x

TDx

s. t. Ξ̂x = w, x ≥ 0.
(6.52)
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Let ψ ∈ R
d denote a Lagrange multiplier, and define the Lagrangian as a function of

(x, ψ) via,
L(x, ψ) = 1

2x
TDx+ ψT[w − Ξ̂x].

If x∗ minimizes (6.52) then there exists a Lagrange multiplierψ∗ such thatx∗ also
minimizesL(x, ψ∗) overx ≥ 0. Moreover,ψ∗ defines a gradient for the effective cost
atw. Hencew ∈ W

+ if and only ifψ∗ ≥ 0.
Suppose thatx∗ is an interior minimizer ofL(x, ψ∗) so that we can apply the

first-order necessary conditions for optimality,

0 = ∇xL (x∗, ψ∗) = Dx∗ − Ξ̂Tψ∗,

giving x∗ = D−1Ξ̂Tψ∗. If ψ∗ > 0 thenx∗ > 0 under the assumptions onD andΞ̂.
Finally, writing,

w = Ξ̂x∗ = Ξ̂D−1Ξ̂Tψ∗

we conclude thatw is a typical element of the interior ofW+. This completes the proof
since

closure {Ξ̂D−1Ξ̂Tψ : ψ > 0} = {Ξ̂D−1Ξ̂Tψ : ψ ≥ 0}.
⊓⊔

6.6.3 Coupling the relaxation

We have seen through examples that it is not difficult to devise efficient policies for
a workload model of moderate dimension. The question then arises,how can this be
adapted to provide a policy for the original complex network of interest? Here we show
how to translate a policy from the workload relaxation to theℓ dimensional fluid model.

Suppose that[q̂∗(t;x), ζ̂∗(t;x)] is any solution to the relaxed control problem, and
thatc : X → R+ is a convex cost function. For simplicity we takec linear, andX = R

ℓ
+.

A policy for the unrelaxed model is defined as follows.

Definition 6.6.3.Translation of a policy for the relaxation

For each initial conditionx, and timet ≥ 0, the allocation rateζ(t;x) for the unrelaxed
model is defined to be a function of[q̂∗(t;x), ζ̂∗(t;x), q(t;x)] as follows: Given the
current statesx1 = q(t;x), x̂1 = q̂∗(t;x), let ζ(t;x) be the optimizerζ∗ ∈ U in the
linear program,

min 〈c,Bζ〉
s. t. Cζ ≤ 1

ζ ≥ 0
(Bζ + α)i ≥ 0 if x1

i = 0

〈ξs, (Bζ + α)〉 ≤ 〈ξs, (Bζ̂∗ + α)〉, whenevers ≤ n,
and〈ξs, x1〉 = 〈ξs, x̂1〉.

(6.53)

Copyright Cambridge University Press 2007. On-screen viewing permitted. Printing not permitted. 
http://www.cambridge.org/us/catalogue/catalogue.asp?isbn=9780521884419



Control Techniques for Complex Networks Draft copy April 22, 2007 248

The last constraint in (6.53) ensures thatws(t;x) ≤ ŵ∗
s(t;x) for all s ≤ n and all

t.
To analyze this policy we consider the error process and ‘coupling time’ defined

by,

e(t;x) = q(t;x) − q̂∗(t;x), t > 0, T ◦(x) = min{t : e(t;x) = 0}. (6.54)

First we consider its application using the simple routing model.

ξ

q1

q 2

q(t;x)

x

q(t;x) = q̂∗(t;x) q̂∗(0+;x)

q1

q 2

x

q(t;x) = q̂∗(t;x)

q̂∗(0+;x)

Figure 6.14: Coupling of optimal solutions in the simple routing model. When the
cost function is linear, the policy defined in Definition6.6.3couples with the optimal
relaxation at timeT ◦(x) = x2/µ2 as shown at left. The figure at right illustrates this
coupling when the cost is quadratic.

Example 6.6.6.Coupling in the simple routing model

In the simple routing model considered in Example6.6.1 we have seen that a one-
dimensional relaxation is well-motivated, and in Example6.6.4we computed the ef-
fective cost whenc is linear or quadratic. In the former case withc(x) = c1x1 +c2x2 +
c3x3, x ∈ R

3
+, c1 < c2 < c3, the effective state is given byX ∗(w) = (µ1 + µ2)w11

for w ≥ 0 (see (6.49).)
Consider an initial condition of the formq(0) = q̂(0) = x with x3 = 0. In an

optimal solution for the relaxation we havêq∗(0+) = P∗(x) = (µ1 + µ2)ŵ(0)11 =
(x1 + x2)1

1, and

q̂∗(t) = q̂(0+) − (µ1 + µ2 − αr)t for 0 ≤ t ≤ T ∗(x).

As illustrated at left in Figure6.14, the norm of the error‖e(t;x)‖ is decreasing witht,
and the state trajectoryq defined in Definition6.6.3couples with the optimal relaxation
at timeT ◦(x) = x2/µ2.

Similarly, if the cost function is the quadratic shown in (6.50) then the optimal
trajectory q̂∗ is again restricted to a line segment fort > 0, andq couples with the
relaxation in finite time. This coupling is illustrated at right in Figure6.14.

So far we have taken for granted the feasibility of the linear program definingζ.
In Theorem6.6.6sufficient conditions are formulated based on the assumptionthat the

Copyright Cambridge University Press 2007. On-screen viewing permitted. Printing not permitted. 
http://www.cambridge.org/us/catalogue/catalogue.asp?isbn=9780521884419



Control Techniques for Complex Networks Draft copy April 22, 2007 249

load is sufficiently large, and that then workload vectors capture all of the bottlenecks.
In addition to verifying feasibility, in this heavy-traffic setting we can bound the gap in
performance between the fluid model and its relaxation.

It is simplest to formulate these conditions using a family of networks with in-
creasing load. We letκ ≥ 1 denote a scaling parameter, and construct for eachκ a
stabilizable network withρκ• < 1 for κ < ∞ andρ∞• = 1. It is assumed thatB and
C are independent ofκ, and that the arrival-free model is stabilizable. Two arrival-rate
vectorsα1, α∞ are given, and for arbitraryκ ≥ 1 we define

ακ := α∞ − κ−1(α∞ − α1). (6.55)

The respective load parameters can be expressed,

ρ1
• :=W ∗(α1) , ρ∞• :=W ∗(α∞). (6.56)

The choice of a perturbation in the arrival stream is for the sake of convenience
since we can then take a fixed set of workload vectors. LetRb ⊂ {1, . . . , ℓm} denote
the index set of bottleneck resources for the model with arrival rateα∞. That is, those
s ∈ {1, . . . , ℓr} satisfying

ρ∞s = 〈ξs, α∞〉 = 1.

By reordering, we can assume, without loss of generality, thatRb = {1, . . . , ℓb} for
some integerℓb ≥ 1. Throughout the remainder of this section we consider thenth
workload relaxation withn = ℓb.

Theorem6.6.6shows that little is lost when otpimizing theℓbth relaxation. Let
Jκ∗, Ĵκ∗ denote the value functions for the infinite-horizon optimal control problems.
We always have,

Ĵκ∗(x) ≤ Jκ∗(x), x ∈ X,

and Theorem6.6.6provides bounds in the reverse direction.
Let eκ andT κ◦(x) denote the error process and hitting time defined in (6.54) for

theκth network. The following result provides uniform bounds onT κ◦, and justifies
the termcoupling time.

Theorem 6.6.6. (Coupling the Relaxation) Suppose that the following hold:

(a) The cost functionc : X → R+ is linear, and the optimizerX ∗(w) of (6.45) is
unique for eachw ∈ W.

(b) For x ∈ X, and withκ = 1, theℓbth workload relaxation admits a solution̂q1∗

that minimizes the total cost

Ĵ(x) =

∫ ∞

0
c(q̂(t)) dt, q̂(0) = x,

and this solution is unique.

(c) The workload vectors{ξs : 1 ≤ s ≤ ℓb} are linearly independent.
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Then, there existsκ0 ≥ 1 such that the linear program (6.53) is feasible for each
κ ≥ κ0. The following hold for the resulting state trajectory and its relaxation:

(i) ws(t;x) ≤ ŵκ∗s (t;x), t ≥ 0, 1 ≤ s ≤ ℓb,

(ii) The timeT κ◦ is uniformly bounded: For someb0 <∞ independent ofκ,

T κ◦(x) ≤ b0‖eκ(0+;x)‖ , x ∈ X,

(iii) q(t;x) = q̂κ∗(t;x) for all t ≥ Tκ◦(x),

(iv) There is a constantb1 such that the value function satisfies,

Jκ(x) :=

∫ ∞

0
c(q(t;x)) ≤ (1 + κ−1b1)Ĵ

κ∗(x)

≤ (1 + κ−1b1)J
κ∗(x) , x ∈ X

(v) Suppose that̂q1∗ is a path-wise optimal solution. Then, forκ ≥ κ0,

c(q(t;x)) = c∗(t;x), t ≥ T κ◦(x),

wherec∗ is the lower bound on the cost defined in the linear program (4.40). ⊓⊔

The proof Theorem6.6.6is based on the following three lemmas.

Lemma 6.6.7. Under the assumptions of Theorem6.6.6the workload relaxation sat-
isfies the independent differential constraints,

d+

dt ŵs(t;x) ≥ −κ−1δs, 1 ≤ s ≤ ℓb, κ ≥ 1, t > 0 , (6.57)

whereδs = 〈ξs, α∞ − α1〉 = 1 − ρ1
s.

Proof. From the definitions we have1 − ρκs = κ−1〈ξs, α∞ − α1〉, s ∈ Rb. ⊓⊔

Next we obtain a scaling property that relates the optimal solutions{q̂κ∗ : κ ≥ 1}.

Lemma 6.6.8. Suppose that the assumptions of Theorem6.6.6hold, so that in partic-
ular a solution to the infinite-horizon control problem for theℓbth relaxation is unique
for each initial condition whenκ = 1. Letting Ĵ1∗ denote the value-function when
κ = 1, for each finiteκ ≥ 1 the optimal solution for the relaxation satisfies,

q̂κ∗(t;x) = q̂1∗(κ−1t;x), t > 0 ,

Ĵκ∗(x) = κĴ1∗(x), x ∈ X .
(6.58)

Proof. For eachκ ≥ 1, there is a one to one mapping between feasiblew1 and feasible
wκ. This is defined by the simple scalinĝw1(t) 7→ ŵκ(t) = ŵ1(κ−1t).

Given the optimal workload procesŝw1∗, the scaled process does satisfy the re-
quired lower bounds,
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d+

dt ŵ
1∗
s (κ−1t;x) ≥ −κ−1δs, 1 ≤ s ≤ ℓb, t > 0 ,

and from this and uniqueness of the optimal solution we can conclude thatŵκ∗(t;x) =
ŵ1∗(κ−1t;x) for all t. SinceX ∗ is uniquely defined, we conclude that a similar corre-
spondence holds between̂q1∗ andq̂κ∗,

q̂κ∗(t;x) = X ∗(ŵκ∗(t;x)
)

= X ∗(ŵ1∗(κ−1t;x)
)

= q̂1∗(κ−1t;x), t > 0 .

This proves (i).
Part (ii) follows from (i) and the change of variabless = κ−1t:

Ĵκ∗(x) =

∫ ∞

0
c(q̂κ∗(t;x)) dt

=

∫ ∞

0
c(q̂1∗(κ−1t;x)) dt

= κ

∫ ∞

0
c(q̂1∗(s;x)) ds = κĴ1∗(x).

⊓⊔

The next result shows that, relative to the system load, exchangeable states for the
ℓbth workload-relaxation are almost exchangeable for the original fluid model whenκ
is large.

Lemma 6.6.9. Suppose that the assumptions of Theorem6.6.6 hold. Then, there
existsb0 <∞ such that for anyx1, x2 ∈ X satisfyingΞ̂x2 ≥ Ξ̂x1, the time to reachx2

fromx1 is uniformly bounded inκ as follows,

T κ∗(x1, x2) ≤ b0‖x1 − x2‖, κ ≥ 1.

Proof. If 〈ξs, x2 − x1〉 ≥ 0 for 1 ≤ s ≤ ℓb it then follows from Proposition6.1.3that
the draining time can be expressed as the maximum,

T κ∗(x1, x2) = max
s≥1

〈ξs, x1 − x2〉
os − 〈ξs, ακ〉 = max

s>ℓb

〈ξs, x1 − x2〉
os − 〈ξs, ακ〉 , 1 ≤ κ <∞ .

The right hand side is bounded inκ by construction ofακ, and the definition ofℓb. This
gives the required bound, withb0 = maxκ≥1,s>ℓb ‖ξs‖/|os − ρκs |. ⊓⊔

Proof of Theorem6.6.6. We first establish feasibility of the linear program (6.53) that
defines the policy. For anyt > 0 such thatws(t) ≤ ŵs(t) for s ≤ ℓb we define,

v̂⊥ = −γ e
κ(t;x)

‖eκ(t)‖ .

The constantγ > 0 is chosen so that̂v⊥ is a boundary point of the velocity space

Vκ := {V0 + ακ}. We have the explicit formulaγ−1 = Tκ∗(x1,x2)
‖x2−x1‖ , with x1 = q(t),

x2 = q̂κ∗(t).
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A candidate velocity vector satisfying the constraints in (6.53) is given as follows,

v = v̂∗ +
(
1 − 1

2κ
−1κ0

)
v̂⊥, (6.59)

wherev̂∗ = d
dt q̂

κ∗(t), andκ0 is a constant. Note that the final inequality in (6.53) is
satisfied with equality:〈ξs, v〉 = 〈ξs, v̂∗〉 for s ≤ ℓb wheneverws(t) = ŵ∗

s(t). We
now constructκ0 ≥ 1 such thatv ∈ Vκ for κ ≥ κ0. For suchκ we conclude thatv is
feasible at timet for the policy defined by (6.53).

For 1 ≤ s ≤ ℓb we have〈ξs, v̂⊥〉 ≥ 0 sincews(t) ≤ ŵκ∗s (t) by assumption.
Hence, forκ ≥ κ0,

〈ξs, v〉 = 〈ξs, v̂∗ + (1 − (2κ)−1κ0)v̂
⊥〉 ≥ 〈ξs, v̂∗〉 ≥ −(1 − ρκs ).

For s > ℓb we can reason as follows: The identity (6.58) implies that‖ ddt ŵκ∗(t)‖ ≤
b3/κ for someb3 < ∞, and allt > 0. SinceX ∗ is continuous, we must have a similar
bound forq̂κ∗, so that‖v̂∗‖ ≤ b4/κ for some finiteb4. Then, fors > ℓb andκ ≥ κ0,
equation (6.59) and the assumption thatv⊥ ∈ Vκ gives,

〈ξs, v〉 ≥ 〈ξs, v̂∗〉 − (1 − 1
2κ

−1κ0)(1 − ρκs )

≥ κ−1
(

1
2κ0(1 − ρκs ) − b4‖ξs‖

)
− (1 − ρκs )

Hence, to ensure feasibility ofv, it is sufficient to chooseκ0 > 2b4 maxs>ℓb
(
‖ξs‖(1−

ρ∞s )−1
)
.

This establishes feasibility, and also the bounds in (i).

To establish the remaining conclusions we now obtain bounds on the coupling
time. Lemma6.6.9 implies thatγ = γ(κ) is uniformly bounded from below inκ.
Applying this and Assumption (a) in the theorem, we conclude that there is some fixed
εc > 0, independent ofx ∈ X andκ ≥ 1, such that for all0 ≤ t < Tκ◦(x), and
sufficiently smallε > 0,

c(q(t) + εv̂⊥) − c(q(t)) ≤ −εcε. (6.60)

Define the error processec(t) := c(q(t))− c(q̂κ∗(t)), t ≥ 0. Using (6.60), feasibility of
the velocity vectorv defined in (6.59), and minimality of〈c, ddtq〉 we obtain the follow-
ing bound on the derivative of the error under the policy (6.53): wheneverec(t) 6= 0
andκ ≥ κ0,

d
dtec(t) = d

dt

(
c(q(t)) − c(q̂κ∗(t))

)
≤ −

(
1 − 1

2κ
−1κ0

)
εc ≤ −1

2εc.

The error is non-negative, so this bound implies that once the error reaches zero it stays
at zero. Moreoever, we haveec(0+) = c(x)−c(P∗(x)), whereP∗ is defined in (6.47),
so that on integrating we obtain

ec(t) ≤ max(0, ec(0+) − 1
2εct), t ≥ 0.

In particular,ec(t) = 0 for t ≥ 2ec(0+)/εc.
Assumption (b) then implies thatq(t) = q̂κ∗(t) for sucht, and hence

Tκ◦(x) <
2

εc
ec(0+) =

2

εc

(
c(x) − c(P∗(x))

)
.

This proves (ii) and (iii) sincec linear, and results (iv) and (v) follow immediately.⊓⊔
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6.7 Relaxations and policy synthesis for stochastic models

We close this chapter with some remarks on policy synthesis techniques for stochastic
models. A general model is the generalization of the CRW model (4.2),

Q(t+ 1) = Q(t) +

ℓu∑

i=1

ℓ∑

j=1

Mi(t+ 1)[−1i +Rij(t+ 1)1j ]Ui(t) +A(t+ 1), (6.61)

where as usualQ(0) = x is given as initial condition,M i is Bernoulli,A takes values
in Z

ℓ
+, and(M ,A,R) is i.i.d. The entries of the matrix sequenceR are Bernoulli,

satisfying ∑

j

Rij(t) ∈ {0, 1}, i = 1, . . . , ℓu, t ≥ 1.

We will not repeat all of the translation techniques that have been introduced for
the simpler scheduling model in previous chapters. For example, we leave it to the
reader to contemplate how to formulate a discrete-review policy for a real-life network
based on a policy for the fluid model.

A question we would like to answer is,how can Theorem6.6.6be generalized to
the CRW model? Unfortunately, this question is far too big for this book. We consider
three aspects of this question in this section. For more precise answers the reader is
referred to the research literature, starting with the Notes section of this chapter.

(i) If we are very optimistic we can hope for approximate sample path coupling that
mirrors the conclusion of Theorem6.6.6. Results of this kind can be found in the
literature on networks in heavy traffic. In Section6.7.1we use a single example
to illustrate the sample path behavior ofQ and a relaxationQ̂ under a myopic
policy.

(ii) Alternatively, suppose we have optimized a workload relaxation. We then face
two questions: How can we translate the policy for the relaxation to obtain an
effective policy forQ? And, in what sense can we compareQ with its optimized
relaxation? When there is a single bottleneck, a policy can be obtained based
on anh-myopic policy or through logarithmic safety stocks that is approximately
average-cost optimal in heavy traffic. This is again a technical topic, so we present
the ideas using a single example in Section6.7.2.

(iii) Extensions to networks with multiple bottlenecks is more complex precisely be-
cause the relaxation may have a complex optimal policy. The hedging techniques
described in Section5.6 can be used to construct a policy that mirrors the struc-
ture of the optimal policy. Quantifying the gap in performance between the CRW
model and its relaxation when there are multiple bottlenecks remains a significant
open problem.

6.7.1 State-space collapse under a myopic policy

To illustrate the nature of state-space collapse in a stochastic model we consider a
setting somewhat simpler than Theorem6.6.6. Rather than the optimal policy, we apply
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a particular myopic policy to the CRW model, and consider the resulting sample path
behavior. The myopic policy for a relaxation is defined exactly as for the unrelaxed
model using (4.15). Definition5.4.2gives a formal definition for the workload in units
of inventory for the homogeneous scheduling model.

We might expect (or hope) that the resulting workload processes will evolve in a
neighborhood of the monotone region. For the relaxation wedefineQ̂(t) :=X ∗(Ŵ (t))
so thatQ̂(t) = P∗(Q̂(t)) holds by definition. This may only hold after a long transient
period in the unrelaxed model ifW (0) is a long distance fromW+. With a bit more
optimism we will expect to haveQ(t) ≈ X ∗(W (t)) following a transient period (again
depending on how farQ(0) is from the optimal exchangeable stateP∗(Q(0)).)

If these expectations hold true, then we will not be surprised to observeQ(t) ≈
Q̂(t) under a myopic policy.

Example 6.7.1.Coupling in the input-queued switch CRW model

We now return to the setting of Example6.6.5. The network is balanced, and we
consider the six dimensional workload model. The MaxWeight matching policy is
applied to the CRW model. This is a special case of the MaxWeight policy in which
the diagonal entries ofD are all equal to unity.

Output 1 Output 2 Output 3

input 1

input 2

input 3

Q(t)

P∗(Q(t))

Figure 6.15: Evolution of the queue length process along with the projection onto the
effective state in a3 × 3 switch running MaxWeight matching. The queue sizeQij(t)
tracks the effective state closely in most cases.

In a relaxation we havêQ(t) = X ∗(Ŵ (t)) for all t ≥ 1 under the MaxWeight
matching policy, and moreover̂W (t) evolves in a neighborhood of the monotone re-
gionW

+. In the unrelaxed model we expect that these conclusions should hold approx-
imately, and the approximations should become increasingly accurate for increasing
load.

Figure6.15illustrates this state space collapse in a particular numerical example.
Service is taken deterministic with rate one, and the arrival process is Bernoulli with
arrival rate matrix,

α =



0.143 0.435 0.417
0.435 0.002 0.558
0.417 0.558 0.020




The network is balanced withρ• = 0.995.
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Each of the nine cells in Figure6.15shows a trajectory ofQij(t) and its projection
P∗(Q(t)). In each case except the2, 2-cell the approximationQij(t) ≈ [P∗(Q(t))]ij
is accurate over the length of the run,t = 0, . . . , 5, 000.

We arenot saying thatQ(t) ≈ Q̂(t), whereQ̂ is the relaxation controlled using
the MaxWeight policy. This approximation may fail because the workload for the un-
relaxed model may idle significantly under the MaxWeight matching policy.

6.7.2 Coupling mean behavior

Sample path coupling is well beyond our needs in the context of policy synthesis. What
we would find very useful is a set of results stating that a policy based on a relaxation
is nearly optimal. Failing this, we would like techniques to obtain useful upper bounds
on the performance of the policy.

The following example shows how tight bounds can be obtained in a heavy traffic
setting for a network possessing a single bottleneck.

Example 6.7.2.Logarithmic regret in the simple routing model

We return to the two dimensional model in the setting of Example6.6.6, except that now
we consider the CRW model given in (2.34). Recall that it is assumed (without loss of
generality) thatc1 ≤ c2, and in ‘Case 2’ we have equality. In the fluid model the myopic
policy based on a linear cost function withc1 < c2 requires that all arrivals be routed
to buffer1, up until the first time thatq2(t) = 0. From this time up until the emptying
time for the network, the policy maintainsq2(t) = 0, but sends material to this buffer
at ratemin(αr, µ2), so thatζ1 + ζ2 = 1 for all 0 ≤ t < (x1 + x2)/(µ1 + µ2 − αr).
This policy is path-wise optimal for the fluid model.

Theorem6.6.6states that a policy can be designed to enforceq(t) = q̂∗(t) in the
fluid model (and hence alsoq(t) = P∗(q(t))) following a transient period. In Case 1
the projection is uniquely defined byP∗(x) = |x|11 since the inequalityc1 ≤ c2 is
strict. For the CRW model we now ask, in what sense can we enforce an approximation
of the formQ(t) = Q̂∗(t)?

To obtain a true relaxation in the CRW model we consider workload in units of
time,Y (t) = Q1(t) +Q2(t). As in the scheduling model the relaxation is denotedŶ ,
and is defined so that its dynamics mimic those ofY ,

Ŷ (t+ 1) = Ŷ (t)+A(t+ 1)− (S1(t+ 1)+S2(t+ 1))+ (S1(t+ 1)+S2(t+ 1))Î(t).

The idleness procesŝI is constrained to evolve on{0, 1, 2, . . . }. The effective cost is
monotone, so the optimal policy is non-idling,Î∗(t) = 1{Ŷ (t) ≥ 1}, t ≥ 0. Under
any policy, the two dimensional state process is defined as the effective stateQ̂(t) :=
X ∗(Ŷ (t)), which in Case 1 becomeŝQ(t) = (Y1(t) + Y2(t))1

1.
To obtainQ(t) = Q̂∗(t) requires the approximationQ(t) ≈ P∗(Q(t)) and ap-

proximate minimality ofY (t) = Q1(t) + Q2(t). To achieve this, consider the fol-
lowing dynamic safety-stock policy based on the logarithmic switching curve (4.71):
Customers are routed to buffer 2 whenever

Q2(t) ≤ sθ(Q1(t)), t ≥ 0. (6.62)
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For comparison we also revisit the ‘direct translation’ of the fluid policy,

U r2 (t) = 1(Q2(t) = 0), t ≥ 0. (6.63)

If the policy (6.63) is applied we haveQ2(t) ≤ 1 for all t providedQ2(0) ≤ 1. It
then follows that‖Q(t) − P∗(Q(t))‖ ≤ 1 for all t, regardless of load. However, the
simulation shown at left in Figure2.16(and repeated in Figure6.16) shows thatY is
far from minimal.

Q(t;x) Q(t;x)

Q2

Q1

Q2

Q1

x

0 50 100 150 200
0

50

100

0 50 100 150 200
0

50

100

x

Figure 6.16: The simple routing model was simulated using the CRW model satisfying
(2.36). In the simulation shown at left the priority policy (6.63) was used, and the
resulting queue length processQ explodes along theQ1-axis. The simulation at right
shows results obtain using the policy (6.62) with θ = 5.

Optimal policy

x1

x2

5 log(1 + x1/5)

Figure 6.17: Optimal policy for the simple routing model. The grey region shows the
optimal switching curve obtained using value iteration for the simple routing model.
Within this region, arriving packets are routed to buffer2. The three concave curves
are plots of the switching curvesθ(x1) = θ log(1 + x1/θ) for θ = 2, 5, 20. The value
θ = 5 yields a remarkably accurate approximation to the average-cost optimal policy.

Under the policy (6.62) based on the switching curvesθ we have,

Q(t) − P∗(Q(t)) = Q2(t)(1
2 − 11),

and hence‖Q(t)−P∗(Q(t))‖ ≤
√

2(1+sθ(Q1(t))) =
√

2(1+θ log(1+θ−1Q1(t))).
If idling is rare under the dynamic safety-stock policy this suggests that we can expect
approximate optimality with error that grows logarithmically inE[log(1 +Q1(t))].

In fact, this is true: If the parameterθ > 0 is chosen sufficiently large then the
dynamic safety-stock policy is approximately optimal withlogarithmic regret. This
means that for some constantK1, independent of load,

η̂∗ ≤ η∗ ≤ ηθ ≤ η̂∗ +K1| log(1 − ρ•)|, (6.64)
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whereη∗ denotes the optimal steady-state cost,ηθ denotes the steady-state cost using
the policy (6.62), andη̂∗ is the optimal steady-state cost for the relaxation. Based on the
effective costc(y) = c1y, y ∈ R+, we obtain from Theorem3.0.1or Proposition5.4.1,

η̂∗ = 1
2c1

σ2

µ1 + µ2 − αr
(6.65)

whereσ2 = ρ2m
2 + (1 − ρ2)m

2
A, withm2 = E[(S1(1) + S2(1) −A(1))2] andm2

A =
E[(A(1))2].

In Case 2 where the cost parameters are equal thenany time-optimal policy is
optimal for the fluid model. In particular, the policy defined by the linear switching
curve s(x1) = ̟x1, x1 ≥ 0 is optimal, where the constant̟ > 0 is fixed, but
arbitrary. In this case we find that insensitivity in the fluid model is reflected in the
CRW model.

To make these statements precise consider a one-dimensional family of models
defined with increasing load. Suppose that(A1,S1,S2) defines a nominal model for
which ρ• = 1 (i.e. E[A1(k)] = µ1 + µ2). For eachκ ≥ 1 we define a thinning of this
arrival stream byAκ(k) = T (k)A1(k), whereT is an i.i.d. Bernoulli process that is
indpendent of(A1,S1,S2) with P{T (k) = 1} = 1 − κ−1. The system load is given
by ρκ• = κ for eachκ ≥ 1.

Proposition 6.7.1. Suppose thatθ > 3/β2, whereβ2 > 0 solves,

E[exp(β2(S2(k) −A1(k)))] = 1. (6.66)

Suppose moreover thatE[(S1(1)+S2(1)−A1(1))2] > 0. Then, the following hold for
the controlled network:

(i) The bounds (6.64) hold for the steady state cost, witĥη∗ is given in (6.65).
Equivalently, for some fixed constantK1,

ηθ ≤ η̂∗ +K1 log(κ), κ ≥ 1.

(ii) If c1 = c2 and the linear switching curve is used, then for someK2 <∞,

η̂∗ ≤ η ≤ η̂∗ +K2, κ ≥ 1. (6.67)

Proof. The proof contained in [363] is based on the construction of a functionh solving
a bound similar to the Poisson inequality (4.13) with η ≈ η̂∗. It is a perturbation of the
fluid value function of the formh = J∗ + b where,

b(x) =
c1

µ1 + µ2 − αr

((
µ1x2 +m2

A

)
k1e

−β1x1 +
(
µ2x1 +m2

A

)
k2e

−β2x2

)
, (6.68)

with β2 defined in (6.66) andβ1 defined analogously. ⊓⊔

Shown at right in Figure6.17is the average-cost optimal policy for this stochastic
model, as well as several instances of the logarithmic switching curve (4.71). It is
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apparent that the optimal policy can be closely approximated by a switching curve of
this simple logarithmic form. In this experiment the statistics for the CRW model are
defined in (2.36), so that in particularA is a Bernoulli process. The network parameters
areαr = 9/19, andµ1 = µ2 = 5/19 so thatρ• = αr/(µ1 + µ2) = 9/10. The linear
cost function is defined byc(x) = 2x1 + 3x2.

6.7.3 Hedging for MaxWeight

Hedging was introduced in Section5.6 as a way to reduce the risk of high costs and
idleness when constructing control solutions based on a workload model. Here we
specialize this technique to obtain refinements of the MaxWeight policy.

As in Section5.6, hedging will be defined narrowly as a policy based on an en-
largement of the monotone region for the effective cost. Since the MaxWeight policy is
anh-MaxWeight policy, we expect that the workload process will evolve in a neighbor-
hood of the monotone region for the effective cost obtained fromh. If this monotone
region is small, this means that the workload process will be far from minimal.

Proposition6.6.5contains a characterization of the effective cost when the cost
function is quadratic. For example, ifn = 2 then the proposition implies thatW+ is
the convex cone generated by the two vectors,

wi = Ξ̂D−1Ξ̂T1i = Ξ̂D−1ξi, i = 1, 2.

That is,W+ = {ψ1w
1 + ψ2w

2 : ψ ∈ R
2
+}. If D = I then these vectors become,

w1 =

(〈ξ1, ξ1〉
〈ξ2, ξ1〉

)
, w2 =

(〈ξ1, ξ2〉
〈ξ2, ξ2〉

)

The monotone region is small ifw1 andw2 are nearly aligned. In this case the myopic
policy can result in large average workload values.

w1

w2

w1

w2

w
W

+ = W ∩ W
+
0

W
+
0 − w

Figure 6.18: At left is the monotone region for a two-dimensional relaxation under the
MaxWeight policy. At right is the monotone region obtained with hedging. The curves
indicate level sets of the effective costh corresponding to the particular quadratic ‘cost’
h used in the definition of the policy. At left this ish(x) = 1

2x
TDx, and at right

h(x) = 1
2 (x+ x)TD(x+ x).

In this case performance can be improved with hedging.
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Definition 6.7.1.MaxWeight Policy With Hedging

Suppose thatD > 0 is a diagonalℓ × ℓ matrix, fix ψ̄ > 0, and letx = D−1Ξ̂Tψ̄. The
MaxWeight policy with hedgingis theh-MaxWeight policy using,

h(x) = 1
2(x+ x)TD(x+ x), x ∈ R

ℓ. (6.69)

For the CRW model (6.61) we have for anyu ∈ U, with {Θj} defined in (6.33),

〈∇h (x), Bu〉 =
ℓu∑

j=1

Θj(x+ x)uj

If simultaneous resource possession is absent, i.e., the rows ofC are orthogonal, then
the description of the policy in (6.37,6.38) is modified as follows: For each resourcer
(corresponding to a row ofC), givenQ(t) = x,

(i) If Θr(x+ x) < 0 thenUj(t) = 0 for eachj ∈ Ir(x).

(ii) If Θr(x+ x) > 0 then,
∑

i∈Ir

{φi(x) : Θi(x+ x) = Θr, xi ≥ 1} = 1.

The introduction of hedging does not have any impact on stability. The proof
of Theorem6.7.2 is very similar to the proof of Theorem4.8.3. We leave this as an
exercise (see Exercise6.9.)

Theorem 6.7.2. Suppose thatρ• < 1, E[‖A(1)‖2] < ∞ in the CRW model (6.61),
and that the MaxWeight policy with hedging is applied for some diagonal matrixD >
0, andn-dimensional vectorx > 0. Then the pair of functionsV (x) = bh(x), c(x) =
|x| solve the Poisson inequality (4.13) for some sufficiently largeb > 0. ⊓⊔

In a workload relaxation the policy introduced in Definition6.7.1results in̂W (t) ∈
W

+ for all t, with W
+ the monotone region with respect to the ‘cost function’h.

Proposition6.7.3compares the monotone region obtained with and without the vector
x. Based on this result we conclude that the monotone region increases when the
components of the vector̄ψ are increased.

The reason for the special form of the vectorx assumed in Definition6.7.1 is
illustrated in Figure6.18. The vectorw = Ξ̂x lies in the interior of the monotone
region constructed in Proposition6.6.5. A simulation of the MaxWeight policy with
and without hedging is shown in Figure6.19.

Figure6.18also contains the essentials of the proof of Proposition6.7.3:

Proposition 6.7.3. Suppose thatD, ψ̄, andh are given in Definition6.7.1. Let W+
0

denote the monotone region for the effective cost with respect toc0(x) = 1
2x

TDx, and
let W+ denote the monotone region with respect to the cost functionc ≡ h. Then,
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w1

w2

w1

w2

Figure 6.19: Two simulations of a CRW workload model: Shown at left is a trajectory
obtained using the MaxWeight policy, and at right the MaxWeight policy with hedging.
The mean workload is reduced significantly with the introduction of hedging.

W
+ = W ∩

{
W

+
0 − w

}

wherew = Ξ̂D−1Ξ̂Tψ̄.

Proof. We havew ∈ W
+ if and only ifw ∈ W andw + w ∈ W

+
0 . ⊓⊔
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6.8 Notes

The material in Sections6.1and6.2is adapted from [361], which again borrows heavily
from the literature on networks in heavy traffic, in particular [294, 241, 239, 236, 238,
87, 88, 237]. The linear program (6.5) that defines load is thestatic planning problem
of Harrison [236, 238]. In this work and in several sequels it is assumed that the load
is unity and the system is balanced, in the sense that the value of the linear program
below is equal to one,

min ̺ s. t. Bζ + α = 0
Cζ = ̺1
ζ ≥ 0.

This is simply (6.5) with the inequality constraintCζ ≤ ̺1 replaced by equality. In
this special setting the analysis is simplified, but the story remains subtle. For example,
in a simple example introduced in [88], the constraint region in this LP contains no
extreme points. The lack of extreme points in the dual is related to the fact that the
primal may be unbounded: The arrival-free model is not stabilizable in their example.

A central question in [294, 236, 238, 88] is the number of workload vectors corre-
sponding toρs = 1. Many interesting examples are presented in these papers, and in
Laws’ thesis [335]. In particular, examples in [294] show that pooled resources may
overlap, and they cannot in general be identified via cut constraints.

The matrix classification Definition6.4.1is taken from the economics literature.
The name honors Wassily Leontief, the creator of input-output analysis in economics.
Bramson and Williams [88] call a network isunitary if −B is Leontief, and in addition
simultaneous resource possession is absent.

The optimal routing problem described in Section6.3.2 is known as thesingle-
source shortest path problemin graph theory. A generalization is theall-pairs shortest
path problemin which optimal paths are sought for each pair of vertices.

The Bellman-Ford algorithm is just one of many existing algorithms for solving
shortest the path problem. Dijkstra’s algorithm is probably more popular in practice;
another is Johnson’s algorithm [47, 482]. The OSPRprotocol, also known asshort-
est path first, is a variant of the Bellman-Ford algorithm which is implemented in a
distributed fashion. Algorithms for multi-commodity flow problems and further refer-
ences are contained in [352, 184, 183].

Pathwise optimality forjoin the shortest queuein routing was established by Win-
ston [501] and Weber [483]. Ephrimedes, Varaiya and Walrand [168] extend these
results to investigate the role of information. If the queue-length process is not ob-
served then it is sensible to distribute work more evenly to guard against starvation of
resources.

There is an extensive literature on optimal routing for Markovian models. See
Hariharan, Kulkarni and Stidham [229] and Stidham and Weber [460] for extensive
surveys. The first heavy-traffic analysis of routing is contained in the 1978 paper of
Foschini and Salz [192].

In this chapter it is assumed that arrival rates to the system are uncontrolled. There
is a growing body of work on congestion control for networks withelastic trafficcon-
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sisting of flows competing for access to communication links. The models considered
in the next chapter allow admission control so that arrival rates are determined by the
policy employed.

The landmark work of Kelly and Gibbens [208] introduces economic intuition to
allocate resources ‘fairly’ and efficiently in an equilibrium model. Suppose that there
areℓf flows accessing the system with equilibrium rates{rm}. It is assumed that the
mth flow measures the value of its rate via autility functionUm : R+ → R+, and the
overal utility is defined as the sum,

U(r) :=

ℓf∑

m=1

Um(rm).

On maximizingU over r ∈ R
ℓf
+ one obtains a so-calledfair allocation. The utility

functions can be designed to provide differentiated service performance to different
classes of traffic.

This allocation rule is very similar in spirit to the MaxWeight and back-pressure
algorithms. And, like these earlier methods, the utility-function approach leads to de-
centralized algorithms for flow control. It is possible to combine MaxWeight and utility
function algorithms to perform simultaneous scheduling and flow control in a dynamic
setting [169]. Srikant’s monograph [459] contains much more on resource sharing in
the Internet.

Wireless models related to the ALOHA model are considered in a heavy-traffic
setting in [462, 170, 62]. In [62] a two-user wirelessdownlink model is considered.
Under certain conditions a one-dimensional relaxation similar to that described in Ex-
ample6.2.3 is justified through a heavy-traffic limit. If the capacity region contains
a ‘corner’ near the arrival rate vectorα, then a naturaltwo-dimensionalrelaxation is
obtained in this limit.

In the context of computer systems, models to analyze performance of networks
subject to simultaneous resource possession began in the late seventies [421, 281], and
one of the earliest papers on diffusion approximations for networks concerns precisely
this topic [167]. The ‘dead-lock’ that can occur in computer systems in whichcom-
peting jobs require common resources is a central topic in the field of discrete-event
systems [91].

The theory behind the input-queued switch described in Example6.5.2and Exam-
ple 6.6.3is largely taken from recent work of D. Shah and D. Wischik. In particular,
Figure6.15is based on a figure in [435]. In the influential paper of Karol et al. [286]
it is shown that certain simple scheduling policies, including a priority policy and a
certain greedy policy, are destabilizing for sufficiently large load in this model.
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6.9 Exercises

6.1 The schematic shown below is a very simple instance of the network models used
to describe call centers. Many other examples can be found in [201].

α1 α2 α3

Station  1 Station  2

This network is similar to the processor sharing model described in Section2.5.
It is not similar to the model shown in Figure6.9 since simultaneous resource
possession is absent.

Either station can process the contents of Buffer 2; The other two buffers are served
only by the stations shown. The total rate of service at Stationi is limited by
ζii + ζi2 ≤ 1, whereζij denotes the rate at which material at Bufferj is processed
at Stationi. Hence in a fluid modelddtq1(t) = α1−µ1ζ11, d

dtq2(t) = α2−µ1ζ12−
µ2ζ22, etc.

(i) Write down the3 × 4 matrixB, and the2 × 4 constituency matrixC.

(ii) Compute the worklad vectors{ξi}, and the network load.

(iii) Compute thec-myopic policy withc(x) = x1 + 2x2 + x3.

(iv) Construct a time-optimal policy.

(v) Find conditions on the service and arrival rates so that resource pooling is
critical. That is, the loadρ• is associated with a pooled-resource.

(vi) Obtain a policy forq based on the one dimensional relaxation under the con-
ditions of (v).

You will return to this example in Exercise11.6.

6.2 Repeat the previous exercise for the scheduling/routing model shown below:

Station  1

Station  2

Station  3

µ1

µ3

Q1(t)

Q3(t)

Q2(t)

Q4(t)

µ2

µ4

α1

The routing at buffer1 is controlled. You may take the cost function of your choice
in Part (iii).

6.3 The example shown below is taken from Bramson and Williams [88].
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α2α1

µ12µ21

µ11

µ33 µ34 µ45 µ46

µ22

1

3 4

2

1

3

2

4 5 6

There are four stations, each of which can work on one of two buffers at any time.
Consider the evolution of the contents of the first buffer. There is a constant arrival
rateα1, and it can be drained through activities at servers1 and2. Processing at
server1 results in material being sent to buffer4, and processing at server2 results
in material being sent to buffer6. The fluid model dynamics at this buffer are
expressedd

+

dtq1(t) = α1 − µ11ζ11(t) − µ21ζ21(t).

Note that if the ‘cross-paths’ are never used (shown as dashed-lines, with ratesµ12,
µ21, µ33, andµ46) then the system reduces to two independent tandem queues.

Considerα1 = α2, µ12 = µ21 = 1
2 , andµij = 1 for all otheri, j.

(i) Show thatρ• = α1 by solving the LP (6.5). Find the unique optimizerζ∗.

(ii) The dual LP has several optimal solutions(ξ, ν). Show that one is given by,

ξ = 1
2(1, 1,−1, 0, 0,−1)T ν = 1

2 (1, 1, 0, 0)T.

Note thatξ has negative entries.

(iii) Find (ξ∗, ν∗) satisfying the complementary slackness condition (6.20).

Note: that this does not require a computer. Two solutions can be obtained by
realizing that certain activities do not pay off.

6.4 Consider the single-user routing model shown below. Suppose that each link has
capacity2, except for link(1, 3) which has capacity1.

1

6

432

5

α1
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What is the maximal rateα1 that data can be sent from node 1 to node 6? Which
link constraints are binding?

How does your answer change if node3 has finite-capacity: the sum of traffic
passing through this node is subject to the strict boundµ <∞.

6.5 How would you generalize the Min-Cut Max-Flow Theorem beyond the single-
user model? For example, what happens if a second user requires a link which
is a bottleneck for the first user? Should the second user get none of the network
capacity? How would you define amaximal flowfor a two-user model?

6.6 Compute the MaxWeight policy for the following models: (a) the simple routing
model, (b) the processor sharing model introduced in Section2.5. Are the resulting
policies stabilizing in a CRW model?

6.7 Consider the ALOHA communications model described in Section2.4 and Exam-
ple 6.2.3. For the velocity setV you can take any region that is consistent with the
set shown at left in Figure6.5, but assume that the workload vectorξ2 shown in
Figure6.13satisfiesξ21 > ξ22 . For a cost function takec(x) = |x|, x ∈ R

2
+.

(i) Compute the optimal value function̂J∗ for the one dimensional relaxation of
the fluid model.

(ii) Obtain a policy forq based on the relaxation that couples withq̂ (see Exam-
ple 6.6.6.)

(iii) Construct a two-dimensional CRW model that is consistent with the fluid
model.

(iv) Construct a policy forQ based on a translation of the policy obtained for the
fluid model. One possibility is theh-MaxWeight policy based on (4.94), using
the functionh0 defined in (5.99):

h0(x) = Ĵ∗(ξ2 · x) + b
2‖x− P∗(x)‖2.

Note: In Exercise11.7you are asked to simulate this policy, and in Exercise9.5
you are asked to improve this policy using value or policy iteration.

6.8 Prove Proposition6.6.4.

6.9 Prove Theorem6.7.2.
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Chapter 7

Demand

This chapter develops extensions of the fluid and stochastic network models to capture a
wider range of activities. As in the previous chapters we allow scheduling and routing.
In the demand-driven models considered in this chapter we also permit ‘admission
control’ of raw material arriving to the network so that the total amount of material in
the system can be regulated. Although manufacturing systems will motivate most of
the discussion in this chapter, power distribution systems as described in Section2.7
and some communication systems can be modeled as demand-driven networks.

Station  4 Station  3

Station  5
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Figure 7.1: Demand-driven model with routing, scheduling, and re-work.

Figure7.1 illustrates a typical example of the class of models to be investigated.
In this 16-buffer network there are two sources of exogenous demand, and the release
of two different types of raw material into the system is controlled. At two of the
five stations there are multiple buffers so that scheduling is required, and routing is
controlled at the exit of Station3.

This is the most complex example considered in any detail in this book, although it
is far simpler than a typical semiconductor wafer fab as described in Section1.1.1. The
International Semiconductor Roadmap for Semiconductors (ITRS) provides an annual
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assessment of the challenges facing the semiconductor industry [1]. In recent years
their reports have contained some recurring themes:

Contention for resourcesThere may be dozens of different product flows in a single
factory. Occasionally a manager will demand a ‘hot-lot’ or ‘super hot-lot’. This
is a group of products to be given special priority due to the whim of a customer
who is willing to pay, or to test a new prototype.

Uncertainty The impact of failure of a single resource in the system has increasing im-
pact in a highly integrated factory and supply chain. The ITRS roadmap also
highlights uncertainty in demand due to rapid changes in the market, as well as
complete factory restructuring following changes in business needs.

Information Communication among disparate factories may be insufficient. Conversely,
information may beoverwhelmingdue to the explosive growth in inexpensive data
collection technology.

In addition,complexityis a theme that appears throughout the ITRS website.
In early 2000, unscheduled down-time was ranked as the most significant cause

of capacity loss in semiconductor fabs according to [410]. Large deficits may be gen-
erated while a critical resource is temporarily unavailable, especially when upstream
or downstream resources are forced into idleness due to an interruption of material
flow. By using the available resources wisely the system can be placed in a position
to return to its normal operating state quickly once the resource is restored. This is
especially true in the case of planned maintenance where there is advanced notice of
system down-time.

The ITRS website contains much discussion of some of the basic issues addressed
in this book: The industry wishes to operate factories at very high loads, the figureρ• =
94% is frequently cited, where the bottleneck resource in semiconductor manufacturing
is lithography. It is recognized that monitoring workload so that bottleneck resources
work almost continuously is essential to achieve such high throughput.

Nowhere in the ITRS roadmap is a declaration that the semiconductor industry re-
quires more efficient techniques to solve the average-cost optimality equations, or new
methods to verify ergodicity of their manufacturing models! Rather, the control issues
cited by ITRS concern primarily response to crisis: How should the system respond
when a resource is temporarily unavailable? When should preventative maintenance be
performed? How can a hot-lot be processed quickly in a complex factory with many
competing products? How can the impact of these disruptions be minimized?

In this chapter we begin with the fluid model in which we can construct first-
order answers to these questions in the simplest setting. Following some discussion on
modeling in Section7.1, we describe in Section7.2 how the GTO algorithm can be
adapted to account for disruptions due to maintenance, unanticipated breakdown, or an
unanticipated surge in demand.

Demand-driven models are also calledpull models. A virtual queue is used to
model inventory for each product: a negative value indicates deficit (unsatisfied de-
mand), and a positive value indicates excess inventory. Our standing assumption that
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the arrival-free model is stabilizable isviolated in a typical pull model. If there is ex-
cess inventory, then with no demand there is no mechanism to shed inventory unless an
additional control is introduced.

To define workload we revisit the construction in the previous chapter. Recall
that the workload vectors constructed in Theorem6.1.1were interpreted as Lagrange
multipliers since they determine sensitivity of the minimal draining time with respect
to buffer levels. To understand the structure of workload vectors in the setting of this
chapter, suppose for example that the inventory at buffer 4 is increased in the network
shown in Figure7.1. Will the minimal draining time increase? The answer is just the
opposite: Increasing inventory at buffer 4 means that the second source of demand can
be satisfied more quickly. For this reason we conclude in Section7.1that workload can
be negative or positive. In Section7.3 we investigate some of the unique features of
workload relaxations for demand-driven models.

Once we have understood control solutions on a fluid-scale we must consider how
to improve reliability in the face of uncertainty. For this we take a closer look at the
application of hedging. In manufacturing it appears that this technique was introduced
by Henry Ford. In his 1922 book [190] he writes,

We buy only enough to fit into the plan of production, taking into consid-
eration the state of transportation at the time. If transportation were perfect
and an even flow of materials could be assured, it would not be necessary
to carry any stock whatsoever. The carloads of raw materials would arrive
on schedule and in the planned order and amounts, and go from the railway
cars into production. That would save a great deal of money, for it would
give a very rapid turnover and thus decrease the amount of money tied up
in materials. With bad transportation one has to carry larger stocks.

Note that Ford’s emphasis is uncertainty of delivery. In the16-buffer manufacturing
example this is indicated by the two controlled arrival streams at buffers1 and2 shown
in Figure7.1. Transportation remains a source of uncertainty in manufacturing appli-
cations among many other factors.

We begin in Section7.4with an analysis of a one-dimensional stochastic inventory
model of the form introduced in Section2.6. Computation of an optimal hedging-point
policy amounts to a relatively simple calculus exercise in this model.

In moving to more complex networks we consider workload relaxations. We find
in Section7.5.1that a one-dimensional relaxation of a demand driven model coincides
with the simple inventory model treated in Section7.4. For models with a single bot-
tleneck the identification of this hedging-point combined with safety-stocks to avoid
idleness (as described in Section4.6) provides a solution to the overall control prob-
lem.

For models with multiple bottlenecks a one-dimensional relaxation may not tell
the entire story. In this case we construct a relaxation of higher dimension and consider
how to construct multiple hedging-points based on the structure of the average-cost or
discounted-cost optimal control solution.

Section7.5.2describes approximation theory for optimal control of two-dimensional
workload models based on a version of theheight processintroduced in Section5.6.
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Figure 7.2: Optimal policies for two instances of the network shown in Figure7.1.
In each figure the optimal stochastic control regionR

STO is compared with the optimal
regionR

∗ obtained for the two dimensional fluid model.

The control synthesis problem is reduced to the one dimensional inventory model cor-
responding to the height process relative to a boundary of the monotone region of the
effective cost.

While this sounds like a modest advancement over the one-dimensional case, in
fact the main ideas extend to workload models of arbitrary dimension.

The approximations constructed in Section7.5.2are illustrated in the plots shown
in Figure7.2. In each of these two plots the average-cost optimal policy for a CRW
workload model is defined by the constraint regionR

STO - the optimized workload pro-
cess is minimal on this region. Also shown are level sets of the effective cost, and the
constraint regionR∗ that defines the total-cost optimal solution for the fluid model. The
numerical values for the effective cost and statistical assumptions for the CRW model
are specified in Section7.5.2, based on a two-dimensional relaxation of the network
shown in Figure7.1.

In each case the regionRSTO is approximated by an affine enlargement of the fluid-
optimal policy. The parameters that define this affine enlargement are interpreted as
hedging-points at the two virtual queues.

In the next section we specify the class of network models to be considered in this
chapter and take a look at workload for demand-driven models.

7.1 Network models

Here we construct models for networks of the form shown in Figure7.1 and begin to
investigate the nature of workload for demand-driven models. We can restrict to the
fluid model since variability plays no role at this stage.

Recall that two virtual queues are used in the16-buffer model. A virtual queue
takes on a negative value when demand cannot be met, and it is positive if there is
surplus inventory. We avoid the use of negative buffer levels, and instead translate a
given pull model into an equivalent push model in which the state spaceX consists of
non-negative buffer levels. Following this transformation, the vector of queue-lengths
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in the fluid model again evolves according to the familiar equation

q(t) = x+Bz(t) + αt, t ≥ 0, x ∈ R
ℓ
+, (7.1)

or the equivalent differential inclusion representationd+

dtq ∈ V for a polyhedral velocity
spaceV ⊂ R

ℓ.

7.1.1 Pull to push translation

To obtain a cohesive theory we avoid the use of negative buffer levels, and instead
interpret a virtual queue as two separate buffers. To place the resulting model in the
standard form (7.1) we introduce a “virtual server” that combines completed work with
current demand: Anexit-resourceis a single station model withn ≥ 2 buffers, and a
fluid model of the form,

d+

dtqi(t) = −µζ(t) + µi−ζi−(t), t ≥ 0, 1 ≤ i ≤ n, (7.2)

whereµi−ζi−(t) represents the cumulative inflow. The single allocation processz

satisfiesζ(t) = d+

dtz(t) ∈ [0, 1] for t ≥ 0. Note that the single allocation rateζ(t) is
used for each of then buffers. No buffer at the exit-resource can be drained unless an
equal amount is drained from each of the other buffers at the server.

Exit resources will form a part of the overall network. An example in manufac-
turing is the final assembly stage on a production line, where several components are
combined to produce the finished product.

To model the release of work to the network we introduce thesupply-resource.
This allows controlled output of raw material to the network, but has no buffer.

The construction of a fluid model in the following example can be generalized to
any of the demand-driven models envisioned in this chapter.

Example 7.1.1.Single-station demand-driven model

Consider the simple inventory model illustrated in Figure2.7. An equivalent push
model is obtained by replacing the virtual queue with a single exit-resource with two
buffers whose contents are denotedqs and qd. These buffers are interpreted as sur-
plus and deficit buffers, respectively. The surplus buffer is fed by the production re-
source, and the deficit buffer is fed by the demand process with instantaneous rated.
In this transformed model the arrival process is actually exogenous demand. A single
supply-resource is used to model controlled release of raw material to the system. This
construction is illustrated at right in Figure7.3.

Letting (qp, zp) denote the inventory and cumulative allocation at the production
resource,zn the cumulative allocation at the supply-resource,zd the cumulative alloca-
tion at exit-resource, and settingq = (qp, qs, qd)

T, z = (zp, zd, zn)
T, the resulting fluid

model equations are given by (7.1) with

B =



−µ 0 µs

µ −µd 0
0 −µd 0


 , α =




0
0
d


 , C =



1 0 0
0 1 0
0 0 1


 . (7.3)
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Figure 7.3: Conversion of a pull model to a push model. The network at right shows
a supply-resource, a production station, and an exit-resource. Ifµd > max(µ, d) then
the two models shown are equivalent.

Thus, after the push-to-pull conversion, a single-resource queue becomes a three-
resource system consisting of a production station, an exit-resource, and a supply-
resource. The three resources are represented by the three rows of the constituency
matrixC.

It is assumed thatµd is much greater than any other rate parameters. It is also
assumed that the exit-resource is non-idling, so thatζd(t) = 1 whenqs(t) > 0 and
qd(t) > 0. Consequently, ifmin(qs(0), qd(0)) = 0, thenmin(qs(t), qd(t)) = 0 for all
t ≥ 0. In this case, the two systems shown in Figure7.3are equivalent.

The deficit buffer will accumulate deficit if the demand rate exceeds the arrival rate
to the surplus buffer, andqs = 0 so that no surplus material is present. This captures
the output behavior of the pull model: the server combines purchases (demand) with
product (the network output).

7.1.2 What is workload?

Consider a general network model described by the differential equation (7.1), where
ζ is constrained to a polyhedral setU ⊂ R

ℓu
+ containing the origin. Some components

of the vectorα may represent rates of demand for goods produced by the system, as in
the example considered in Section2.6, or the model shown in Figure7.1.

The velocity space is again defined asV = {V0 + α}, whereV0 is the velocity
space for the arrival-free model as defined in (6.10). The setV0 is a polyhedron, and
0 ∈ V0 since0 ∈ U by assumption. Consequently, the setV0 can again be expressed
as the intersection of half-spaces as in (6.11) for a finite collection of vectors{ξs : 1 ≤
s ≤ ℓv} ⊂ R

ℓ, and constants{os : 1 ≤ s ≤ ℓv} ⊂ {0, 1}.
The terminology used in Definition6.1.1is maintained in this general model. In

particular, the vectorξs ∈ R
ℓ is called aworkload vectorif os = 1. We denote by

ℓr the number of distinct workload vectors, and assume that the indices are ordered so
that{ξs : 1 ≤ s ≤ ℓr} are workload vectors.

We begin with the following observations regarding the minimal draining time.

Proposition 7.1.1. For any fluid model of the form (7.1),

(i) For anyx ∈ R
ℓ
+, if 〈ξs, x〉 > 0 for somes > ℓr (so thatos = 0) thenW ∗(x) =

∞. Otherwise, the minimal draining time for the arrival-free model is expressed,

W ∗(x) = max
1≤s≤ℓr

〈ξs, x〉 <∞ .
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Figure 7.4: Velocity spaceV0 in the single-station demand-driven model: Arrival-free
case, restricted to thevs-vd axis. This describes the projected dynamics withqp(t) ≡ 0.

(ii) For the model with arrivals, provided it is stabilizable, then the minimal drain-
ing time is expressed,

T ∗(x) = max
1≤s≤ℓv

〈ξs, x〉
os − ρs

, x ∈ R
ℓ
+. (7.4)

Proof. The proof of Proposition6.1.4can be adapted. It is necessary to take the max-
imum over all of the faces ofV, rather than just those corresponding toos = 1, since
we do not know that〈ξs, x〉 ≤ 0 andos − ρs = |ρs| for s > ℓr. ⊓⊔

The following examples illustrate the construction of a fluid model and associated
workload vectors for demand-driven models.

Example 7.1.2.Single-station demand-driven model

Consider the simple network shown in Figure7.3. For simplicity we project onto the
two dimensional subspace{xp = 0}. That is, the production resource is empty,qp(t) =
0 for all t ≥ 0, which is feasible providedqp(0) = 0 andµs ≥ µ. We thereby
obtain a two-dimensional model with state(qs, qd)

T by ignoring the empty buffer at the
production resource. The fluid model equations are of the form (7.1), with

B =

[
µ −µd
0 −µd

]
, C =

[
1 0
0 1

]
, α =

[
0
d

]

The velocity spaceV0 is illustrated in Figure7.4. There are four faces, so that
ℓv = 4, and two of these faces pass through the origin. The vectors{ξs : 1 ≤ s ≤ ℓv}
and constants{os : 1 ≤ s ≤ ℓv} are given by

ξ1 = µ−1

(−1

1

)

o1 = 1

ξ2 = (µd)−1

(
0

1

)

o2 = 1

ξ3 =

(
1

−1

)

o3 = 0

ξ4 =

(
0

−1

)

o4 = 0.

We haveo3 = o4 = 0 since the corresponding faces pass through the origin inR
2.

Based on the notation introduced in Definition6.1.1, for a given demand rated <
µs we have,
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(ρ1, . . . , ρ4) = (µ−1d, (µd)−1d,−d,−d).
Whenever the origin is reachable from an initial conditionx ∈ R

2
+, the minimal drain-

ing time is expressed,

T ∗(x) = max
1≤s≤ℓr

〈ξs, x〉
os − ρs

= max
{x2 − x1

µ− d
,

x2

µd − d
,
x1 − x2

d
,
−x2

d

}
.

The arrival-free model is not stabilizable in any of the demand-driven models con-
sidered in this chapter. In this example it is evident that if there is no demand, then
there is no mechanism to discard any excess inventory at the surplus buffer. Loss of
stabilizability is also clear from the form of the velocity spaceV0: If the arrival free
model is stabilizable, then there is anε > 0 such that−x ∈ V0 wheneverx ∈ R

n
+ with

‖x‖ ≤ ε.

Example 7.1.3.Simple re-entrant line with demand

The network shown in Figure7.5 is similar to the simple re-entrant line shown in Fig-
ure 2.9. It consists of two stations, with two buffers at the first station. The input
is regulated by the policy, with an upper bound ofµs > 0 on the rate at which raw
material can be brought into buffer 1.

Station  1

µ1

µ3

d

Station  2

µ2

1
q

2
q

4
q

5
q

3
q

µs

Figure 7.5: Simple re-entrant line with demand.

This model is represented as the fluid model (7.1) with system parameters,

B =




−µ1 0 0 0 µs

µ1 −µ2 0 0 0
0 µ2 −µ3 0 0
0 0 µ3 −µd 0
0 0 0 −µd 0



, α =




0
0
0
0
d



, C =




0 1 0 1 0
0 0 1 0 0
0 0 0 1 0
0 0 0 0 1


 .

(7.5)
Recall that the four rows ofC correspond to the four resources in this model. The first
two rows of the constituency matrix shown in (7.5) correspond to Stations1 and 2,
respectively. The third row corresponds to the exit resource with rateµd, and the fourth
row of C corresponds to the supply resource with rateµs. Each of the parametersµd

andµs is assumed to be very large.
Consider an initial conditionx and allocationz such that the resulting state process

q reaches the origin at some timeT0:
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0 = q(T0) = x+Bz(T0) + αT0

The allocation at timeT0 can be computed since the matrixB is square and invertible
z(T0) = −B−1[x+ αT0], and feasibility then dictates the following vector bound,

T01 ≥ Cz(T0) = −CB−1[x+ αT0]

As in the scheduling model, we define aworkload matrixby Ξ = −CB−1, the four
rows are denoted{ξi : i = 1, . . . , 4}, andρi = 〈ξi, α〉. The bound above can be
expressed as four scalar equations,

T0 ≥ 〈ξi, x〉 + ρiT0, 1, . . . , 4.

Providedρi < 1 for eachi, we can subtract and divide to obtain the lower bound
T0 ≥ max〈ξi, x〉/(1−ρi). Hence the vectors{ξi} do play the role of workload vectors
corresponding to the four resources in this network.

The first two workload vectors, corresponding to the two physical stations, corre-
spond to the first two rows ofΞ:

ξ1 = (0,−µ−1
1 ,−µ−1

1 ,−(µ−1
1 + µ−1

3 ), µ−1
1 + µ−1

3 )T,

ξ2 = (0, 0,−µ−1
2 ,−µ−1

2 , µ−1
2 )T.

(7.6)

For a given demand rated, the first two load parameters are given by

ρ1 = (µ−1
1 + µ−1

3 )d, ρ2 = µ−1
2 d . (7.7)

Suppose thatµd andµs are very large, and that the surplus buffer is empty (q4(0) = 0.)
Then from the foregoing we obtain,

T ∗(x) = max
s=1,2

〈ξs, x〉
1 − ρs

.

As in the previous example we find negative entries in the workload vectors that
define this minimal draining time. This is physically reasonable given the expression
(7.4) for the minimal draining timeT ∗. The processing time required to meet demand
is reducedif the quantity of material at buffers2, 3, or 4 is increased.

From the representation ofT ∗ above it follows thatξ1j < 0 for buffersj = 2, 3, 4,
andξ2j < 0 for j = 3, 4. Similarly, ξs1 = 0, s = 1, 2, since the addition of material at
buffer 1 will not reduce the time required to meet demand.

7.2 Transients

We now describe policies that address a range of issues in a dynamic environment. In
particular, we find that the GTO policy can be adapted to provide effective policies in
the following circumstances:

(i) A transientdemand is imposed, and is given priority over other products in the
system.
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(ii) Some component in the network is temporarily in-operable. During repair it is
still necessary to choose allocations at those resources in the network that are
functioning.

(iii) Some resources require preventative maintenance, so that some portion of the net-
work is disabled for a period of time in the future. Decisions regarding allocations
prior to maintenance will be made subject to the knowledge of approaching down-
time, and subsequent maintenance.

The impact of these disturbances can be reduced if the control synthesis problem is
solved using all relevant information. This is especially true in the case of sched-
uled maintenance. Given prior knowledge of station down-time, the network can be
positioned such that starvation of active resources during the maintenance period is
minimized.

7.2.1 GTO policy

In the general model (6.1) considered in this chapter the definition of the GTO policy is
essentially unchanged: the allocation rateζ(t) at timet is defined so thatd

+

dtc(q(t;x
0))

is minimized, subject to state space constraints, and non-idling constraints to ensure
time-optimality.

We begin with some examples to illustrate the application of the GTO policy in a
demand-driven model.

Example 7.2.1.GTO policy for the simple re-entrant line with demand

The following service rates are used for the five buffer demand-driven model shown in
Figure7.5:

µ1 = µ3 = 22, µ2 = 10, µs = µd = 100. (7.8)

With d = 9.5 we obtain from (7.7),

ρ1 = 2µ−1
1 d = 9.5/11, ρ2 = µ−1

2 d = 9.5/10.

Consider the initial conditionx = (10, 25, 55, 0, 100)T , which corresponds to an
initial deficit of 100 units. The internal buffers contain90 units of inventory, so in
addition to the input necessary to meet the normal demand of9.5 units per unit time,
an additional10 units must be brought into the system.

Based on (7.6) we obtain the following expression for the minimal drainingtime
from this initial condition,

T ∗(x) = max
1≤s≤2

〈ξs, x〉
1 − ρs

= max(40, 90) = 90. (7.9)

Note that the index set used in the maximum in (7.9) must be enlarged if there is initial
surplus, so thatx4 > x5 ≥ 0.

Recall the definition of adynamic bottleneckfor a scheduling model in Defini-
tion 4.3.1. The definition is maintained for the networks considered in this section.
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Figure 7.6: Buffer levels versus time for the simple re-entrant line with demand under
the GTO policy. They-axis indicates thecumulativebuffer levels defined byq1(t),
q1(t) + q2(t), . . . ,q1(t) + · · · + q5(t).

Since the second station is a dynamic bottleneck at time 0, it follows thatζ2(t) ≡ 1 for
0 ≤ t < 90 under any time-optimal policy.

In formulating control solutions based on a cost function, one typically assigns
cost to each internal buffer as well as virtual queues, and the cost of deficit is signifi-
cantly higher than the cost assigned to excess completed inventory or internal buffers.
Following this convention, a reasonable cost function for this model is linear, with

c(x) = 〈c, x〉 , c = (1, 1, 1, 5, 10)T , x ∈ R
5
+. (7.10)

That is, the holding-cost for each unit of completed inventory is5; the cost for each
unit of unsatisfied demand is10; and the holding-cost for each unit of unfinished work
is equal to1. The evolution of buffer levels versus time under the GTO policy based on
this cost function is illustrated in Figure7.6.

State space collapse is observed fort > 13 (approximately), when all buffers in
the network are empty except the deficit buffer

Example 7.2.2.Multiple demands

Consider the network shown in Figure7.7 consisting of two stations and two separate
demand processes.

Station  1 Station  2

1
q

2
q

6
q

5
q

6
q

8
q

4
q

3
q

2d

1d
µ1

µ4

µ2

µ3

µs

µs

Figure 7.7: Demand driven network with two sources of demand.

A fluid model can be constructed using the transformation outlined in Section7.1.1.
The resulting network model is of the form (7.1) with
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B =




−µ1 0 0 0 0 0 µs 0
µ1 −µ2 0 0 0 0 0 0
0 0 −µ3 0 0 0 0 µs

0 0 µ3 −µ4 0 0 0 0
0 µ2 0 0 −µd 0 0 0
0 0 0 0 −µd 0 0 0
0 0 0 µ4 0 −µd 0 0
0 0 0 0 0 −µd 0 0




α = ( 0 0 0 0 0 d1 0 d2 )T

(7.11)

As in Example7.2.1, the matrixB is square and invertible, so that the workload vectors
corresponding to Stations 1 and 2 are given byξi = −(CiB−1)T, with

C1 = (1, 0, 1, 0, 0, 0, 0, 0), C2 = (0, 1, 0, 1, 0, 0, 0, 0) .

We thereby obtain the two workload vectors,

ξ1 = (0,−µ−1
1 , 0, 0,−µ−1

1 , µ−1
1 ,−µ−1

2 , µ−1
2 )T

ξ2 = (0, 0, 0,−µ−1
1 ,−µ−1

2 , µ−1
2 ,−µ−1

1 , µ−1
1 )T.

(7.12)

For a given pair of demand-ratesd1, d2, the associated load parameters are given by

ρ1 = µ−1
1 d1 + µ−1

2 d2, ρ2 = µ−1
2 d1 + µ−1

1 d2. (7.13)

For the parameter values,

µs = µd = 100, µ1 = µ3 = 12, µ2 = µ4 = 9, d1 = d2 = 5,

the network is balanced withρ• = ρ1 = ρ2 = 0.972. The cost structure imposed on
this network is identical in form to that used in (7.10) for the previous example,

c = c(x) = 〈c, x〉 , c = (1, 1, 1, 1, 5, 10, 5, 10)T , x ∈ R
8
+.

We refer to the route consisting ofµs1,µ1, andµ2 aspath 1, and the route consisting
of µs2, µ3, andµ4 aspath 2. These are the paths raw material must follow to produce
the two final products.

The initial condition chosen below results in initial deficit along path 1, while
path 2 has an initial surplus:

x = (100, 25, 75, 100, 0, 200, 25, 0)T .

The minimum emptying time from this initial condition can be expressed in terms of
the two workload vectors given in (7.12),

T ∗(x) = max
s=1,2

〈ξs, x〉
1 − ρs

= 425.

Resources 1 and 2 are each dynamic bottlenecks at timet = 0, and hence any time-
optimal solution satisfiesddtws(t) = −(1 − ρs) for s = 1, 2 and0 ≤ t < T ∗(x).

Figure7.8 shows the buffer levels under the GTO policy for0 ≤ t ≤ 70. The
controlled system has some interesting characteristics:
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Figure 7.8: Individual buffer levels under the GTO policy.

(i) The virtual buffer on path 1 initially starts in surplus, but is quickly drained on
the time interval[0, 4). Simultaneously, buffer 2 is loaded utilizing the available
capacity at resource 1.

(ii) Buffers 2 and 4 drain slowly on the time interval[5, 13), and both are empty by
time t = 15.

(iii) The behavior on the time interval[16, 35.23) may at first appear counterin-
tuitive: The virtual buffer on the second path was empty at timet = 16, but
goes into deficit and remains in deficit until the draining timeT ∗ = 425. This
is required to ensure time-optimality: As noted previously, during the entire time
interval [0, T ∗), the dynamic bottleneck resources operate at capacity. Att = 35
(approximately) the two deficit buffers equalize, and remain equal throughout the
remainder of the run.

(iv) State space collapse is evident on the time interval[50.69, 425) on which just
two of eight buffers in the system are non-empty. This is consistent with a two-
dimensional relaxation of this model.

Example 7.2.3.Routing, scheduling, and exogenous demand

The 16-buffer model shown in Figure7.1 has two virtual buffers since there are two
sources of demand. Activities include processing of customers at the stations, routing
customers exiting Station 3, and workload release of material to buffers 1 and 3. This
model also contains uncontrolled routing at the exit of buffer 7 where, for a given
allocation rateζ7, the inflow rate to buffer 12 is0.2µ7ζ7, and the inflow rate to buffer 13
is 0.8µ7ζ7. The uncontrolled routing represents reworking a flawed product, and the
controlled routing reflects the availability of alternate resources.

Calculation of workload vectors in Example7.1.3and Example7.2.2was straight-
forward due to invertibility of the matrixB in (7.1). In the model considered here the
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matrixB is not square, and hence not invertible, due to the controlled routing at Sta-
tion 3. Nevertheless, it is possible to compute the workload vectors defined in Defini-
tion 6.1.1by considering the extreme points in the constraint set in (6.18). To construct
supporting vectors for every face ofV, including those corresponding toos = 0, it is
necessary to compute extreme points of the LP (6.17).

To construct the workload vectors note that the dimension of the matrixB is
16 × 17. LettingB[i] denote the16 × 16 matrix obtained by removing theith col-
umn, and definingC [i] similarly, withC the7 × 17-dimensional constituency for the
model, a potential extreme point is obtained on consideration of the following inequal-
ity obtained from (6.18),

−(B[i])Tξ − (C [i])Tη ≤ 0.

If B[i] is invertible, then for any1 ≤ s ≤ 7 we obtain,

ηi,s := 1s, ξi,s :=
(
(B[i])T

)−1
(C [i])T1s.

The pair(ξi,s, ηi,s) is an extreme point provided it is feasible for (6.18). Repeating this
construction for eachi results in potentially7 ·17 = 119 extreme points, and there may
be others if resource pooling is possible for some extreme point.

Consider the following parameters for the fluid model: the demand rate for each
of the two products is equal tod1 = d2 = 19/75, and the12-dimensional vector of
service rates is given by

µ = (13/15, 26/15, 13/15, 26/15, 1, 2, 1, 2, 1, 1/3, 1/2, 1/10)T . (7.14)

The rates for supply-resources and exit-resources are taken to be 100 in the numerical
examples below.

The network load obtained from (6.5) is ρ• = 0.95, and there are three extreme
points{(ξs, ηs) : s = 1, 2, 3} satisfyingρs := 〈ξs, α〉 = 0.95, expressed in matrix form
by:

Ξ̂T =




0.00 0.00 0.00
0.00 0.00 0.00

−0.58 −0.50 −3.03
−1.15 −2.00 0.00
−1.15 0.00 0.00
−0.58 0.00 0.00
−1.73 −0.50 −3.03
−0.58 −0.26 −3.03
−1.15 −1.00 0.00
−0.58 −0.50 0.00
−0.58 −0.50 −3.03
−0.58 −0.50 0.00
−2.02 −1.75 −3.79
−1.73 −2.00 0.00

2.01 1.75 3.79
1.73 2.00 0.00




. (7.15)

The remaining load parameters are substantially smaller. We haveηs = 1s for s =
1, 2, 3, so that resource pooling is not significant in this example, and we can identify
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Figure 7.9: Cumulative buffer levels versus time for the16-buffer model under the
GTO policy.

the first three workload vectors as describing workload for the first three stations shown
in Figure7.1.

Just as in previous examples we find that some of the entries in the workload
vectors are negative, and that entries corresponding to deficit buffers are non-negative.

As argued in Example7.2.1, a reasonable cost function for this model is linear,
c(x) = 〈c, x〉 for x ∈ R

16
+ , with

c = (1, 1, 1, 1, 1, 1, 1, 1, 1, 1, 1, 1, 5, 5, 10, 10)T , (7.16)

so that cost is uniform across internal buffers, and the cost of unsatisfied demand is
twice the cost of completed inventory.

Consider the initial condition given by

x0 = (10, 5, 8, 3, 4, 4, 6, 5, 6, 7, 2, 2, 0, 0, 15, 10)T , (7.17)

so that initially there are 15 units of unsatisfied demand for the first product, and 10
units of unsatisfied demand for the second. When the service rates are given in (7.14),
the minimal draining time is determined by the second workload vector as follows,

T ∗(x0) = max
s=1,...,ℓv

〈ξs, x〉
os − ρs

= max
{ 5.88

1 − ρ1
,

20.45

1 − ρ2
,
−6.78

1 − ρ3
, · · ·

}
=

20.45

1 − 0.95
= 409.

Figure7.9 shows the buffer levels as a function of time for this network with this
initial condition controlled using the GTO policy based on the cost function given in
(7.16). Initially, the system behavior is dominated by the draining of internal buffers in
the network. After a transient period we once again observe state space collapse: the
deficit buffers drain slowly once all internal buffers have emptied.
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7.2.2 Hot-lots

In production parlance, alot is a group of products in the system. Ahot-lot is a lot (or
group of lots) that is given high priority. Hot-lots are frequently seen in semiconductor
manufacturing facilities for various reasons:

(i) Some customers are more valuable than others, and hence may receive high prior-
ity even with a short order.

(ii) In evaluating a prototype for a new product, batches may be given preference to
speed the testing process.

(iii) The factory may produce standard ‘make to stock’ products in large quantities, as
well as more expensive ‘make to order’ products. The latter will be given higher
priority due to their greater value.

(iv) A sudden change in priorities may be imposed because some products are behind
schedule due to, for example, a surge in demand. This results in a short term shock
to the system that can be modeled as a hot-lot.

The ITRS roadmap [1] classifies hot-lots in a semiconductor factory into “regular hot
lots” that comprise 5% of total workload, and “super hot lots” that comprise just 1%.

In her newsletter on semiconductor fab management, Jennifer Robinson lists sug-
gestive terms to describe a hot-lot,Ambulance Lots, Racetrack Lots, Screamer Lots,
Lightning Lots, Platinum Lots, Priority1 Lots, Nuclear Lots, Rocket Lots, Turbo Lots,
and CEO Lots. When a manager declares that a favored product is an ambulance lot or
CEO lot, the message is clear!

In most cases the (long-run) demand rate for a hot-lot is essentially zero, which
justifies the following modeling step: for the purpose of policy synthesis, a hot-lot
is modeled in the initial condition of the network through the introduction of a corre-
sponding virtual queue. This is an approximation to reality, but quickly leads to a range
of candidate policies that can then be fine-tuned given a more detailed network model.

Priorities may be hard or soft. We consider three general classes below:

Normal-Priority Hot-Lot The deficit buffer for the hot-lot is non-empty at timet = 0,
and the holding cost at this deficit buffer is commensurate with the holding cost at
other (non hot-lot) deficit buffers in the network.

High-Priority Hot-Lot The deficit buffer for the hot-lot is non-empty at timet = 0, and
the holding cost at this deficit buffer is far larger than the holding cost at other
deficit buffers.

Critical-Priority Hot-Lot The deficit buffer for the hot-lot is non-empty at timet = 0,
and the allocation is chosen to meet this demand in the shortest time possible.

The high-priority hot-lot is used to model a finite size customer order where, due
to the premium paid by the customer, the system is realigned to meet the order quickly;
a critical-priority hot-lot receives the highest priority possible.
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Figure 7.10: The plot on the left hand side shows cumulative buffer levels versus time
for normal operation under the GTO policy. The plot on the right hand side shows
cumulative buffer levels versus time for a normal-priority hot-lot of size20.

Given the convention that a hot-lot is modeled by specifying the initial condition
of the network, the GTO policy can be applied without modification in systems with
normal-priority or high-priority hot-lots since positive demand-rates are not required in
the definition (4.46).

Policy synthesis for a critical hot-lot is more complex. In this section we consider
a two-layer generalization of the GTO policy: First, the minimal clearing time of the
hot-lot over all policies is computed. Based on this, the minimal draining time for the
overall system is computed, given that the critical hot-lot is cleared in minimal time.
Each of these computations can be cast as a finite-dimensional linear program.

Example 7.2.4.Hot-lots for the complex demand-driven model

To illustrate the impact of a hot-lot on overall system performance we consider a ver-
sion of the network model shown in Figure7.1 in which the demand rated2 is set to
zero. However, the corresponding bufferq16 is non-zero since we assume that there is
a transient demand for this product. In the numerical results below the initial buffer
levels are given by,

x0 = (0, 5, 8, 0, 0, 4, 6, 6, 0, 7, 2, 2, 0, 0, 15, 20)T . (7.18)

Note that all of the buffers in the hot-lot path are initially empty. Consequently, to meet
the hot-lot demandq16 = 20 it is necessary to bring into the entrance buffers all of the
required raw material.

We first establish a baseline for comparison. The hot-lot is absent, so thatq16(0) =
0, and the remaining initial-condition values are unchanged in (7.18). Results from the
GTO policy are shown at left in Figure7.10. This illustrates normal operation of the
network under the GTO policy when there is a single recurrent demand with rated1.

Consider now a normal-priority hot-lot with initial condition (7.18), and linear cost
function defined in (7.16). Numerical results obtained using the GTO policy are shown
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at right in Figure7.10. The emptying timeT ∗(x0) ≈ 160 is approximately equal to
the emptying time for the baseline system. The hot-lot is not cleared until late into the
time-horizon[0, T ∗(x0)].

The plot on the left hand side of Figure7.12 shows results obtained for a high-
priority hot-lot under the GTO policy in which the holding cost at buffer16 is increased
from 10 to 104, with initial condition again given in (7.18). The resulting state trajec-
tory clears the hot-lot demand in approximately60 time units as opposed to about100
time units for the normal-priority hot-lot. Of course, because the GTO policy imposes
a global time-optimality constraint, the system drains at timeT ∗(x0) ≈ 160, exactly as
seen for the normal-priority hot-lot.

Station  1 Station  2

1
q

5
q

4
q

9
q

14

1

q
16

q

µs

Figure 7.11: Subsystem serving the hot-lot.

Finally, we consider a critical-priority hot-lot. To determine the minimal time
required to clear the hot-lot we examine the model shown in Figure7.11, obtained by
ignoring any buffers that are not on the path leading to the hot-lot deficit buffer. The
workload vectors for this six-buffer model are given by,

ξHL 1 = (0,−µ−1
1 ,−µ−1

1 ,−µ−1
1 ,−(µ−1

1 + µ−1
4 ), µ−1

1 + µ−1
4 )T,

ξHL 2 = (0, 0,−µ−1
5 ,−(µ−1

5 + µ−1
9 ),−(µ−1

5 + µ−1
9 ), µ−1

5 + µ−1
9 )T.

The initial condition for the subsystem is given byxHL = (0, 0, 0, 0, 0, 20)T . Hence, on
applying Proposition7.1.1, the minimal time required to clear the hot-lot deficit buffer
can be computed as follows,

W HL∗(xHL) = max
s=1,2

〈ξHL s, xHL〉
os

= 20max(15/26 + 15/13, 1 + 1) = 40.

The minimal draining time for the network, subject to the constraint that the
critical-priority deficit is cleared at timet = 40, is equal to approximately325. This
is approximately twice the clearing time seen for the normal or high-priority model.
Numerical results are shown at right in Figure7.12.

7.2.3 Unanticipated breakdown

We introduce here an extension of the GTO policy for network control during a period
in which some resource is unavailable. Our goal is to obtain allocations that minimize
the impact of these gross disturbances.
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Figure 7.12: On the right is a plot of cumulative buffer levels versus time under the GTO
policy for the same network when a critical hot-lot is present. The system clearing-
time was found to beT ∗ = 320 in this case, which is approximately twice the minimal
clearing time observed in the previous three experiments.

By normalization we may assume that the breakdown occurs at timet = 0, and
takex0 as the state at this time. It is assumed that the time to repair, denotedTMTTR, is
known exactly, and on the time interval[0, TMTTR) the evolution of the state process is
described by a fluid model of the form,

q(t;x) = x+Bdownz(t) + αt, t ≥ 0, x ∈ R
ℓ
+, (7.19)

whereζ ∈ U
down is set of feasible allocation rates during the time period[0, TMTTR). For

t > TMTTR the system description reverts to the form given in (7.1). Note that the model
(7.19) is typically not stabilizable.

The acronym MTTR stands formean time to repair, reflecting the fact that in
practice only mean-values, and perhaps some higher order statistics, will be available.

We now consider the evolution ofq on the time interval[0, TMTTR] on which repair
is taking place. The state process evolves according to one set of dynamics for0 ≤
t < TMTTR, and the ordinary fluid model dynamics after this period. To compute the
minimum time required to empty the system we consider a cumulative allocationz1

on [0, TMTTR], and a cumulative allocationz2 − z1 on [TMTTR, T ] satisfyingq(T ) = 0.
Minimizing over all such(z1, z2, T ) we obtain the minimal draining timeT ∗(x0;TMTTR)
as the value of the following linear program:

min T

s. t. x1 = x0 +Bdownz1 + αTMTTR

0 = x1 +B(z2 − z1) + α(T − TMTTR)

Cz1 ≤ 1TMTTR, Cz
2 ≤ 1T, zi ≥ 0, x1 ∈ X.

(7.20)

This is a piecewise linear function of(x, TMTTR).
Suppose thatq is trajectory from the initial conditionq(0) = x0, fix t ∈

[0, T ∗(x;TMTTR)), and consider thetime remaining to drain the network at timet. From
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Figure 7.13: The GTO-B and GTO-M policies for the network shown in Figure7.5.
The first plot shows cumulative buffer levels versus time under the GTO-B policy when
resource 2 is inoperable for0 ≤ t < 10. The plot at right shows cumulative buffer
levels versus time for the GTO-M policy applied to the same network, with identical
initial conditions, when resource 2 is inoperable for50 ≤ t < 60. The impact of
resource down-time is reduced significantly with advanced planning.

the definitions this is given byT ∗(q(t);TMTTR − t). If q is time-optimal then we must
haveT ∗(q(t);TMTTR − t) = T ∗(x0;TMTTR) − t; This can be interpreted as a dynamic
programming equation, similar to (3.53). On taking the derivative of each side with
respect tot, and noting thatT ∗(x0;TMTTR) does not depend upont, we obtain for any
0 ≤ t < T ∗(x;TMTTR), with x• = q(t) andv• = d+

dtq(t),

〈∇xT
∗(x•;TMTTR − t), v•〉 − ∂

∂TMTTR

T ∗(x•;TMTTR − t) = −1. (7.21)

This can be expressed as a linear constraint onζ(t) sincev• = Bζ(t) + α.
The GTO (with-breakdowns) policy(GTO-B) defined next is a refinement of the

GTO policy in which the dynamic programming constraint (7.21) is imposed to ensure
time-optimality.

Definition 7.2.1.GTO-B policy

Given 0 ≤ t < TMTTR andq(t) = x1, the allocation rateζ(t) is an optimizer of the
linear program:

min 〈c, v〉
s. t. Equation (7.21) holds withv = v•, and

vi ≥ 0, if x1
i = 0, 1 ≤ i ≤ ℓ,

vi ≤ 0, if x1
i = bi, 1 ≤ i ≤ ℓ,

v = Bdownζ + α,

ζ ∈ U
down.
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7.2.4 Preventative maintenance

We now suppose that advance-warning is provided regarding system down-time. Our
main conclusion is that the impact of such disruptions is reduced significantly with
advanced planning.

For the purposes of control synthesis, we again assume that this information is
exact. The time at which the resource is lost is denotedTMTTF, and we continue to
denote byTMTTR the time required to bring the resource back into service. The acronym
MTTF stands formean-time to failure, which again reflects the fact that this time may
not be known exactly in practice.

Given a time-period[TMTTF, TMTTF + TMTTR] when a certain resource is not op-
erational, the minimal draining time from the initial statex0 is denotedT ∗(x) =
T ∗(x;TMTTF, TMTTR). This can be found through an obvious modification of (7.20), and
we again obtain a dynamic programming equation: For0 ≤ t < T ∗(x;TMTTF, TMTTR),
x• = q(t), andv• = d+

dtq(t),

〈∇xT
∗(x•;TMTTF, TMTTR − t), v•〉 − ∂

∂TMTTR
T ∗(x•;TMTTF, TMTTR − t) = −1. (7.22)

The greedy-time-optimal-with-maintenance(GTO-M) policy is given in Defini-
tion 7.2.2. We present the algorithm only for0 ≤ t < TMTTF. For t ∈ [TMTTF, TMTTF +
TMTTR) the GTO-B policy is used to define the allocation rateζ(t).

As with the GTO-B policy, the GTO-M policy empties the system in minimal time.

Definition 7.2.2.GTO-M policy

Given 0 ≤ t < TMTTF andq(t) = x1, the allocation rateζ(t) is an optimizer of the
linear program:

min 〈c, v〉
s. t. Equation (7.22) holds withv = v•, and

vi ≥ 0, if x1
i = 0, 1 ≤ i ≤ ℓ,

vi ≤ 0, if x1
i = bi, 1 ≤ i ≤ ℓ,

v = Bζ + α,

ζ ∈ U.

Example 7.2.5.Maintenance and breakdown

We illustrate application of the GTO-B and GTO-M policies for the network shown in
Figure7.5, with ratesd1 = 9, µ1 = µ3 = 22, andµ2 = 10. Applying (7.7), the vector
load is given by

ρ = (9/11, 9/10, 9/µd)T,

and the network load isρ• = ρ2 = 0.9 sinceµd is assumed large. The loss of either
resource will cause significant disruption. A breakdown at Station 2 is particularly
significant due to its higher load.
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Consider first the application of the GTO-B policy. It is assumed that resource2 is
in-operable during the time-interval[0, TMTTR] with TMTTR = 10, and the initial condition
is q(0) = [10, 15, 20, 0, 0]T . The plot on the left hand side of Figure7.13 shows the
buffer trajectories versus time under the GTO-B policy.

The unscheduled breakdown generated tremendous deficit: Assuming that the ini-
tial 20 units in buffer three were used to meet some of the demand, an additional
70 units of deficit accrued during repair. The inventory in buffer2 is quickly cleared
once repair has been completed, after which the system works at capacity until the
deficit created by the temporary loss of resource2 has been cleared.

Consider now the GTO-M policy withTMTTR = 10 andTMTTF = 50. The plot on
the right hand side of Figure7.13shows the resulting buffer trajectories. At the point
where maintenance begins, there are about70 units of inventory inq3 that is used to
feed demand during the maintenance period50 ≤ t < 60. The surplus staged atq3 is
completely consumed by demand timet = 57, and an additional20 units of deficit is
incurred before repair is complete at timet = 60.

7.3 Workload relaxations

The general theory of workload relaxations carries over to the present setting. In the
nth relaxation we have a workload processŵ evolving on a polyhedral setW ⊂ R

n,
subject to the independent linear constraints,

d+

dtŵs(t) ≥ −(1 − ρs), 1 ≤ s ≤ n. (7.23)

The structure of the effective cost again provides significant insight in models with
multiple bottlenecks in which customers are competing for service.

The model (7.23) is obtained as a workload relaxation ofΞ̂q(t); The rows ofΞ̂
constitutingn workload vectors are assumed to be linearly independent, so that then
constraints in (7.23) are independent.

The key difference between the workload models considered here and those of
Chapter4 is that workload vectors typically have negative entries, and henceW 6⊂ R

n
+.

w

c(w)
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Figure 7.14: Effective cost for a one-dimensional relaxation of the16-buffer inventory
model.
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7.3.1 One dimensional relaxations

Consider a one-dimensional relaxation of a general network model in which some
entries ofξ1 ∈ R

ℓ are negative. IfX is restricted via buffer constraints, so that
X := {x ∈ R

ℓ
+ : x ≤ b} for constants{0 < bi ≤ ∞ : 1 ≤ i ≤ ℓ}, and ifc : X → R+ is

linear, then the effective cost is again given as the solution to the linear program (5.39).
To solve this linear program we considertwo sets of generalized Klimov indices. Let
I+ = {i ∈ {1, . . . , ℓ} : ξ1i ≥ 0}, I− = {i ∈ {1, . . . , ℓ} : ξ1i < 0}, and let{θ+

i }, {θ−j }
denote permutations ofI+, I−, respectively satisfying

ci
ξ1i

≤ cj
ξ1j

if θ+
i < θ+

j , i ∈ I+,

ci
|ξ1i |

≤ cj
|ξ1j |

if θ−i < θ−j , j ∈ I−.

We then arrive at the following extension of Proposition5.3.12: We leave the proof to
the reader as Exercise7.5.

Proposition 7.3.1. The effective costc : W → R+ for the one-dimensional relaxation
is piecewise linear and convex. For a givenw ∈ W, the effective statex∗ = X ∗(w)
satisfies,

x∗i = bi if w > 0 and
∑

j:θ+j >θ
+
i

x∗j > 0,

x∗i = bi if w < 0 and
∑

j:θ−j >θ
−
i

x∗j > 0.

⊓⊔

Given two indicesi, j, if θ+
j > θ+

i then bufferj is “more costly”. Proposi-
tion 7.3.1asserts that bufferj should be empty whenever bufferi is not full in this
one-dimensional relaxation.

Note that sincec is convex withc(0) = 0, andc(w) > 0 for w 6= 0, it follows that
the optimal solution for a one-dimensional relaxation can be expressed in workload
space via,

ŵ∗(t) = [ŵ∗(0) − (1 − ρ1)t]+, t ≥ 0. (7.24)

For ŵ∗(0) ≤ 0 this givesŵ∗(t) = 0 for t > 0.

Example 7.3.1.Simple re-entrant line with demand

Consider a one-dimensional relaxation based onξ2 ∈ R
5 for the homogeneous model,

with cost given in (7.10). We first construct the effective cost when there are no buffer
constraints. Based on the expression forξ2 given in (7.6), the effective cost as a function
of w is the solution to the linear program,

c(w) := min x1 + x2 + x3 + 5x4 + 10x5

s. t. −µ−1
2 (x3 + x4) + µ−1

2 x5 = w,
x ≥ 0,
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Figure 7.15: Buffer levels versus time under the optimal policy for a one-dimensional
relaxation of the5-buffer demand-driven network. Onlŷq∗5(t) is non-zero fort > 0 in
the relaxed model. The dashed-line shows the sum|q(t)| := q1(t) + · · · + q5(t) for the
unrelaxed model under the GTO policy.

which can be solved to give the following formulae for the effective cost and effective
state,

c(w) = µ2 max(−w, 10w), (7.25)

X ∗(w) =

{
µ2|w|13 w < 0

µ2w15 w ≥ 0, w ∈ R.
(7.26)

Inventory is stored in buffer3 rather than buffer4 whenw < 0 due to the higher cost
at buffer4.

The form of the effective state is consistent with the results of the numerical ex-
periment described in Example7.2.1. In this exampleρ1 = 9.5/11 = 0.8636 <
0.95 = ρ2, so that a one-dimensional relaxation is justifiable. For the initial condition
x = (10, 25, 55, 0, 100)T we have

w = 〈ξ2, x〉 = (−55 + 100)µ−1
2 = 4.5 > 0,

so thatP∗(x) = X ∗(w) = µ2w15 = 45 15, and the optimal solution for the one-
dimensional relaxation is given by,

q̂∗(t;x) = P∗(x) − (µ2 − d)15t, 0 < t ≤ T ∗(x).

The plot contained in Figure7.6shows that under the GTO policy the state process
satisfiesq(t) = P∗(q(t)) = q̂∗(t) for t > 13 (approximately). Shown in Figure7.15
is a comparison of|q(t)| and q̂∗(t) as a function of time under the GTO policy, and the
optimal policy for the one dimensional relaxation, respectively.

If buffer constraints are imposed at buffer 3 or 5 then the effective cost and effective
state will change. In this case we apply Proposition7.3.1to obtain,

I+ = {1, 2, 5}, I− = {3, 4},
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and the two permutations are given by

{θ+
i } = {5, 2, 1}, {θ−i } = {3, 4}.

In particular, ifµ2w < −b3 then(X ∗(w))4 > 0.

Example 7.3.2.Complex demand-driven model

Consider the one-dimensional relaxation of the model shown in Figure7.1, based on
the workload vectorξ1 shown in (7.15). We have,

I+ = {1, 2, 15, 16}, I− = {3, . . . , 14},

and we can choose the two permutations as

{θ+
i } = {15, 16, 1, 2}, {θ−i } = {7, 4, 5, 9, 3, 6, 8, 10, 11, 12, 13, 14},

to satisfy the conditions of Proposition7.3.1.
Figure 7.14shows a plot of the resulting piecewise linear effective costfunction

on R. Indicated on the plot is the slope on each interval on whichc is linear (actually,
affine). In the relaxation the system ’cheats’ by storing inventory in buffer 7 rather than
buffer 13 since storage is cheaper there. In the relaxation, material can be transfered
from buffer 7 to buffer 13 instantaneously.

7.3.2 Multi-dimensional relaxations and control

This section contains some examples to illustrate the construction of the effective cost,
as well as policy synthesis for workload relaxations of dimension two or higher.

Example 7.3.3.Simple re-entrant line with demand

The effective cost for a two dimensional relaxation of the model shown in Figure7.5is
defined by the linear program,

c(w) := min x1 + x2 + x3 + 5x4 + 10x5

s. t. −µ−1
1 x2 − µ−1

1 x3 − 2µ−1
1 x4 + 2µ−1

1 x5 = w1,

−µ−1
2 (x3 + x4) + µ−1

2 x5 = w2, x ∈ R
5
+.

The dual can be expressed in terms of the variablesyi = µiwi, i = 1, 2, via

c(w) = max [ψ1y1 + ψ2y2],

s. t.




0 0
−1 0
−1 −1
−2 −1

2 1



ψ ≤




1
1
1
5
10



.

To find an extreme point in the constraint set of the dual we choose two rows and
attempt an inversion of the resulting2 × 2 matrix. This yields abasic solution, which
is called abasic feasible solutionif it is indeed feasible.
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For example, choosing the second and fifth rows of the2 × 5 matrix above gives,

[
−1 0

2 1

]
ψ =

[
1
10

]
.

This matrix equation can be solved to giveψ =
( −1

12

)
. This solution is feasible for the

dual, and is hence an extreme point. When this value ofψ is the optimizer for the dual,
then the effective state is supported on{2, 5}, so thatX ∗(w) = (−y1 + 2y2)1

2 + y215

if c(w) = ψTy (recallyi = µiwi, i = 1, 2.)

w2

W
+̂

w1

c(w) ≤ c0

−(1 − ρ)

R
GTO

c1

c2

c3

Figure 7.16: Level set of the effective costc for the two-dimensional relaxation of the
network shown in Figure7.5. The monotone regionW+ ⊂ R

2
+ is the line-segment

shown.

These calculations can be repeated for each pair of rows, and one thereby obtains
three extreme points given byψ1 = (−1, 12)T, ψ2 = (11,−12)T, ψ3 = (−1, 0)T, so
that the vectors{ci} that define the effective cost onW = R

2
+ are given by

c1 =

( −µ1

12µ2

)
, c2 =

(
11µ1

−12µ2

)
, c3 =

(−µ1

0

)
.

The corresponding effective state is given by, withyi = µiwi,

X ∗(w) =





(2y2 − y1)12 + y215 if c(w) = 〈c1, w〉,

(y1 − 2y2)1
3 + (y2 − y1)1

5 if c(w) = 〈c2, w〉,

(y2 − y1)1
2 − y213 if c(w) = 〈c3, w〉.

(7.27)

Figure7.16shows a level set of the effective costc. The monotone region is a line
segment in this example,W

+ = {w ∈ R
2
+ : 〈c1 − c2, w〉 = 0}.

The myopic policy for this two dimensional model is again defined so that
d+

dtc(ŵ(t;w0)) is minimized. For each initial conditionw0 ∈ W, the workload tra-
jectory satisfieŝw(t;w0) ∈ W

+, t > 0. In particular, ifw0
i ≤ 0 for i = 1, 2 then

ŵ(t;w0) = 0 for all t > 0.
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Suppose that the initial conditionw0 also lies strictly aboveW+. In this case
we haveŵ(0+;w0) ∈ W

+ with ŵ1(0+;w0) > w0
1 andŵ2(0+;w0) = w0

2. That is,
resource1 will idle at time 0+ just enough so that the workload process reaches the
monotone region. If the line segment{(1 − ρ)r : r ≥ 0} lies strictly above the line
segmentW+ then resource1 is a dynamic bottleneck at timet = 0, in the sense that any
time-optimal solution is non-idling at this resource. Consequently, under the myopic
policy the workload trajectory is not time-optimal from this initial condition.

One obtains a time-optimal allocation if the regionW
+ is expanded to the setR

GTO

shown in Figure7.16since we then have(1 − ρ) ∈ R
GTO. This is an instance of the

GTO policy for the relaxation.

Example 7.3.4.Complex demand-driven model

Consider again the operation of the GTO policy illustrated in Figure7.9. After a short
transient period the deficit buffers drain slowly once all internal buffers have been emp-
tied. This can be interpreted as an instance of state space collapse. In a workload
relaxation, one will observe this behavior instantaneously sinceq̂(t) = X ∗(ŵ(t)) for
t > 0.

Here we consider two and three dimensional relaxations for this model with pa-
rameters defined in (7.14), and withd1 = d2 = 19/75, so thatρs := 〈ξs, α〉 = 0.95,
s = 1, 2, 3. The cost function is given in (7.16). In a relaxation it is evident that the
fast initial draining of internal buffers is at the expense of starvation of bottleneck re-
sources. Increasing some components of the workloadw(t) will initially reduce the
effective costc(w(t)) since the effective cost is not monotone.

Consider first a two-dimensional relaxation in which there are no buffer constraints
on any of the16 buffers. In this case the workload spaceW is equal to all ofR2.
The graph on the left hand side of Figure7.17shows the contour plot of the resulting
effective costc(w) on W = R

2. The figure shows that the monotone regionW
+ is a

small subset ofW.
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Figure 7.17: Two instances of the effective costc for the two-dimensional relaxation of
the network shown in Figure7.1. On the left is shown contour plots of the effective cost
when no buffer-constraints are imposed; at right is shown contour plots of the effective
cost with buffer-constraints given in (7.28). In both figures, the shaded regions are
monotone.
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Figure 7.18: On the left is shown the switching region for the infinite-horizon optimal
policy, R∗, and on the right is shown the switching regionR

GTO for the GTO policy. In
this numerical example, the vector(1−ρ) does not lie inW+. Consequently, the region
R
∗ is strictly larger than the monotone regionW

+, andR
GTO is strictly larger thanR∗.
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Figure 7.19: Contour plots of effective costc for the three-dimensional relaxation of
the16-buffer model, with the buffer-constraints given in (7.28). The projections shown
are based on fixingw3 at the values30, 60, and90.

The form of the effective state in a two dimensional relaxation is consistent with
the behavior ofq shown in Figure7.9under the GTO policy from the initial condition
x0 ∈ R

16
+ given in (7.17). After a transient period, the deficit buffers drain slowly

once all internal buffers have been emptied, and we haveq(t) ≈ P∗(q(t)) for t ≥ 80
(approximately), whereP∗ : R

2
+ → R

16
+ is the projection operator defined for the two

dimensional relaxation. The approximation becomes exact aftert = 175, which is
substantially less than the network draining timeT ∗(x) ≈ 430.

The level sets ofc change dramatically when buffer constraints are imposed. Con-
sider the vector of constraints given by

b = (10, 10, 20, 20, 20, 10, 10, 10, 10, 10, 10, 10, 30, 30, 30, 30)T , (7.28)

where the effective cost is now computed based on the compact state space,

X = {x ∈ R
ℓ
+ : xi ≤ bi, 1 ≤ i ≤ ℓ}

The level sets ofc are shown on the right hand side of Figure7.17.

A three-dimensional relaxation may be more appropriate for this model since the
first three resources have equal, and relatively high loads. Figure7.19shows contour
plots of the effective cost for the three-dimensional relaxation, withw3 fixed at the
valuesw3 = 30, w3 = 60, andw3 = 90, respectively.

The myopic, GTO, and infinite-horizon optimal policies can be constructed eas-
ily for a two dimensional relaxation. Consider for simplicity the case without buffer
constraints as illustrated at right in Figure7.17, based on the linear cost function
c : R

16
+ → R+ with parameters given in (7.16). It is assumed that the vector−(1 − ρ)

lies aboveW+, as illustrated in Figure7.18.

Myopic policy Under the myopic policy the workload trajectory satisfiesŵ(t;w0) ∈
W

+ for each initial conditionw0 ∈ W andt > 0.

GTO policy Under the GTO policy the workload process is constrained fort > 0
to the region,

R
GTO := {w ∈ R

2
+ : aw1 < w2 < bw1}, (7.29)

Copyright Cambridge University Press 2007. On-screen viewing permitted. Printing not permitted. 
http://www.cambridge.org/us/catalogue/catalogue.asp?isbn=9780521884419



Control Techniques for Complex Networks Draft copy April 22, 2007 295

whereb = (1 − ρ2)/(1 − ρ1) anda is the slope of the lower boundary of the
monotone regionW+.

Infinite-horizon optimal policyExactly as in the analysis of the simple re-entrant
line in Example5.3.5, it can be shown that the infinite-horizon optimal policy is
defined by a smaller regionR∗ = {w ∈ R

2
+ : aw1 < w2 < b∗w1} ⊂ R

GTO, where
a is as in (7.29), andb∗ < b. Consequently, for initial conditions lying above
the infinite-horizon optimal switching curve with slopeb∗, the infinite-horizon
optimal control is not time-optimal.

We now consider the impact of variability.

7.4 Hedging in a simple inventory model

We consider in this section a version of the inventory model described in Section2.6.
As in the treatment of the two-dimensional workload model (5.79) we relax the integer
constraints onY so that the one-dimensional process evolves onY = R. It evolves
according to a one-dimensional version of (5.79),

Y (t+ 1) = Y (t) − µ+ ι(t) + L(t+ 1), t ≥ 0, (7.30)

in which L is a non-negative i.i.d. process that models increments in new demand,
andµ is the maximal rate at which the desired product can be manufactured. Further
assumptions on the model are imposed in Theorem7.4.1that follows.

We also consider the fluid model

y(t) = y(0) − δt+ I(t), t ≥ 0, y(0) ∈ R, (7.31)

with δ = λ − µ and λ = E[L(t)]. This can be viewed as a workload relaxation
for the fluid model constructed in Example7.1.1 in which X = R+ × R, the two
workload vectors are{ξ1 = µ−1(0, 1)T, ξ2 = λ−1(−1, 1)T}, and the vector load is
ρ = d(µ−1, λ−1)T. Suppose thatλ≫ µ > d. In this case a one-dimensional workload
relaxation is justified based on the first workload vector. The relaxation in units of
inventory is simply the contents of the virtual queue, for which (7.31) is a reasonable
model. If a cost functionc : X → R+ is given for the two dimensional model, of the
form c(x) = c1x1 + c+x2+ + c−x2−, then the effective cost for the relaxation is given
by cY (y) = c+y+ + c−y− for y ∈ Y = R.

In this section it is assumed that a piecewise linear cost functionc : Y → R+ of
this form is given,

c(y) = c+y+ + c−y− = c+1{y ≥ 0}y + c−1{y < 0}|y|. (7.32)

Optimization of the resulting one-dimensional fluid model is trivial: a path-wise op-
timal solution drives the workload process to the origin in minimal time:y∗(t) =
[y∗(0) − δt]+, t ≥ 0. For the stochastic model control is more subtle.
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7.4.1 CRW model

We will see in Section9.7 that an optimal policy is defined by a hedging-pointy ≥ 0
such that the idleness process can be represented as a maximum,

ι(t) = max(0,−y − Y (t)), (7.33)

so that (7.30) becomes,

Y (t+ 1) = max(Y (t),−y) − µ+ L(t+ 1), t ≥ 0. (7.34)

We characterize the optimal hedging-point valuey∗ as the solution to a nonlinear equa-
tion in y. Unfortunately, the equation cannot be solved in closed form except in special
cases.

Section7.4.2 contains a treatment of the CBM model. In this case the optimal
hedging-point has an explicit and very intuitive form given in Theorem7.4.5and The-
orem7.4.4for discounted cost and average cost, respectively.

The conclusions obtained in Section7.4.2 motivate the following heuristic for
hedging-points in the CRW inventory model. Note that the hedging-point value given
in (7.35) grows linearly with(1− ρ)−1 andnot logarithmicallyas found in Section4.6
when considering appropriate safety-stock values (see alsothe discussion surrounding
(10.84).)

Definition 7.4.1.Diffusion heuristic for hedging

Consider the simple inventory model (7.30) with first and second order statistics,

δ = µ− λ, σ2 = Var(L(1)).

Thediffusion heuristicis to choose the hedging-point,

yD =
1

Θ
log

(
1 +

c+

c−

)
(7.35)

where, under the discounted-cost optimality criterion,Θ = Θ(γ) is the positive root of
the quadratic equation

1
2σ

2Θ2 − δΘ − γ = 0 . (7.36)

To approximate the average-cost optimal policy we takeΘ = Θ(0) =
(

1
2σ

2/δ
)−1

.

Throughout the discussion here we assume thatY is controlled using the hedging-
point policy (7.33). When necessary we use the notationY y(t) to emphasize the
hedging-point chosen. The processes are related via,

Y y(t) = Y 0(t) − y, t ≥ 0, provided Y 0(0) = Y y(0) + y. (7.37)

Theorem7.4.1 asserts thatY 0 possesses a unique invariant measure. Although the
proof appeals to methods outside of the scope of this book, we can give the main idea
here: Note firstly that the process ‘regenerates’ on reaching the set[−µ, 0]: if Y 0(t) ∈
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[−µ, 0] thenY 0(t + 1) = L(t + 1) − µ, which is independent ofY 0(0), . . . , Y 0(t).
Based on this observation, the invariant measureπ0 can be written down explicitly as
the “mean number of visits over a cycle”,

π0(A) =
1

E[τ0 | Y 0(0) = 0]
E

[ τ0∑

t=1

1{Y 0(t) ∈ A} | Y 0(0) = 0
]
, (7.38)

where
τ0 = min{t ≥ 1 : Y 0(t) ≤ 0} = min{t ≥ 1 : Y y(t) ≤ −y}. (7.39)

The representation (7.38) is the generalized Kac’s TheoremA.2.1.
The density assumption in Theorem7.4.1is imposed to enable derivative calcula-

tions in the proof of the following.

Theorem 7.4.1. (Optimizing the Simple Inventory Model) Consider the simple
inventory model (7.30) subject to the following constraints:L is a non-negative i.i.d.
process whose marginal distribution possesses a bounded continuous densitypL. There
existsL̄ ∈ (µ,∞) such that,

pL(x) > 0, x ∈ (0, L̄) and pL(x) = 0, x ∈ [0, L̄]c.

Assume moreover thatλ := E[L(t)] < µ. Then,

(i) Y 0 is positive recurrent: There exists a unique invariant measureπ0 whose
continuous density satisfiesp0(y) > 0 for all y > −µ.

(ii) For any hedging-pointy ∈ R there exists a unique invariant measureπ, ex-
pressed for any bounded functionf : R → R via,

∫
f(x)π(dx) =

1

E[τ0 | Y 0(0) = 0]
E

[ τ0∑

t=1

f(Y 0(t) − y) | Y 0(0) = 0
]
.

The densities for different values ofy can be expressed in terms of the density
obtained wheny = 0,

py(y) = p0(y + y), y ∈ R. (7.40)

(iii) The average costη(y) is finite for each hedging-pointy whenc is given in
(7.32), where

η(y) =

∫ ∞

−∞
c(y)py(y) dy. (7.41)

Moreover, the unique parametery∗ minimizing the average cost solves the equa-
tion,

Pπ0{Y 0(t) ≥ y∗} =

∫ ∞

y∗
p0(y) dy =

(
1 +

c+

c−

)−1
(7.42)

⊓⊔
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We first establish the existence of a density. The proof follows from (7.34) with
y = 0.

Lemma 7.4.2. Under the assumptions of Theorem7.4.1the invariant measureπ0 has
a continuous density satisfying the invariance equation,

p0(y) = π{[−µ, 0]}pL(y + µ) +

∫ ∞

0
pL(−x+ y + µ)p0(x) dx.

⊓⊔

To show thaty∗ is unique we demonstrate thatη(y) is strictly convex. We letχc

denote the ‘sensitivity function’,

χc(y) = d+

dy c(y) = c+1{y ≥ 0} − c−1{y < 0}, y ∈ R. (7.43)

Lemma 7.4.3. The steady-state meanη(y) is strictly convex andC1 as a function of
y ∈ (0,∞). Its first and second derivatives can be expressed,

d

dy
η(y) = −

∫ ∞

−∞
χc(y − y)p0(y) dy (7.44a)

d2

dy2 η(y) = (c− + c+)p0(y). (7.44b)

Proof. Given (7.40), we have

η(y) =

∫ ∞

−∞
c(y)p0(y + y) dy =

∫ ∞

−∞
c(y − y)p0(y) dy.

Either of these two expressions implies thatη(y) is differentiable with respect toy. The
expression (7.44a) is obtained from the final expression by taking the derivative under
the integral sign. This is justified by the Dominated Convergence Theorem.

To establish (7.44b) we express (7.44a) as follows,

∫ ∞

−∞
χc(y − y)p0(y) dy = c−

∫ y

−∞
p0(y) dy + (−c+)

∫ ∞

y
p0(y) dy.

Hence (7.44b) follows from the fundamental theorem of calculus.
Strict convexity follows since the second derivative is strictly positive for anyy >

0. ⊓⊔

Proof of Theorem7.4.1. The unique invariant measure is given in (7.38) wheny = 0,
and the translation given in (ii) is obvious from (7.37). Moreover, since the distribution
of L(t) possesses a continuous density, the representation in Lemma7.4.2implies that
π0 also admits a continuous density supported on(−µ,∞).

The remaining results follow from Lemma7.4.3: The equation (7.42) follows from
the first order necessary condition for optimality,
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d

dy
η(y) = 0.

This is also sufficient sinceη( · ) is convex, and the optimizer is unique sinceη( · ) is
strictly convex on(−µ,∞). ⊓⊔

The density assumption is imposed so that we can obtain the derivative formulae
given in Lemma7.4.3. In a discrete state-space model we use the diffusion heuristic
introduced in Definition7.4.1, or alternatively we can use (7.42) as a heuristic.

These two approaches are illustrated in the following example.

Example 7.4.1.Inventory model with Bernoulli supply and demand

Consider the CRW workload model,

Y (t+ 1) = Y (t) − S(t+ 1) + S(t+ 1)ι(t) + L(t+ 1), t ≥ 0,

whereL andS are Bernoulli processes satisfying,P{(S(t), L(t))T = 1i} = µ if i = 1,
andλ = 1 − µ for i = 2. This is a variation of (7.30) that can be analyzed using the
same techniques to obtain a formula similar to (7.42) for the optimal hedging-point.

If y = 1 then the controlled processY 1 is a version of the M/M/1 queue for which
we can apply Proposition3.4.1: Providedρ = λ/µ < 1, its unique invariant measure
is supported onZ+ with π1(y) = (1 − ρ)ρy for y ∈ Z+. For ρ ≈ 1 we have the
approximationPπ0{y ≥ y} ≈ Pπ1{y ≥ y} ≈ ρy. Substituting this into the formula
(7.42) we obtain the approximation

y∗ log(ρ) ≈ − log
(
1 +

c+

c−

)
.

This is itself a heuristic approximation since (7.42) is based on the density assumption
on L. Using the approximation− log(ρ) = log(ρ−1) ≈ ρ−1 − 1 for ρ ≈ 1 this then
gives,

y∗ ≈ ρ

1 − ρ
log

(
1 +

c+

c−

)
. (7.45)

For the diffusion heuristic we takeδ = µ− λ andσ2 = Var(L(1)− S(1)). Under
the assumed statistics this givesσ2 = 1 so that (7.35) suggests the approximation,

y∗ ≈ 1
2

1

µ− λ
log

(
1 +

c+

c−

)
. (7.46)

The difference between the two estimates (7.45) and (7.46) remains bounded asρ ↑ 1.

We now explain the diffusion heuristic by solving the optimal control problem for
the CBM model.
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7.4.2 CBM model

A CBM model for the simple inventory model can be analyzed exactly as in its discrete-
time counterpart. Consider the one-dimensional model,

Y (t) = y − δt+ I(t) +N(t), Y (0) = y ∈ R, t ≥ 0 , (7.47)

whereN is a driftless Brownian motion with instantaneous varianceσ2, andδ > 0.
We find that the optimal policy is a hedging-point policy, defined so thatY is a one-
dimensional reflected Brownian motion (RBM) on[−y∗,∞) for some hedging-point
y∗ ∈ R+.

Theorem 7.4.4. (Optimizing the Brownian Inventory Model) Consider the one-
dimensional inventory model (7.47) and cost functionc : R → R defined in (7.32). The
average costη(y) is finite for each hedging-pointy, and can be expressed

η(y) =

∫ ∞

0
c(y − y)Θe−Θy dy, (7.48)

with Θ−1 = 1
2σ

2/δ. Moreover, the unique parametery∗ minimizing the average cost is

y∗ =
1

Θ
log

(
1 +

c+

c−

)
. (7.49)

Proof. Computation of the optimal hedging-point value is possible since the invariant
measure ofY is exponential, with parameterΘ [76, p. 250]. Consequently, for any
hedging-point, the average cost is given by (7.48). Differentiating this expression with
respect toy and setting the resulting expression to zero gives the optimal value (7.49),
exactly as in the derivation of (7.42). ⊓⊔

It is possible to use the same techniques to address the discounted-cost optimiza-
tion problem. For a given policy denote the discounted cost with discount rateγ > 0
by,

hγ(y) =

∫ ∞

0
e−γtEy[c(Y (t))] dt

Theorem 7.4.5. (Optimization of the Discounted Brownian Model) Suppose that
the assumptions of Theorem7.4.4hold. Then, the optimal hedging-point is again of the
form (7.49), but withΘ(γ) > 0 the positive root of the quadratic equation

1
2σ

2Θ2 − δΘ − γ = 0 . (7.50)

Proof. To compute the optimal hedging-point value we express the discounted cost as
the expectation,

hγ(y) = γ−1
E[c(Y (T )) | Y (0) = y] , (7.51)

whereT is an exponential random variable with parameterγ that is independent ofN .
Consider a hedging-point policy such thatY is an RBM on[−y,∞), and fix an initial
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conditionY (0) = y < −y, so thatY (0+) = −y. In this case the random variable
Y (T ) has an exponential distribution, with parameterΘ (this follows from identities in
[76, p. 250].) That is, for anyy and anyy satisfyingy < −y,

hyγ(y) =

∫ ∞

0
c(y − y)Θe−Θy dy.

The formula fory∗(γ) is obtained exactly as in the average cost case by differentiating
this expression with respect toy, and setting the derivative equal to zero. ⊓⊔

7.5 Hedging in networks

We close this chapter with consideration of workload relaxations for the CRW model.
For a homogeneous model, a relaxation is constructed exactly as in previous chapters.

7.5.1 One-dimensional relaxation

In the stochastic scheduling models considered in Chapter4, and any of the stochastic
models considered in Chapter6, it was not necessary to make any policy considerations
for a one-dimensional relaxation. The cost function is always monotone when the
workload space isR+, and in this case the non-idling policy is path-wise optimal by
Proposition5.4.1.

In the demand-driven models considered here a one-dimensional relaxation is sim-
ilar to the simple inventory model considered in Section7.4.

Example 7.5.1.Simple re-entrant line with demand: one-dimensional relaxation

Consider a CRW model for the network shown in Figure7.5based on the fluid model
with parameters given in (7.5). It is assumed that the model is homogeneous, so that
the CRW model can be expressedQ(t + 1) = Q(t) + B(t + 1)U(t) + A(t + 1) for
t ≥ 0, with

B(t) =




Ss(t) −S1(t) 0 0 0
0 S1(t) −S2(t) 0 0
0 0 S2(t) −S1(t) 0
0 0 0 S1(t) −Sd(t)
0 0 0 0 −Sd(t)




A(t) =




0
0
0
0

A5(t).




(7.52)
The processA5 models the demand process for this network, andSs models the supply
resource.

The workload in units of inventory for Stations 1 and 2 are given by,

Y1(t) = µ1〈ξ1, Q(t)〉 = −Q2(t) −Q3(t) − 2Q4(t) + 2Q5(t),

Y2(t) = µ2〈ξ2, Q(t)〉 = −Q3(t) −Q4(t) +Q5(t), t ≥ 0.
(7.53)

Consider the relaxation of the second workload process. If the cost function forQ

is given by (7.10), then from (7.26) it follows that the optimal solution for the relaxation
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satisfiesQ̂(t) = |Ŷ (t)|1i∗ wherei∗ = 3 if Ŷ (t) < 0, andi∗ = 5 if Ŷ (t) ≥ 0. The
effective cost is of the form (7.32) with c+ = 10 andc− = 1.

This model is similar to the one considered in Example7.4.1. To adapt the diffu-
sion heuristic we take,δ = µ2 −α5 andσ2 = Var(A5(1)−S2(1)) = µ2 +α5. Taking
(7.35) for granted we obtain,

y∗ ≈ 1
2

µ2 + α5

µ2 − α5
log(11). (7.54)

If ρ2 = α5/µ2 ≈ 1 then this is approximated byy∗ ≈ log(11)/(1−ρ2) ≈ 2.4/(1−ρ2).
To obtain a policy for the five-dimensional CRW network will require the appli-

cation of safety-stocks at buffers4 and2. The idealized model takeŝQ(t) = |Ŷ (t)|13

when Ŷ (t) < 0, while in the CRW model this might be replaced by the target state
q∗ = ϑ|Y (t)|13 + (1 − ϑ)|Y (t)|14 for someϑ ∈ (0, 1) to ensure that inventory is
available at buffer4 when required. In Exercise7.3 you are asked to obtain a full de-
scription of a policy based on the one dimensional relaxation.

7.5.2 Two-dimensional relaxation

We now return to the “height process analysis” described at the start of Section5.6for a
two dimensional workload model. As in Section7.4we omit the ‘hat’ inY to simplify
notation. The workload process evolves in discrete time with,

Y (t+ 1) = Y (t) − µ+ ι(t) + L(t+ 1), t ≥ 0, Y (0) ∈ Y. (7.55)

Recall the one-dimensional height processes each evolve as the simple inventory model,

H(t+ 1) = H(t) − µH + ι2(t) + LH(t+ 1), 0 ≤ t < τ1, (7.56)

H∞(t+ 1) = H∞(t) − µH + ι∞2 (t) + LH(t+ 1), t ≥ 0 , (7.57)

where{LH(t)} is a non-negative sequence, andτ1 denotes the first time thatι1(t) is
non-zero. The cost function for the height processH∞ is defined by,

cH(x) = c+Hx+ + c−Hx−, x ∈ R, (7.58)

wherec+H = c+2 andc−H = |c−2 | (see (5.80).)
We obtain the following conclusions for the two dimensional CRW model.

Theorem 7.5.1. (Hedging in the Workload Model) Suppose that the following hold
for the two-dimensional CRW model described by (7.55):

(a) The processL is i.i.d. with meanλ satisfyingδ = µ− λ > 0. The distribution
ofL(t) has a continuous density that is supported on a domainOL ⊂ Y∪R

2
+ that

is bounded, convex, and with0 ∈ closure (OL).

(b) The piecewise linear cost functionc : R
2 → R+ defines a norm onR2. When

restricted toY, the cost functionc is monotone iny1.
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(c) The workload spaceY is a positive cone, the monotone regionY
+ has non-

empty interior, and the inclusionY+ ⊂ Y is strict.

Then,

(i) Under the discounted cost optimal control criterion the optimal policy for the
unconstrained processY ∞ is uniquely specified by (5.84) for somey∗2 = y∗2(γ) >
0. Equivalently, the idleness process under the optimal policy is described by a
feedback law of the formι∞∗(t) = φ∞∗(Y ∞∗(t)), t ∈ Z+. Its first component is
identically zero, and the second component is expressed,

φ∞∗
2 (y) = (−y2 + s∞∗ (y1))+,

where the switching curves∞∗ is linear,

s∞∗ (y1) = m∗y1 − y∗2 y1 ∈ R . (7.59)

(ii) Under the discounted cost or average-cost control criteria, the optimal policy
for the two-dimensional workload model is described by a feedback law of the
form ι∗(t) = φ∗(Y ∗(t)), t ∈ Z+. There existsy

1
≥ 0 so that the first component

is zero wheneverφ2(y) > 0 andy1 ≥ y
1
, and the second component is described

by a switching curves∗ : R+ → R so that,

φ∗2(y) = (−y2 + s∗(y1))+, y1 ≥ y
1
. (7.60)

(iii) Under the discounted-cost optimality criterion the optimal policy is approxi-
mately affine:

lim
y1→∞

|s∗(y1) − s∞∗ (y1)| = 0 . (7.61)

(iv) In Case II* the hedging-points{y∗2(γ) : γ > 0} defined in (i) converge as
γ ↓ 0 to a finite limit y∗2(0). The convergence (7.61) holds under the average
cost criterion, where the switching curve (7.59) is defined using the hedging-point
y∗2(0).

⊓⊔

Although the proof is based on concepts that will not be revealed until Section9.8,
we can give the main ideas in the case of the discounted-cost criterion.

The first step in the proof of (7.61) is to obtain an explicit construction of the
unconstrained process using a state transformation. Define for eachr ≥ 0,

Yr = {Y − r(1,m∗)T} ⊂ R
2,

cr(y) = c(y + r(1,m∗)T) − rc((1,m∗)T) , y ∈ Yr.
(7.62)

For eachy0 ∈ Yr we associateyr ∈ Y defined by,

yr = y0 + r(1,m∗)
T. (7.63)

Copyright Cambridge University Press 2007. On-screen viewing permitted. Printing not permitted. 
http://www.cambridge.org/us/catalogue/catalogue.asp?isbn=9780521884419



Control Techniques for Complex Networks Draft copy April 22, 2007 304

Under the assumptions of the theorem the cost functionc is not monotone, and(1,m∗)T

lies in the interior ofY. It then follows that, asr → ∞,

Yr ↑ R
2 and cr(y) ↓ c∞(y) , y ∈ R

2.

We lethr∗γ : Yr → R+ denote the optimal discounted-cost value function based on
the state spaceYr and cost functioncr. The key step in the proof of parts (i)–(iii) of
Theorem7.5.1is convergence of the normalized value functions. This follows virtually
by definition:

Proposition 7.5.2. For eachγ > 0 and initial conditiony ∈ Y, the discounted-cost
value functions for therth model converge monotonically to the value function for the
unconstrained process: asr ↑ ∞,

hr∗γ (y) ↓ h∞∗
γ (y). (7.64)

Moreover, for eachy0 ∈ Y we have

hr∗γ (y0) = h∗γ(y
r) − rγ−1c((1,m∗)

T). (7.65)

Proof. The result (7.64) is a consequence of three observations:

(a) cr2(y) ≤ cr1(y) ≤ c(y) for all y ∈ Y and all0 ≤ r1 < r2 ≤ ∞,

(b) cr(y) ↓ c∞(y) asr ↑ ∞, and

(c) The processY r2 is subject to fewer constraints thanY r1 for each0 ≤ r1 <
r2 ≤ ∞.

The identity (7.65) follows from the form ofcr in (7.62). ⊓⊔

Example 7.5.2.Hedging in a power distribution system

To illustrate a different kind of application of hedging we return to the electric power
distribution system described in Section2.7.

Consider first a model with a single generator and consumer. This is a simplifica-
tion of (2.17) since the ancillary generation is absent. Recall that this is not a queueing
system since electricity is not stored.

At time t the amount of power the generator can supply is denotedG(t), and the
demand for power in watts is denotedD(t). The excess capacity is the difference,
denoted

Q(t) = G(t) −D(t), t ≥ 0 . (7.66)

The constraints on generation are as in (2.20): For the discrete time model it is assumed
thatU(t) :=G(t) −G(t− 1) ∈ U for t ≥ 0 where,

U := {u ∈ R : −ζp− ≤ u ≤ ζp+} (7.67)

In a CBM model in whichD is Brownian motion we relax the lower rate constraint, so
thatζp− = ∞.
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Recall that demand can be negative since this isnormalized demand: Current de-
mand minus an earlier forecast.

We now construct a cost function from the point of view of the consumer. First
note that demand for power is not flexible. Moreover, if demand is not met, so that
Q(t) is negative, then an emergency is declared. Blackouts may be imposed, resulting
in high cost. A second cost is the price paid forreserves: If the generator is asked
to have on handG(t) units of power, then some compensation is reasonable, even if
G(t) > D(t). Finally, the consumer finds value from consuming power, which can be
modeled as a utility or ‘negative cost’. A simple cost function capturing these features
is piecewise linear,

c(G(t), Q(t)) = cpG(t) + cboQ−(t) − vmin(D(t), G(t)), (7.68)

wherecbo is the marginal cost of an increment of unfulfilled demand,cp is the marginal
price paid for power reserve, andv is the marginal value of consumption.

This can be converted to a cost function ofQ(t) alone as follows. On substituting
the equation (7.66) to eliminateG on the right hand side we obtain,

c(G(t), Q(t)) = cp(Q(t) +D(t)) + cboQ−(t) − vmin(D(t), Q(t) +D(t))

= cpQ(t) + cboQ−(t) − vmin(0, Q(t)) + (cp − v)D(t)

= cpQ(t) + (cbo + v)Q−(t) + (cp − v)D(t)

SinceD is not controlled, the following function ofQ(t) serves as an equivalent cost
function for the purposes of control,

c(Q(t)) = cpQ(t) + (cbo + v)Q−(t) = max(cpQ(t), (cp − cbo − v)Q(t)). (7.69)

We conclude that the model (7.66) with this cost function is identical to the simple
inventory model considered in Section7.4.

We now consider the model with ancillary service whose state processX is defined
in Section2.7. The excess capacity at timet ≥ 1 is defined by (2.17), whereD(t) is
the demand at timet, and(Gp(t), Ga(t)) are current capacity levels from primary and
ancillary service.

The state processX is constrained to the state spaceX = R × R+, and obeys the
recursion (2.19),

X(t+ 1) = X(t) +BU(t) +A(t+ 1), t = 0, 1, . . . ,

whereB is defined in (2.18), the two dimensional ‘arrival process’ is defined asA(t):=
−(E(t), 0)T, and the inputs are increments of capacity,Up(t) := Gp(t + 1) − Gp(t),
Ua(t) := Ga(t + 1) − Ga(t). For simplicity we relax the ramp-down constraints
{ζa−, ζp−} in (2.20): It is assumed thatU(t) ∈ U(X(t)) for all t ∈ Z+, where

U := {u = (up, ua)T ∈ R
2 : −∞ ≤ up ≤ ζp+ , −∞ ≤ ua ≤ ζa+},

U(x) := {u ∈ U : x+Bu ∈ X}, x ∈ X.
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qa qp

X(t) =
Q(t)

Ga(t))

Figure 7.20: Ancillary service ramps up at maximal rate whenQ(t) < qa.

A hedging point policy is defined by a pair of thresholdsqa, qp. If Q(t) < qp then
primary generation ramps up at maximal rate, subject to the constraint thatQ(t) not
exceed this threshold. That is,

Up(t) = max(ζ
p+
, qp −Q(t)).

If Q(t) ≥ qp then primary generation ramps down,Up(t) = qp −Q(t) < 0.
The specification of the policy for ancillary service also has two cases. IfQ(t) +

Up(t) < qa then ancillary generation ramps up,

Ua(t) = max(ζ
a+
, qa −Q(t) − Up(t)).

If Q(t) + Up(t) > qa then ancillary generation ramps down, but not too fast,

Ua(t) = max(−Ga(t), qa −Q(t) − Up(t)).

A typical sample path ofX under a hedging-point policy is shown in Figure7.20.
The cost function is an elaboration of (7.69) to include the costca > cp for ancil-

lary service,
c(Q(t)) = caGa(t) + cpQ(t) + (cbo + v)Q−(t) (7.70)

Performance analysis is based upon a pair of height processes with respect to each of
the thresholdsqp, qa,

Hp(t) := −Q(t) +Ga(t), Ha(t) := −Q(t), t ≥ 0 .

In the CRW model, the first process evolves as the simple inventory model with hedging
point equal toqp. The processHa has the same behavior, but only up to the first time
thatGa(t) reaches zero. The threshold forHa is qa. Another difference between the
two processes is thatHp has mean driftζp+, while Ha has mean driftζp+ + ζp+,

Hp(t+ 1) = max(Hp(t) − ζp+,−qp) + E(t+ 1) t ≥ 0,

Ha(t+ 1) = max(Ha(t) − ζp+ − ζa+,−qa) + E(t+ 1) whileGa(t) > 0.
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Cost functions consistent with the two dimensional model are of the form (7.58) with,

c+H = ca − cp, c−H = cp for Hp

c+H = cbo + v − ca, c−H = ca for Ha

Based on these cost functions and these dynamics we obtain from the diffusion heuristic
the two parameters,

qa∗ = 1
2

σ2
D

ζp+ + ζa+
log

(
cbo + v

ca

)
qp∗ = qa∗ + 1

2

σ2
D

ζp+
log

(
ca

cp

)
. (7.71)

Consider the following special case in which the marginal distribution of the in-
crement processE is symmetric on{±1}. The model parameters are:cp = 1, ca = 20,
andv + cbo = 400; The ramp-up rates areζp+ = 1/10 andζa+ = 2/5.
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Figure 7.21: Shown at left is the average cost obtained using simulation for the network
with demand increments supported on{−1, 1} using various hedging-point values. At
right is the average cost obtained for the CBM model.

Shown at right in Figure7.21 is the average cost for the CBM model with first
and second order statistics identical to those of the CRW model. For these numerical
values, the diffusion heuristic (7.71) gives(qp∗, qa∗) = (14.974, 2.996).

Affine policies for the CRW model were constructed based on threshold values
{qp, qa}. The average cost was approximated under several values of(qp, qa) based on
the (unbiased)smoothed estimatordescribed in Chapter11. In the simulation shown
at left in Figure7.21the time-horizon wasn = 8 × 105. Among the affine parameters
considered, the best policy for the discrete time model is given by(qp∗, qa∗) = (19, 3),
which almost coincides with the values obtained using (7.71).

In conclusion, in-spite of the drastically different demand statistics, the best affine
policy for the discrete-time model is remarkably similar to the average-cost optimal
policy for the continuous-time model with Gaussian demand. Moreover, the optimal
average cost for the two models are in close agreement.

To see the impact of variability we now consider three models in which the incre-
ment processE is again symmetric, and supported on the finite set{0,±3,±6}. In each
case the marginal distribution ofE is uniform on its respective support. The support
and respective variance values are given by,

Copyright Cambridge University Press 2007. On-screen viewing permitted. Printing not permitted. 
http://www.cambridge.org/us/catalogue/catalogue.asp?isbn=9780521884419



Control Techniques for Complex Networks Draft copy April 22, 2007 308

σ2
D = 6 σ2

D = 18 σ2
D = 24

qp∗ = 9.2 qp∗ = 27.6 qp∗ = 36.8

qp ≈  9.2 qp ≈  26 qp ≈  32
qa ≈  2.3 ≈  8.3qa ≈  5 qa
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CRW model

CBM model

10- 10 0 20- 20 30

10

20

30

40

ga

10- 10 0 20- 20 30

10

20

30

40

ga

q

10- 10 0 20- 20 30

10

20

30

40

ga

Figure 7.22: Optimal policies in a power distribution system. The policy for the CRW
model was computed using value iteration. The grey region indicates those states for
which ancillary service ramps up at maximum rate, and the constantqp is the value
such that primary ramps up at maximum rate whenQ(t) < qp. The optimal policy for
the CBM model closely matches the optimal policy for the discrete-time model in each
case.

(a) {−3, 0, 3}, σ2
a = 6 (b) {−6,−3, 0, 3, 6}, σ2

b = 18 (c) {−6, 0, 6}, σ2
c = 24.

The marginal distribution has zero mean since the support is symmetric in each case.
The cost parameters are taken to becbo + v = 100, ca = 10, cp = 1, and we take

ζp+ = 1, ζa+ = 2. The state processX is restricted to an integer lattice to facilitate
computation of an optimal policy using value iteration.

Optimal policies are illustrated in Figure7.22: The constantqp is defined as the
maximum ofq ≥ 0 such thatUp(t) = 1 whenX(t) = (q, 0)T. The grey region
representsRa, and the constantqa is an approximation of the value ofq for x on the
right-hand boundary ofRa.

Also shown in Figure7.22is a representation of the optimal policy for the CBM
model with first and second order statistics consistent with the CRW model. That is,
the demand processD was taken to be a drift-less Brownian motion with varianceσ2

D

equal to6, 18, or 24 as shown in the figure.
The constantsqp∗, qa∗ indicated in the figure are the optimal parameters for the

CBM model obtained using the diffusion heuristic (7.71). The optimal policy for the
CBM model closely matches the optimal policy for the discrete-time model in each
case.

Theorem7.5.1 and the approximations obtained through the diffusion heuristic
predict the numerical results previously described in Section5.6.2.

Example 7.5.3.Simple re-entrant line without demand
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Consider the three-dimensional CRW model (4.10) for the simple re-entrant line shown
in Figure2.9. We maintain the assumptions of Section5.6.2: the model is homoge-
neous, andc is theℓ1 norm. The effective cost (5.88) is of the form required in Theo-
rem7.5.1: The functionc(y) = max(y2, y1−y2) is monotone iny1, and the monotone
regionY

+ := {y ∈ R
2
+ : 1

2y1 ≤ y2 ≤ y1} has non-empty interior.
Recall that the effective cost was categorized according to four cases listed in Sec-

tion 5.6. In this example Case I cannot hold sincec is never monotone. The relaxation
may satisfy the conditions of Case II or Case III, depending upon the specific values of
{µi, α1}.

Based on the lower boundary ofY
+ we define the height process,

H(t) = Ŷ2(t) − 1
2 Ŷ1(t), t ≥ 0.

Applying (5.87), we find that whilêι1(t) = 0 it evolves according to the recursion,

H(t+ 1) = H(t) − S2(t+ 1) + S2(t+ 1)̂ι2(t) + 1
2S1(t+ 1), t ≥ 0.

The cost function for the height process is defined by

cH(r) = max(−c−Hr, c+Hr) r ∈ R.

We havec+H = c+2 = 1 andc−H = |c−2 | = 1, giving cH(r) = |r|.
The height processH∞ for the unconstrained procesŝY

∞
satisfies the same re-

cursion. Under an affine policy for̂Y
∞

defined by the switching curve (5.89), we have
ι̂1 ≡ 0 and ι̂2 is defined so that the height process evolves as a reflected random walk,

H∞(t+ 1) = max(H∞(t),−y2) − S2(t+ 1) + 1
2S1(t+ 1), t ≥ 0. (7.72)

We have under any policy,

c∞(Ŷ∞(t)) = cH(H∞(t)) + (c+1 + c+2 /m∗)Ŷ
∞
1 (t), (7.73)

and applying (5.88) we havec+1 + c+2 /m∗ = 1/m∗ = 2 withm∗ = 1
2 . The discounted-

cost optimal policy forŶ
∞

is obtained on solving the discounted cost optimal control
problem for the height processH∞ sinceŶ

∞
1 is uncontrolled.

To estimate the thresholdy∗2 that solves the average-cost optimal control problem
in Case II* we take two different paths. First we compute the invariant measure for
H∞ wheny2 = 0 and apply the formula (7.42). This is only a heuristic since the den-
sity assumption imposed to obtain (7.42) is not satisfied forH∞. Next, we construct
a CBM model with identical first and second order statistics and apply the diffusion
heuristic Definition7.4.1to obtain a second estimate. Based on these two approaches
we obtain the two approximations,

y∗2(CRW) ≈ 1
2

ς

1 − ς
log

(
1 +

c+H
c−H

)
, (7.74)

y∗2(CBM) ≈ 1
2

σ2
H

δH
log

(
1 +

c+H
c−H

)
, (7.75)
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where,c−H = c+H = 1, and

ς = 1
2

(
1 + 4

µ1

µ2

) 1
2 − 1

2 . (7.76)

δH = µ2 − µ1/2, σ2
H ≈ µ2 + µ1/4. (7.77)

The parameterς is strictly less than one andδH is strictly positive sinceµ1 < 2µ2. We
leave the derivation of (7.74) as a guided homework problem in the exercises at the end
of this chapter.

Optimal policies forŶ are shown in Figure7.23 based on the two instances of
Case II described in Section5.6.2.

s∞
∗

(y1)

s∗(y1)

s∗(y1; 0)

(b)  Switching curve is attracting (a)  Height process is null recurrent
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Figure 7.23: Optimal switching-curves for the CRW workload-relaxation in Case II. At
left is Case II (a) where the network is balanced, and on the right is Case II (b). The dif-
ference between the fluid and stochastic switching-curves is significant in Case II (a).
This corresponds to null-recurrence of the associated height process. The optimal pol-
icy in Case II (b) is accurately approximated by an affine policy whose offset is deter-
mined by an associated height process with thresholdy∗2 obtained using the diffusion
heuristic. The parameter shown in the figure isy∗1 := 2y∗2 ≈ 11.

Case II (a) is a marginal case since the drift-vectorδY is exactly aligned with
the lower boundary ofY+. The height processH∞ is not positive recurrent in this
case (see Theorem7.4.1.) Consequently, we would expect the optimal policy for the
probabilistic workload-relaxations to differ significantly from the fluid relaxation. The
plot at left in Figure7.23 shows that the difference between the fluid and stochastic
switching-curves is significant.

Case II (b) is an instance of Case II*, which is the assumption required in Theo-
rem 7.5.1(iv). The height process for the CRW model is positive recurrent, and the
parameterς defined in (7.76) is given by,

ς = 1
2

(
1 + 4

20

11

) 1
2 − 1

2 ≈ 0.94.

On applying (7.74) we obtainy∗2 ≈ 1
2(ς/(1 − ς)) log(2) ≈ 5.25. The approximation

(7.75) gives a similar value,y∗2 ≈ 1
2(σ2

H/δH) log(2) ≈ 5.5. These are simply estimates
of the optimal parameter for the height processH∞ - at this stage it is not clear that
they have any relevance to the two-dimensional CRW model.
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Regardless, the average-cost optimal policy shown at right in Figure7.23is accu-
rately approximated by an affine translation of the optimal policy for the fluid model
using the value ofy∗2 obtained using (7.74) or (7.75). The constanty∗1 shown in the
figure isy∗1 := 2y∗2 ≈ 11.

These results are also consistent with the numerical results obtained for the three
dimensional CRW model in Section5.6.2. Figure5.13 shows the results from simu-
lation experiments in Case II (b). The optimal value ofy1 is approximately equal to
y1 = 9, or y2 = 1

2y1 = 4.5, which nearly coincides with the optimal value for the

CRW modelŶ shown in Figure7.23(b).

Example 7.5.4.Complex demand-driven model

The16-buffer model with cost parameters specified in Example7.3.4illustrates how the
application of hedging-points generalizes to a complex network setting. We consider
a two-dimensional relaxation of the form considered in the previous example. In our
earlier consideration of the16-buffer model we considered workload in units of time.
We maintain this convention here.

The myopic, GTO, and optimal policies for the fluid workload model are described
at the end of Example7.3.4. Each are defined by some constraint regionR ⊂ W con-
tainingW

+. Just as in the one dimensional inventory model, the regionR obtained for
the fluid model is not a suitable constraint region to construct a policy for the stochastic
model. To see this, observe that for anyw ∈ W

+ the effective stateX ∗(w) corresponds
to a set of buffer levels for which there is deficit at some virtual queue. Consequently,
as in the simple inventory model (7.30), if W (t) is constrained toW+ then high-costs
will be incurred due to unsatisfied demand.

A second fundamental difficulty in this multi-dimensional setting was described
in Section5.6. If W is constrained toW+ as dictated by the myopic policy this will
result in excessively large values ofW (t) due to “chattering” near the boundaries of
W

+. This is illustrated for a generic example in Figure6.19. Note that the constraint
region shown at left in Figure6.19 is similar to the monotone region for the present
example shown at left in Figure7.17.

In the numerical results described here the CRW workload process is defined in
discrete-time as in (5.59),

Ŵ (t+ 1) = Ŵ (t) + Ŝ(t+ 1)̂ι(t) − Ŝ(t+ 1)1 + L̂(t+ 1) .

The process{L̂(t)− Ŝ(t) : t ≥ 1} is i.i.d., and its marginal distribution is supported on
{−(2, 0)T, −(0, 2)T, (5, 5)T}. Two cases are considered, where in each case the mean
drift is defined by−δ := −E[L̂(t) − Ŝ(t)].

Case II* The marginal distribution is uniform (each possible value occurs with
probability 1/3.) This results in a mean drift given by−δ = −[1, 1]T, so that
δ lies within the interior of the monotone region shown at left in Figure7.2(where
R
∗ = W

+.)

Case III The probabilities are chosen so that−δ = −[1/10, 1]T, which is consistent
with the drift vector shown in Figure7.18and at right in Figure7.2. The conditions
of Case III hold sinceδ 6∈ W

+.
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Figure7.2 illustrates the average-cost optimal policy for a CRW workload model
in these two cases. The optimal idleness processι̂∗ was obtained using value iteration.
The light grey regions indicate values ofw such that̂ι

∗
(t) = 0 whenŴ ∗(t) = w. Note

that in each case, the boundaries of the optimal stochastic control regionR
STO shown

are approximated by an affine enlargement of the fluid-optimal policy.

7.6 Summary of steady-state control techniques

In the last two sections we have emphasized the application of hedging-points to im-
prove performance in the control of workload.

The numerical results obtained in Example7.5.3and previously in Section5.6.2
show that hedging combined with safety-stocks can approximate the structure of the
optimal policy for the simple re-entrant line. Similarly, the optimal policy for the16
buffer example treated in Example7.5.4can be approximated by an affine policy ob-
tained using two hedging-points in workload space. This can be interpreted as hedging
at the two virtual queues.

In summary, here is a two-step program for policy synthesis based on what we
have learned so far:

1. Construct a workload relaxation of suitable dimension to obtain a policy in work-
load space, described as state-feedback viaι(t) = φ̂(Ŵ (t)), t ≥ 0. For example,
this can be the optimal policy for the relaxation, or an affine policy based on re-
strictingŴ to an affine enlargement of the monotone region.

2. Devise a policy forQ to satisfyW (t) ≈ Ŵ (t). Equally important is the desire to
maintainQ(t) ≈ P∗(Q(t)) for all t, subject to this workload constraint.

Two techniques introduced in Chapter4 can be adapted to achieve the two approx-
imations in (2.):

(i) A discrete-review policy of the form described in Section4.7 can be formulated
based on safety-stocks as described in Section4.6. Exactly as in the myopic-DR
and GTO-DR policies, a vector ofx ∈ R

ℓ
+ is constructed to avoid starvation of

resources so that the goals of (ii) are achieved.

Based on the numerical results treated in Section4.6 and in Example6.7.2(see
also Proposition6.7.1), the following parametric form is suggested: For a constant
vectorθ ∈ R

ℓr , the vectorx should grow with the total population so that,
∑

j≥1

Csjxj = θs log(1 + |x|/θs) , 1 ≤ s ≤ ℓr, (7.78)

whereC is the constituency matrix, andx ∈ X is the initial state at the start of the
planning horizon.

(ii) If a stationary policy is preferable then this can be constructed using a particu-
lar instance of theh-MaxWeight orh-myopic policy. Suppose that the policŷφ
constructed in (1.) is described as a myopic policy,
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φ̂(w) = arg minE[ĥ(Ŵ (t+ 1)) | Ŵ (t) = w, ι(t) = ι] ,

where the minimum is overι ≥ 0 such thatW (t+ 1) ∈ W with probability one.
We then define for a given constantb > 0,

h(x) := ĥ(Ξ̂x̃) + b
2 [c(x̃) − c(Ξ̂x̃)]2, x ∈ R

ℓ
+, (7.79)

wherex̃ is defined in (4.93).

A stationary policy is obtained using theh-myopic policy. Alternatively, ifĥ is
smooth then the simplerh-MaxWeight policy can be applied.

Conditions for stability of the resulting policy and methods to evaluate perfor-
mance are developed in the chapters that follow - See in particular Theorem8.4.1
for general conditions ensuring stability of theh-MaxWeight policy.
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7.7 Notes

The material in Sections7.1 and7.2 is taken from [153, 105]. In particular, all of the
figures in Section7.2 are based on numerical work performed by Dubrawskii [153].
The focus on transient issues is common to the first part of Newell’s monograph [385].

In manufacturing models an alternative approach to managing complexity is based
on decomposition techniques introduced in the seminal paper of Clark and Scarf [113].
Related hierarchical decomposition techniques are contained in the work of Gersh-
win [204, 136], Perkins and Kumar [395, 396, 394], Sethi [434, 433], and Muhar-
remoglu and Tsitsiklis [377]. These approaches are similar in flavor to workload relax-
ations, and they may be equivalent for certain models.

The construction and analysis of policies to determine work release of raw ma-
terial to a production system has been the subject of some research [337, 268]. A
well-known approach is the CONWIP (constant work-in-process) policy in which new
material is released to the system just as completed jobs depart [456, 457, 68, 8, 429].
Hence, under the CONWIP policy the total customer population remains constant. Re-
search has focused on the determination of an optimal value for the overall customer
population [243, 323]. Refinements are described in Wein and Chevalier [486] and
Duenyas [154]. Scheduling and work-release policies for demand-driven models of
specific structure are developed in, for instance, [206] based on the construction of
hedging-points. Admission control is also an essential part of flow control in computer
networks [47, 459, 12].

Uncertainty in demand presents a new dimension in constructing efficient policies.
The issues are summarized in thenews-vendor problem: a news-vendor must decide
how many papers to purchase from a supplier to be delivered the next morning. In
deciding how many papers to order, the new-vendor must balance two conflicting costs:
Any extra papers will have no value at the end of the day, but of course she will miss
sales if she does not purchase newspapers in sufficient quantities. Practical solutions
require the use of hedging as described in Section7.4.

The mathematical foundations of hedging began in the early fifties in the work of
Arrow, Harris and Marschak [21], Dvoretzky, Kiefer and Wolfowitz [163]. These ideas
expanded in the work of Clark and Scarf [22, 422, 113, 423]. Existence and uniqueness
of optimal policies for a version of the simple inventory model was established in 1955
by Bellman et. al. in [43].

Federgruen and Zipkin [181, 180] provide conditions under which a base-stock
policy is optimal, based on existence and structural theory for average-cost optimal
control of MDP models obtained in [178], following Clark and Scarf [113]. This re-
mains an area of active research [179, 205, 393, 487, 397, 264, 81, 377].

The CBM inventory model (7.47) is considered in [485] where the optimal hedging
point value (7.49) is derived.

The development in Section7.5 is based on [106], where the structure of optimal
policies for multi-dimensional workload models were investigated for the first time. In
particular, Theorem7.5.1that describes the emergence of hedging points for the CRW
workload model is based on results from [106] for the CBM model. The numerical
results in Example7.5.3are also taken from [106].
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The numerical plots in Example7.5.2are taken from Chen’s thesis [103]. Similar
solidarity between the CRW and diffusion models is found whenE is Markov rather
than i.i.d.. To apply the diffusion heuristic, the varianceσ2

D is taken to be the asymptotic
variance appearing in the Central Limit Theorem forE (described in Chapter11.) It
is shown in [110] that the diffusion heuristic is exact for the CBM model. Thatis, the
affine policy described in Example7.5.2is average-cost optimal.
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7.8 Exercises

7.1 Compute the workload vectors for the network in Example7.2.1by computing (nu-
merically or analytically) the extreme points in the linear program (6.18).

7.2 Repeat Exercise7.1 for the model in Example7.2.2.

7.3 Devise a policy for the simple re-entrant line with demand based on the hedging
point constructed in Example7.5.1. The policy can be based on safety-stocks
at buffers 2 and 4. Or, you might construct a function̂h : R+ → R+ such
that theĥ-MaxWeight policy coincides with the hedging-point policy for the one-
dimensional relaxation constructed in in Example7.5.1. Based on this, construct
a function h : R

5
+ → R+ using (7.79) to define ah-MaxWeight policy forQ.

Simulate the CRW model to find the best parameters in your policy.

7.4 Repeat Exercise7.3using the model in Example7.2.2.

7.5 Prove Proposition7.3.1.

7.6 Consider the fluid model of the simple inventory model (7.31) with piecewise linear
cost functionc : R → R. Suppose thaty is controlled using a hedging point
policy with non-zerovaluey > 0. Compute the fluid value functionJ and its
normalizationK,

J(y) =

∫ T

0
c(y(t; y))

)
dt

K(y) =

∫ T

0

(
c(y(t; y)) − c(−y)

)
dt, y ∈ R,

whereT = T (y) = min(t : y(t) = −y). SketchJ andK as a function ofy, and
verify the dynamic programming equations,

−δ ddyJ(y) = −c(y), −δ ddyJ(y) = −c(y) + c(−y), y > −y,

Are these functions smooth? In Exercise11.10these functions are used to con-
struct a simulation algorithm.

7.7 In this exercise you will derive (7.76) based on the height process defined in
(7.72).

(i) Wheny2 = 1 the height process for the unconstrained process is a countable
state space Markov chain onXH = {0, 1

2 , 1,
3
2 , . . . }. Show that it is positive

recurrent if and only ifµ1 < 2µ2. That is,ρ1 > ρ2, which is precisely
Case II*.

(ii) Show that the invariant measure forH∞ with y2 = 0 is given by,

π0
H(0) = π0

H(1) =
1

ς

1 − ς

2 − ς

π0
H(r) = π0

H(0)ς2r−1, r ∈ XH , r ≥ 2,

(7.80)

whereς is given in (7.76).

Copyright Cambridge University Press 2007. On-screen viewing permitted. Printing not permitted. 
http://www.cambridge.org/us/catalogue/catalogue.asp?isbn=9780521884419



Control Techniques for Complex Networks Draft copy April 22, 2007 317

(iii) The processH∞ is similar to the example considered in Example7.4.1. To
optimizeπyH(cH) overy2 we apply (7.42) as a heuristic to obtain,

(
1 +

c+H
c−H

)−1
= P

πy
H

{y ≥ 0} ≈ Pπ0
H
{y ≥ −y∗2} ≈ 1

ς

1

2 − ς
ς2y

∗
2 .

Taking logarithms gives,

y∗1 := 2y∗2 ≈ 1

log(ς−1)
log

(
1 +

c+H
c−H

)
+

1

log(ς−1)

(
log(ς−1) − log(2 − ς)

)
,

Using the same sequence of bounds used to obtain the approximation (7.45),
obtain the analogous approximation (7.74).
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Chapter 8

Foster-Lyapunov Techniques

So far we have visited several approaches to policy synthesis for networks, includ-
ing a survey of control techniques for the scheduling model in Chapter4. The focus
of much of Chapter7 was transient performance metrics such as the impact of hot-
lots on congestion, or the recovery time following the failure of some resource. We
have considered several techniques to account for variability, including hedging points,
safety-stocks, and discrete-review policies. This chapter provides foundations for eval-
uating these methods. We concentrate primarily on steady-state performance criteria,
and the surrounding theory of Lyapunov functions for stochastic networks.

To address questions regarding finer performance properties we assume that the
queue length process can be modeled as a Markov chain, or as a function of a Markov
chain denotedX = {X(0),X(1), . . . }. We let denoteX⋄ denote the state space which
is always assumed countable, andP the transition matrix defined by,

P (x, y) = P[X(t+ 1) = y | X(t) = x], x, y ∈ X⋄ .

Just as is standard in the theory of deterministic dynamical systems, stability of
a Markov model is characterized by a version of thedirect method of Lyapunov[63,
298]. Section8.1 highlights some Lyapunov stability theory for Markov chainsbased
on the survey contained in AppendixA, and this is specialized to the CRW model
in Section8.2. This theory is largely based on inequalities involving thegenerator,
defined as the difference operator,

D := P − I . (8.1)

The generator acts on functionsh : X⋄ → R via,

Dh (x) = Ph (x) − h(x) = E[X(t + 1) −X(t) | X(t) = x], x ∈ X⋄,

whenever the expectation is well-defined.
The general form of the Lyapunov condition considered here is Condition (V3), or

the special case known as Foster’s criterion. If either of these bounds hold thenV is
called aLyapunov function.

The Markov chainX is calledx∗-irreducible if the given statex∗ ∈ X⋄ is reach-
able with positive probability from each initial condition:

319
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∞∑

t=0

P t(x, x∗) > 0, x ∈ X⋄.

Definition 8.0.1.Foster-Lyapunov Drift Conditions

The chain satisfiesFoster’s criterion if there is a functionV : X⋄ → R+, a constant
b <∞, and a finite setS ⊂ X⋄ such that

DV (x) ≤ −1 + b1S(x), x ∈ X⋄. (V2)

The chain satisfies Condition (V3) if for a functionf : X⋄ → [1,∞),

DV (x) ≤ −f(x) + b1S(x), x ∈ X⋄ , (V3)

where againb < ∞ andS ⊂ X⋄ is a finite set. If this is the case, and in additionX is
x∗-irreducible for somex∗ ∈ X⋄, then the chain is calledf -regular.

Written as an expectation, Condition (V3) becomes

E[V (X(t+ 1) − V (X(t)) | X(t) = x] ≤
{
−f(x) x ∈ Sc

−f(x) + b x ∈ S.

HenceV (X(t)) is decreasing on average until the first time thatX(t) reaches the set
S. The functionf modulates the rate of decrease.

The cost functions considered in this chapter are assumed to admit an extension
to all of R

ℓ to define a norm. Examples are theℓ1-norm c(x) = |x|, or any piecewise
linear function that is strictly positive onRℓ

+ \ {0}.
More generally,c is callednear-monotoneif the sublevel setSc(r) := {x ∈ R

ℓ :
c(x) ≤ r} is bounded for eachr < supx∈Rℓ c(x). If c is also unbounded, then the cost
function is calledcoercive.

Typically, a solution to (V3) is sought for which the functionV can be viewed as
an approximate solution toPoisson’s equationwith forcing functionc,

Dh = −c+ η. (8.2)

We noted in the Introduction that Poisson’s equation is the basis of much of the ergodic
theory of Markov chains, and this equation is also central to average-cost optimal con-
trol theory. Whenh is non-negative valued, and the setS := {c(x) ≤ η + 1} is finite,
then (8.2) implies (V3) withV = h, b = η + 1, and

f = (c− η)1Sc + 1S .

Conversely, Proposition8.1.6asserts that Poison’s equation (8.2) has a solutionh that
is bounded by a constant timesV , provided (V3) holds withc upper bounded by a
constant multiple off .

Definition 8.0.2.Regularity

Given a cost functionc : R
ℓ
+ → R+, a policy is calledregular if the controlled process

is anf -regular Markov chain withf = 1 + c.
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Recall that a policy is calledstabilizing if ηx is finite for each initial condition,
where theaverage costis defined in (4.14) for the scheduling model,

ηx := lim sup
n→∞

1

n

n−1∑

t=0

E
[
c(X(t))

]
. (8.3)

We will see that a regular policy is always stabilizing, and moreover the average cost is
independent of the initial conditionx.

Following the general discussion in Section8.1 we specialize to network models.
We have seen in Theorem4.8.3that the MaxWeight policy satisfies a bound similar to
(V3) for the CRW scheduling model. Under general conditions the controlled network
is also0-irreducible, so that the MaxWeight policy is regular whenc is a norm onRℓ

+.
In this chapter we generalize these results to a wider class of networks. We also provide
extensions to theh-MaxWeight policies introduced in Chapter4.

Most of the concepts developed in these final chapters of the book require very
little structure for the CRW model. As in Parts I and II the state processQ evolves on
Z
ℓ
+ according to the recursion,

Q(t+ 1) = Q(t) +B(t+ 1)U(t) +A(t+ 1), t ≥ 0, Q(0) = x . (8.4)

The allocation sequenceU evolves onZℓu+ for some integerℓu; The arrival sequenceA
is ℓ-dimensional, andB is anℓ× ℓu matrix sequence, each with integer-valued entries.
We continue to assume thatU(t) ∈ U⋄ where as in (4.3),

U := {u ∈ R
ℓu : u ≥ 0, Cu ≤ 1}. (8.5)

The constituency matrix is anℓm × ℓ matrix with binary entries.
The fluid model is expressed as the ODE model,

d+

dtq(t) = Bζ(t) + α , t ≥ 0, (8.6)

whereζ(t) ∈ R
ℓu
+ denotes the allocation rate vector at timet, also constrained via

ζ(t) ∈ U for eacht. The velocity set for the fluid model is defined as in Part II by,

V := {v = Bζ + α : ζ ∈ U}. (8.7)

In this general setting, the “load condition”ρ• < 1 translates to the following,

The origin is an interior point ofV. (8.8)

Further discussion on this interpretation is contained in Section6.1.
The following result follows from TheoremA.2.2.

Theorem 8.0.1. (Ergodicity and Regularity) Consider the CRW model (8.4) subject
to the following conditions:

(a) The allocation sequenceU is defined by the stationary policy,

U(t) = φ(Q(t)), t ≥ 0, (8.9a)

whereφ : Z
ℓ
+ → U⋄ with U⋄ = {u ∈ {0, 1}ℓ : Cu ≤ 1}.
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(b) Condition (V3) holds for the controlled network withf = 1 + c, where the cost
functionc defines a norm onRℓ.

(c) The setS ⊂ X⋄ given in (V3) is “small”: There existsx∗ ∈ S satisfying, for
any otherx ∈ S,

∞∑

t=0

P t(x, x∗) > 0. (8.9b)

Moreover,P (x∗, x∗) > 0.

Then,

(i) The policy is regular:Q is an aperiodic,f -regular Markov chain withf = 1+c
andηx = π(c) <∞ for eachx ∈ X⋄, whereπ is the invariant measure.

(ii) The Strong Law of Large Numbers holds: For each initial condition,

η(n) := n−1
n−1∑

t=0

c(Q(t)) → η, n→ ∞, a.s.

(iii) The mean ergodic theorem holds: For each initial condition,

Ex[c(Q(t))] → η, t→ ∞. (8.10)
⊓⊔

To verify the assumptions of the theorem for a given stationary policy we must es-
tablish the Lyapunov condition (b) and the ‘small set’ condition (c). General conditions
for the latter are given in Proposition8.2.1; In particular, it is assumed that the policy
is weakly non-idling.

The Lyapunov condition (b) holds for the MaxWeight policy undervery general
conditions. Of course, stabilizability is required. In addition, it is assumed in The-
orem 8.0.2 that the matrix sequenceB satisfies a condition similar to the Leontief
assumption (6.35).

Theorem8.0.2is a substantial generalization of Theorem4.8.3. Further general-
izations are obtained in Section8.4. Note that (8.11) is a

Theorem 8.0.2. (Stability of MaxWeight) Consider the CRW model (8.4) satisfying
the following conditions:

(a) The i.i.d. process(A,B) has integer entries, and a finite second moment. More-
over,−1 ≤ Bij(t) ≤ ℓu for eachi, j andt.

(b) For eachj ∈ {1, . . . , ℓu} there exists a unique valueij ∈ {1, . . . , ℓ} satisfying,

Bij(t) ≥ 0 a.s. i 6= ij . (8.11)

(c) The stabilizability condition (8.8) holds.
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Then (V3) holds for the MaxWeight policy withf = 1 + ‖x‖ andV = 1
2b0x

TDx for
sufficiently largeb0 > 0.

Proof. Recall that Proposition4.8.2was the basis of Theorem4.8.3that established
(V3) for the scheduling model under the MaxWeight policy. The proof in this more
general setting is almost identical, based on Proposition6.4.1which generalizes Propo-
sition 4.8.2to the network model considered in this chapter.

Since the stabilizability condition (8.8) holds, there existsε > 0 such that the
vectorv with coefficientsvi = −ε, i ≥ 1, lies in V for eachx. By definition there
existsu ∈ U such thatBu+ α = v, so that by Proposition6.4.1,

〈BφMW(x) + α,∇h (x)〉 = 〈BφMW(x) + α,Dx〉 ≤ vTDx = −ε
∑

Diixi ≤ −ε0|x|,

with ε0 = ε(miniDii).
Note thatu may not be feasible ifxi = 0 for somei. Thanks to Proposition6.4.1

this is irrelevant since we are only seeking bounds on the value of (4.89).
We thus arrive at a version of a version of Condition (V3) in the form of Poisson’s

inequality,

DMWh (x) := EMW[h(Q(t + 1)) − h(Q(t)) | Q(t) = x] ≤ −ε0|x| + bD,

with bD the finite constant,

1
2 max
x′∈Z

ℓ
+,u∈U⋄(x′)

E[(Q(t+ 1) −Q(t))TD(Q(t+ 1) −Q(t)) | Q(t) = x′, U(t) = u].

⊓⊔

Stability is a basic issue in any network application: we need to know whether a
queue ever empties, whether a computer network jams, or if products will be delivered
in finite-time. Moreover, the stability theory for stochastic networks described in this
chapter is a foundation for much of the material in this book.

Beginning in Section8.6 we show how Lyapunov theory developed for stability
can be refined to provide methods for performance evaluation. The following tech-
niques can be used to compute or approximate the average cost, each generalizing a
technique used in Chapter3 in our analysis of the single server queue:

(i) One can take a Markovian model, solve the equations that define the invariant
measure, and then compute the average costη = π(c). Unfortunately, the com-
plexity of the invariance equations is formidable. In a few cases the Markov chain
is reversible, so that a generalization of the detailed balance equations (3.44) hold.
However, this is possible only under very special assumptions on the policy [292],
so we do not pursue this topic in this book.

(ii) Upper and lower bounds can be obtained based on the Comparison Theorem (see
Section8.1.2and TheoremA.4.3.) In particular, to obtain an upper bound, sup-
pose that we can construct a functionh : X⋄ → (0,∞) and a constantη <∞ that
solve the Poisson inequality introduced in (4.13),
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Dh ≤ −c+ η. (8.12)

On applying the Comparison TheoremA.4.3 we can conclude thatηx ≤ η for
eachx.

Two general approaches are considered to construct a solution to (8.12). It is
possible to automate the search among quadratic functions. Alternatively, some-
times the fluid value function is a solution, just as in the single server queue. We
have seen in several examples in Part I that the fluid value function is piecewise
quadratic whenc is linear, and frequently also continuously differentiable (see
also Theorem5.3.13.)

(iii) Suppose that the bound (8.12) is replaced by the identity,

Dh = −f + g (8.13)

whereg is a bounded function onX⋄, andf ≥ c. Subject to a growth condi-
tion on the functionh, it is shown in Proposition8.2.4that the invariant measure
π satisfiesπ(f) = π(g). This result is the basis of algorithmic approaches to
performance approximation developed in Section8.6.

Refinements and extensions of these methods are developed for workload models
in Section8.7.2.

(iv) Finally, of course, performance estimates can be obtained through simulation.
This topic is postponed to Chapter11. Remarkably, a solution to Poisson’s in-
equality can be used to construct an algorithm for simulation with reduced vari-
ance.

We begin with some stability theory for Markov chains based on the survey con-
tained in the Appendix.

8.1 Lyapunov functions

In this section we collect together some consequences of the drift criterion (V3) and
the related bound (8.12).

First we take a brief look at thex∗-irreducibility assumption.

8.1.1 Irreducibility

For a setS ⊂ X⋄ the definition of the first hitting time and the first return time are
recalled here,

σS = min(t ≥ 0 : X(t) ∈ S), τS = min(t ≥ 1 : X(t) ∈ S). (8.14)

The chain isx∗-irreducible ifPx{τx∗ <∞} > 0 for eachx ∈ X⋄.
Theorem8.1.1is a generalization of Kac’s TheoremA.2.1 in which the setS is a

singleton.
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Theorem 8.1.1. (Regenerative Representations)Suppose thatX is x∗-irreducible
and that an invariant measureπ exists. Then, for anyπ-integrable functionf and set
S ⊂ X⋄ satisfyingπ(S) > 0,

π(f) =
∑

x∈S
π(x)Ex

[τS−1∑

t=0

f(X(t))
]
. (8.15)

⊓⊔

In complex models verification ofx∗-irreducibility can be difficult, but Condition
(V3) can be used to simplify this step. Proposition8.1.2is the motivation for Assump-
tion (c) of Theorem8.0.1.

Proposition 8.1.2. Suppose that (V2) holds for some(V, S, b), and that there exists a
statex∗ ∈ X⋄ satisfying

∞∑

t=0

P t(x, x∗) > 0, x ∈ S. (8.16)

ThenX is x∗-irreducible.

Proof. Applying TheoremA.4.1 we haveEx[τS ] < ∞ for each initial condition, and
hence for eachx ∈ X⋄ we can findx1 ∈ S and t0 ≥ 1 such thatP t0(x, x1) >
0. By assumption there existst1 ≥ 1 such thatP t1(x1, x∗) > 0. Hence we have
P t0+t1(x, x∗) > 0. ⊓⊔

If (8.16) cannot be verified then we can still use the techniques of the Appendix
for a Markov chain restricted to a subset ofX⋄. This follows from Doeblin’s famous
decomposition theorem for Markov chains. For a proof see [367].

Theorem 8.1.3. (Doeblin Decomposition) Any (time-homogeneous) Markov chain
on the countable state spaceX⋄ admits a Doeblin decomposition: there exists a col-
lection of disjoint sets{Xi : i ∈ I} whereI is finite or countable, such that for each
i the chain can be restricted toXi, and the restricted process is irreducible and recur-
rent. Moreover, the following holds with probability one for eachx ∈ X⋄ and finite set
S ⊂ X⋄:

P

{ ∞∑

t=1

1{X(t) ∈ S} <∞
∣∣∣X(r) 6∈

⋃
Xi for all r

}
= 1.

⊓⊔

Note that the final conclusion of Theorem8.1.3can be equivalently expressed as
follows: For any coercive functionc : X⋄ → R+,

P

{
lim
t→∞

c(X(t)) = ∞
∣∣∣X(r) 6∈

⋃
Xi for all r

}
= 1.
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8.1.2 Comparison Theorem

A simple, but central result in this chaper is the Comparison TheoremA.4.3. If V, f, g
are non-negative valued functions satisfyingDV ≤ −f + g, then we have for each
x ∈ X⋄ and any stopping timeτ ,

Ex

[
V (X(τ)) +

τ−1∑

t=0

f(X(t))
]
≤ V (x) + Ex

[τ−1∑

t=0

g(X(t))
]
. (8.17)

This bound and refinements were used in our treatment of invariance equations for the
single server queue in Section3.4.

Given a functionV : X → [1,∞) we letLV∞ denote the set of functionsg : X → R

for which |g|/V is bounded onX. This is viewed as a normed linear space with norm
defined as the supremum,

‖g‖V := sup
x∈X

|g(x)|
V (x)

. (8.18)

In applications the functionV is typically taken to be a Lyapunov function, or the
functionf appearing in (V3).

We can chooseτ in (8.17) equal to the first return time to the setS appearing in
(V3) to obtain,

Proposition 8.1.4. Under (V3) we have for each initial condition,

Vf (x) := Ex

[τS−1∑

t=0

f(X(t))
]
≤ V (x) + b1S(x), (8.19)

whereτS := min{t ≥ 1 : X(t) ∈ S}. Consequently,Vf ∈ LV∞. ⊓⊔

As another corollary to the Comparison Theorem we obtain bounds on the average
and the discounted-cost based on a solution to Poisson’s inequality (8.12).

Proposition 8.1.5. Suppose that there exists a functionh : X⋄ → R
ℓ
+ satisfying

(8.12). Then, the following transient bounds hold for each initialconditionx ∈ X⋄:

r−1
r−1∑

t=0

Ex

[
c(X(t))

]
≤ r−1h(x) + η, r ≥ 1, (8.20a)

γ

∞∑

t=0

(1 + γ)−t−1
Ex

[
c(X(t))

]
≤ γh(x) + η, γ > 0. (8.20b)

Proof. The proof follows from the Comparison Theorem, which gives for anyr ≥ 1,
x ∈ X⋄,

Ex

[
h(X(r))) +

r−1∑

i=0

c(X(t))
]
≤ h(x) + ηr. (8.21)
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This implies the first bound sinceh ≥ 0.
The second bound follows from the first by multiplying each side of (8.20a) by

r(1 + γ)−r and summing fromr = 0 to ∞. To obtain (8.20b) we change the order of
summation as follows,

∞∑

r=0

γ(1+γ)−r−1
r−1∑

t=0

c(X(t)) =

∞∑

t=0

c(X(t))

∞∑

r=t+1

γ(1+γ)−r−1 =

∞∑

t=0

(1+γ)−t−1c(X(t)).

Taking expectations of both sides and applying (8.20a) to the left hand side completes
the proof. ⊓⊔

8.1.3 Poisson’s equation

Recall thath solves Poisson’s equation with forcing functionc if Ph = h− c+ η, with
η = π(c). If X is x∗-irreducible withη = π(c) < ∞, then the functionh given below
is finite valued for a.e.x ∈ X⋄ [π] by PropositionA.3.1,

h(x) = Ex

[τx∗−1∑

t=0

[c(X(t)) − η]
]
, x ∈ X⋄. (8.22)

Proposition 8.1.6. Suppose thatX is a x∗-irreducible Markov chain and that the
function c is coercive. Suppose moreover that an invariant measureπ exists with
π(c) <∞. Then, the functionh defined in (8.22) satisfies the following:

(i) The supportXπ = {x : π(x) > 0} is full and absorbing. That is,

π(Xπ) = 1, and P (x,Xπ) = 1 for all x ∈ Xπ.

(ii) The setXh on which the functionh is finite-valued is also full and absorbing,
with Xπ ⊆ Xh.

(iii) The functionh is uniformly bounded from below,infx h(x) > −∞. If h′ is
another solution to Poisson’s equation that is bounded from below, then for some
constantb,

h′(x) = h(x) + b, x ∈ Xh, h′(x) ≥ h(x) + b, for all x ∈ X⋄.

(iv) If the policy is regular thenh ∈ L1+V
∞ , whereV is any solution to (V3) satis-

fying c ∈ Lf∞.

Proof. Part (i) follows from PropositionA.3.1, Parts (ii) and (iii) are given in Proposi-
tion A.3.11, and (iv) follows from TheoremA.4.5 (iii) or TheoremA.2.2. ⊓⊔
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8.1.4 Ergodicity

The bound (8.20a) in Proposition8.1.5implies the ergodic bound,

lim
N→∞

N−1
N−1∑

t=0

Ex

[
c(X(t))

]
≤ b

with b the constant appearing in (V3). This can be refined for an aperiodic,x∗-
irreducible Markov chain through coupling techniques described in the Appendix, and
described for the single server queue in Chapter3. TheoremA.2.2contains a survey of
consequences of (V3).

8.2 Lyapunov functions for networks

What is special about a network? First, for most policies the transition probability
P (x, · ) is piecewise constant as a function ofx. A second basic property is that the
state cannot jump too far in one time-step: Under any policy the state processQ is
skip-free in mean-square,

sup
x∈X⋄,u∈U⋄(x)

E[‖Q(t+ 1) −Q(t)‖2 | Q(t) = x, U(t) = u] <∞. (8.23)

This property enables a geometric approach to constructing Lyapunov functions that is
developed in Section8.2.4.

Network structure can also simplify the verification of irreducibility.

8.2.1 Irreducibility

Regularity requires two conditions: (V3) andx∗-irreducibility. Although the latter is a
mild property, it is not easy to obtain completely general conditions for the CRW model
(8.4).

In Proposition8.2.1we illustrate the verification ofx∗-irreducibility for the schedul-
ing model. Recall from (4.4) that the state process can be described by the recursion,

Q(t+1) = Q(t)+
ℓ∑

i=1

Mi(t+1)[−1i+1i+ ]Ui(t)+A(t+1), Q(0) = x , (8.24)

where M is the i.i.d. diagonal matrix sequence whose diagonal elements satisfy,
P{Mi(t) = 1} = 1 − P{Mi(t) = 0} = µi for eacht ≥ 0 and1 ≤ i ≤ ℓ. The
key assumption on the policy is that it isweakly non-idling: For anyt,

ℓ∑

i=1

U(t) ≥ 1 wheneverQ(t) 6= 0. (8.25)

In Proposition8.2.1we do not not even require the load conditionρ• < 1. The con-
dition (8.26) was introduced in Section4.1as a consequence of uniformization. It is a
bit stronger than necessary for our purposes here, but (8.26) will find other uses later in
this chapter.
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Proposition 8.2.1. Consider the CRW scheduling model (8.24) subject to the follow-
ing conditions:

(a) The sequence(M ,A) is i.i.d.,M i is Bernoulli, andA takes values inZℓ+.

(b) The joint process(A,M ) satisfies,

A(t)Mi(t) = 0, and Mi(t)Mj(t) = 0 for eachi, j, t. (8.26)

(c) The network is controlled using a stationary, weakly non-idling policy (see
(8.25).)

(d) µi > 0 for eachi.

Then the controlled processQ is ax∗-irreducible Markov chain withx∗ = 0, and it is
also aperiodic. That is, for eachx ∈ X⋄ there existsT (x) <∞ such that,

P t(x,0) = Px{Q(t) = 0} > 0, t ≥ T (x).

Proof. Under these assumptions we have for someδ > 0, and any non-zerox ∈ X⋄,

P
{

A service is completed at timet andA(t) = 0 | Q(t− 1) = x
}
≥ δ, t ≥ 1.

Since each customer in the network requires service at mostℓ times, it follows that
P T (x,0) ≥ δT for T = ℓ|x|. This establishes0-irreducibility.

Aperiodicity also follows from (8.26) sinceP (0,0) = P{A(t) = 0} > 0. ⊓⊔

8.2.2 Value functions

Define the polynomial weighting functions,

V0 ≡ 1, Vp = 1 + ‖x‖p, x ∈ R
ℓ, p ≥ 1. (8.27)

The following result is used to obtain bounds on solutions to Poisson’s equation, or
solutions to average-cost dynamic programming equations.

Proposition 8.2.2. Suppose that Assumptions (a)–(c) of Theorem8.0.2hold, and that
an invariant measureπ exists withπ(Vp−1) <∞ for somep ≥ 1. Then, with

Vp∗(x) := Ex

[ σ0∑

t=0

Vp−1(Q(t))
]
, x ∈ X⋄,

the following conclusions hold:

(i) Vp ∈ L
Vp∗
∞ and the setXp := {x ∈ X⋄ : Vp∗(x) <∞} satisfiesπ(Xp) = 1.

(ii) For x ∈ Xp,

lim
t→∞

1

t
Ex[Vp∗(Q(t))] = lim

t→∞
Ex[Vp∗(Q(t))1{τ0 > t}] = 0
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(iii) The following identity holds onX⋄,

PVp∗ = Vp∗ − Vp−1 + bp10, (8.28)

wherebp := (π(0))−1π(Vp−1).

Proof. Parts (ii) and (iii) and the conclusion thatπ(Xp) = 1 are given in Proposi-
tion A.6.2.

To complete the proof we demonstrate thatVp ∈ L
Vp∗
∞ , so that (i) holds. Note that

at mostℓu services can be completed in each time-slot, whereℓu denotes the dimension
of U. Consequently, we have the strict lower bound|Q(t)| ≥ |Q(0)| − tℓu for each
t ≥ 0 andQ(0) = x ∈ X⋄. This implies the following lower bound forx 6= 0:

Vp∗(x) ≥
∑

t≤|x|/ℓu
(|x| − tℓu)

p−1

≥
∫ |x|/ℓu

0
(|x| − tℓu)

p−1 dt =
1

pℓu
|x|p .

It follows thatVp ∈ LVp∗
∞ , as claimed. ⊓⊔

As a direct corollary we obtain the following refinement of Proposition8.1.6.

Proposition 8.2.3. Suppose that the network is controlled using a stationary policy,
and that the resulting queue-length processQ is x∗-irreducible. Suppose moreover
that an invariant measureπ exists withπ(c) < ∞, wherec is a norm onR

ℓ. Then,
the functionh defined in (8.22) satisfies the following lower bound: For some constant
ε0 > 0,

h(x) ≥ −ε−1
0 + ε0‖x‖2, x ∈ X⋄.

Example 8.2.1.Poisson’s equation for the M/M/1 queue revisited

In Theorem3.0.1we constructed a solution to Poisson’s equation with forcingfunction
c(x) ≡ x for the M/M/1 queue. Providedρ• < 1, a solution is the quadratich(x) =
1
2(x2 + x)/(µ− α), x ∈ Z+.

Consider now the forcing functiong = 10 with meanηg :=π(g) = π(0) = 1−ρ•.
A solution to Poisson’s equation ish(x) = −µ−1x: Writing u = 1{x ≥ 1} = 1−g(x)
we have,

Dh (x) = −µ−1
E[Q(t+ 1) −Q(t) | Q(t) = x] = −µ−1

(
−uµ+ α

)
= −g(x) + ηg.

The solution to Poisson’s equation is not unique since we can always add a constant to
h to obtain another solution. We now ask,are there others?

Applying the transition matrix to the functionh0(x) = ρ−x• gives,

Ph0 (x) = αρ−x−1
• + µρ−x+u• , x ∈ Z+

We haveαρ−x−1
• = µρ−x• andµρ−x+1

• = αρ−x• , so that
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Dh0 (x) = −2µ10(x).

That is, withh = (2µ)−1h0 we haveDh = −g. Can we conclude thath solves
Poisson’s equation with forcing functiong? Obviously not, sinceπ(g) 6= 0.

This example shows that even if the functionh solves the linear equationDh =
−g+ b with b constant, a growth condition onh is necessary to conclude thatb = π(g)
so thath solves Poisson’s equation. In particular, for a given functionh the function

g := −Dh, (8.29)

does not necessarily have zero mean, even ifg is π-integrable. Subject to growth con-
ditions ong andh we can resolve this ambiguity, and conclude thatπ(g) = 0. Propo-
sition 8.2.4can be viewed as a refinement of the Comparison Theorem (note that the
positivity assumption onV is relaxed.) This result is an extension of Proposition3.4.6
that was the key step used in the proof of Theorem3.0.1.

Proposition 8.2.4. Suppose that Assumptions (a)–(c) of Theorem8.0.2hold, and that
an invariant measureπ exists withπ(Vp−1) < ∞. Suppose thath ∈ L

Vp
∞ is given, and

the function given in (8.29) satisfiesg ∈ L
Vp−1
∞ . Thenπ(g) = 0, h solves Poisson’s

equation with forcing functiong, and moreover for a.e.x ∈ X⋄ [π],

h(x) − h(0) = Ex

[τ0−1∑

t=0

g(Q(t))
]
.

Proof. This follows from PropositionA.6.2combined with Proposition8.2.2(i). ⊓⊔

8.2.3 Geometric ergodicity

In network models the state process typically satisfies a form of ergodicity far stronger
than the mean ergodic theorem given in Theorem8.0.1.

A formal definition of geometric ergodicity is given in SectionA.5.3. The def-
inition is easy to guess: The convergence in the Mean Ergodic Theorem holds at a
geometric rate. However, as in the ordinary ergodic theorem expressed in limit (8.10)
in Theorem8.0.1, it is necessary to impose bounds on the class of allowable functions
c : X → R.

It is most convenient to express this in terms of the operator theoretic framework
of SectionA.5.3, based on the norm (8.18). A Markov chainX is calledV -uniformly
ergodicif there existsd0 > 0 andb0 <∞ such that for anyg ∈ LV∞,

|E[g(X(t)) | X(0) = x] − π(g)| ≤ b0‖g‖V e−d0tV (x), t ∈ Z+, x ∈ X⋄. (8.30)

Writing g̃ = g − π(g), this bound can be expressed‖P tg̃‖V ≤ b0‖g‖V e−d0t.
It is shown in SectionA.5.3 that this form of ergodicity is a consequence of the

following Foster-Lyapunov drift condition: The chain satisfies Condition (V4) if for a
functionV : X⋄ → [1,∞), ε > 0, b <∞, and a finite setS ⊂ X⋄,
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DV (x) ≤ −εV (x) + b1S(x), x ∈ X⋄. (V4)

Perhaps surprisingly, (V4) follows from (V2) under general conditions. The following
result is a version of PropositionA.5.7.

Theorem 8.2.5. (Strengthening Ergodicity to Geometric Ergodicity) Consider the
CRW model (8.4) subject to the following conditions:

(a) The allocation sequenceU is defined by a stationary policy.

(b) Condition (V2) holds for the controlled network withV : X → R
ℓ
+ Lipschitz

continuous.

(c) With S ⊂ X⋄ given in (V2), there existsx∗ ∈ S satisfying (8.16) and
P (x∗, x∗) > 0.

Suppose moreover that the arrival process possesses an exponential moment: for some
ε0 > 0,

E[eε0‖A(t)‖] <∞, t ≥ 0. (8.31)

Then, there existsϑ > 0 such that the controlled process isVϑ-uniformly ergodic with
Vϑ = exp(ϑV ). ⊓⊔

Theorem8.2.6is a useful corollary. The Lipschitz condition onV0 holds whenV
is quadratic.

Theorem 8.2.6. Suppose that the assumptions of Theorem8.0.1hold, and thatV0 :=√
1 + V is Lipschitz continuous, whereV is the solution to (V3). Suppose moreover

thatA satisfies the exponential bound (8.31) for someε0 > 0. Then, there existsϑ > 0
such that the controlled process isVϑ-uniformly ergodic withVϑ = exp(ϑ

√
1 + h).

Proof. SinceV0 is Lipschitz we haveV0 ∈ LV1∞ . Sincec is a norm it follows that
V0(x) ≤ rc(x) for somer < ∞ and allx outside of a finite set. For a possibly larger
finite setS we can conclude that,

PV (x) − V (x) = DV (x) ≤ −r−1V0(x) + b1S(x), x ∈ X⋄.

Jensen’s inequality then provides an upper bound onPV0,

PV0 ≤
√
PV ≤

√
1 + V − r−1V0 + b1S .

From concavity of the square root the right hand side is bounded as follows,
√

1 + V − r−1V0 + b1S

≤
√

1 + V + 1
2

1√
1 + V

(
−r−1V0 + b1S

)

≤ V0 − r−1 + b1S ,

so that
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DV0 ≤ −r−1 + b1S . (8.32)

Hence the functionV00 := rV0 satisfies Foster’s Criterion (V2). This function is Lips-
chitz continuous by assumption, so the conclusions follow from Theorem8.2.5. ⊓⊔

8.2.4 Drift vector field

PropositionA.4.2 and PropositionA.4.6 describe geometric conditions ensuring that
the respective drift conditions (V2) or (V3) hold for a continuously differentiable func-
tion V : R

ℓ → R+. These results are based on bounds assumed on the inner prod-
uct 〈∆(y),∇V (x)〉 where∇V denotes the gradient ofV , and thedrift vector field
∆: X⋄ → R

ℓ is defined by

∆(x) := E[Q(t+ 1) −Q(t) | Q(t) = x] = Bφ(x) + α, x ∈ X⋄. (8.33)

The following is an application of PropositionsA.4.2 and A.4.6 to the CRW model
(8.4).

Proposition 8.2.7. Suppose thatV : R
ℓ → R+ is aC1 function. Then,

(i) If there existsε0 > 0, b0 <∞, such that,

〈∆(y),∇V (x)〉 ≤ −(1 + ε0) + b0(1 + ‖x‖)−1‖x− y‖, x, y ∈ R
ℓ
+, (8.34)

then the functionV solves Foster’s criterion (V2).

(ii) If there existsb0 <∞ such that for eachx, y ∈ R
ℓ
+,

〈∆(y),∇V (x)〉 ≤ −‖x‖ + b0‖x− y‖2, (8.35)

then the functionV solves (V3) withf(x) = 1 + 1
2‖x‖.

⊓⊔

In this section we illustrate this approach using the pair of tandem queues shown
in Figure4.3. We take the CRW model (4.58) with Si Bernoulli for eachi, and we
assume thatA has an exponential moment in the sense of (8.31).

It is not surprising that the system is in some sense stable under the non-idling
policy whenρ• < 1, and there are many simple ways to verify stability of this model.
Conversely, even though this is a simple network model, computation ofπ is non-trivial
except in very special cases.

The purpose of this section is to illustrate a valuable geometric point of view.
The ODE methods developed in Chapter10 are based on the theory developed in this
chapter. The resulting techniques provide much more efficient methods for verifying
stability.
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8.2.4.1 Foster’s criterion

To show thatQ is positive Harris recurrent when controlled using the non-idling policy
we apply Proposition8.2.7to construct a solution to Foster’s Criterion. The Lyapunov
function will be Lipschitz continuous, so that we conclude thatQ is V -uniformly er-
godic by Theorem8.2.5.

Under the non-idling policy the drift vector (8.33) can take on one of four values,

∆(x) =





(α1 − µ1, µ1 − µ2)
T if x1 ≥ 1 andx2 ≥ 1

(α1 − µ1, µ1)
T if x1 ≥ 1 andx2 = 0

(α1,−µ2)
T if x1 = 0 andx2 ≥ 1

(α1, 0)
T if x1 = x2 = 0.

(8.36)

To construct a solution to Foster’s criterion (V2) consider the minimal draining
time for the fluid model. This is expressed in terms of the two workload vectors,

ξ1 = (µ−1
1 , 0)T, ξ2 = (µ−1

2 , µ−1
2 )T.

On definingds = (1− ρs)
−1ξs ∈ R

2, s = 1, 2, the minimal draining time is expressed

T ∗(x) = max
s=1,2

= max〈ds, x〉, x ∈ R
2
+.

Unfortunately, becauseT ∗ is piecewise linear it is difficult to compute the con-
ditional expectationE[T ∗(Q(t + 1)) | Q(t) = x] for x near the boundary〈ξ1, x〉 =
〈ξ2, x〉, x ∈ X⋄. To construct a solution to Foster’s Criterion we smooth the function
T ∗ by replacing the maximum with an exponential approximation as follows,

V0(x) = log
(
exp

(
〈d1, x〉

)
+ exp

(
〈d2, x〉

))
, x ∈ R

2
+. (8.37)

This is a continuously differentiable, convex function ofx.
We haveV0(x) ≥ T ∗(x) for eachx ∈ R

2
+. Moreover,V0 is an approximation

to T ∗ for largex ∈ R
2
+ in the following sense: For any non-zerox ∈ R

2
+ satisfying

〈d1, x〉 6= 〈d2, x〉,
V0(κx) − T ∗(κx) ↓ 0, κ ↑ ∞.

To prove this assume for definiteness that〈d1, x〉 > 〈d2, x〉. We can then write

T ∗(x) = 〈d1, x〉 = log
(
exp(〈d1, x〉)

)
,

and by subtraction,

V0(κx)−T ∗(κx) = log
(
1+exp

(
−κ〈d1, x〉

)
exp

(
κ〈d2, x〉

))
= log

(
1+exp

(
−κ〈d1−d2, x〉

))
.

This decreases to zero exoponentially fast asκ ↑ ∞ since〈d1 − d2, x〉 > 0.
We consider two cases. In the first case the draining time is piecewise linear, and

we apply Proposition8.2.7(i) to show thatV := (1 + ε0)V0 is a solution to (V2) for
anyε0 > 0. In the second we haveT ∗(x) = 〈d2, x〉 for all x ∈ R

2
+ so that the draining

time is linear. In this case a small modification of the definition (8.37) is required to
ensure that (V2) is satisfied.
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x

∆(x)

d1

d1

d2
{x : T (x) = 1}

{x : V (x) ≤ 1}

x2 = εx1

T ∗ is linearT ∗ is piecewise linear

d2

x1 x1

x2 x2

Figure 8.1: Smoothed piecewise linear Lyapunov function. The level sets ofT ∗ are
polyhedral, and the level sets ofV0 are a smooth approximation.

CASE 1: µ1 < µ2 Shown at left in Figure8.1are level sets of the functionsT ∗ andV0

in Case 1. Note that in Cases 1 or 2 we have the following individual drift conditions:

〈∆(x), d1〉 = −1, if x1 ≥ 1 , 〈∆(x), d2〉 = −1, if x2 ≥ 1 . (8.38)

This geometry will ultimately lead to a proof that (V2) holds.
The functionV0 is differentiable, and on defining

ϑ(x) =
(
exp

(
〈d1, x〉

)
+ exp

(
〈d2, x〉

))−1
exp

(
〈d1, x〉

)
,

the gradient can be expressed,

∇V0 (x) = ϑ(x)d1 + (1 − ϑ(x))d2, x ∈ R
2
+.

It is easily verified thatϑ(x) ∈ (0, 1) for eachx ∈ R
2
+, and asκ→ ∞,

ϑ(κx) → 1 if 〈d1, x〉 > 〈d2, x〉
ϑ(κx) → 0 if 〈d1, x〉 < 〈d2, x〉.

It then follows from (8.36) that the conditions of Proposition8.2.7(i) hold with V =
(1 + ε0)V0 for any givenε0 > 0, and we conclude that (V2) holds.

Note that the conditionµ1 < µ2 is critical here so thatϑ(x) → 1 asx→ ∞ along
the lower boundary ofR2

+. That is,

lim
r→∞

ϑ(r11) = 1.

This limit follows from the dominance ofd1 in the level set ofT ∗ whenx is near the
lower boundary, as shown at left in Figure8.1.

CASE 2: µ1 ≥ µ2 In this case the minimal draining time is linear inx, T ∗(x) =
(µ2 −α1)

−1(x1 + x2) for x ∈ R
2
+. One might hope to useT ∗ as a Lyapunov function,

but the drift condition fails whenx2 = 0 since we have,
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E[T ∗(Q(t+ 1)) | Q(t) = x] = −
(φ2(x) − ρ2

1 − ρ2

)
, x ∈ Z

2
+,

whereφ2(x) = 1{x2 ≥ 1} since the policy is non-idling.
Consider then a small perturbation ofT ∗: Maintain the definitiond2 = (1 −

ρ2)
−1ξ2, but redefine the second vector as

d1 = (1 + ε)(1 − ρ2)
−1(µ−1

2 , 0)T. (8.39)

With this new definition we do havemax〈ds, x〉 = 〈d1, x〉 whenx2 = 0, so that the
function T (x) := max〈ds, x〉 is piecewise linear (and not linear). Note thatT is the
minimal draining time for the tandem queue model in which the service rateµ1 is
reduced toµ′1 = (1 + ε)−1(µ2 + εα1). With this new model we return to Case 1 since,

µ′1 :=
µ2 + εα1

1 + ε
<
µ2 + εµ2

1 + ε
= µ2.

The following two drift conditions hold in Case 2, analogous to (8.38):

〈∆(x), d1〉 = −(1+ε)
µ1 − α1

µ2 − α1
< −1, if x1 ≥ 1 ; 〈∆(x), d2〉 = −1, if x2 ≥ 1 .

The level sets of the resulting functionV0 are as shown at right in Figure8.1. We can use
identical reasoning to verify that (V2) holds with Lyapunov functionV = (1 + ε0)V0

for any givenε0 > 0.

8.2.4.2 Condition (V3)

To construct a solution to (V3) consider the fluid value function,

J(x) =

∫ ∞

0
c(q(t)) dt, q(0) = x,

wherec(x) = x1 + x2. We find thatJ is always continuously differentiable, so the
smoothing used in Section8.2.4.1to apply Proposition8.2.7is not required here.

We again consider the two cases in which the minimal draining timeT ∗ is linear
or not. As in Section8.2.4.1, we find that the value function must be modified slightly
in Case 2 to ensure that the desired drift condition holds along the lower boundary of
R

2
+.

CASE 1: µ1 < µ2 At left in Figure8.2 is an illustration of a level set of the function
J in Case 1, where the value function is piecewise quadratic:

J(x) =

{
1
2x

TD1x if 〈d1, x〉 ≥ 〈d2, x〉
1
2x

TD2x otherwise,

with D1 =

[
(µ1 − α1)

−1 0
0 (µ2 − µ1)

−1

]
, D2 =

1

µ2 − α1

[
1 1
1 1

]
.

(8.40)
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{x : J (x) ≤ 1}

x2 = εx1

x1 x1

x2 x2

J is quadraticJ is piecewise quadratic

∆(y)

∇ (y

y

)J

〈d
1 , x〉 = 〈d

2 , x〉

Figure 8.2: Fluid value functions for the tandem queue. In Case 1 the value function is
piecewise quadratic, and the level set is as shown at left. In Case 2 the value function
is purely quadratic. The plot at right shows a level set of the modified value function.

The functionJ is convex, and continuously differentiable. This is illustrated in Fig-
ure 8.2 where it is evident that the level set{x ∈ R

2
+ : J(x) = 1} is smooth, and

the sublevel set{x ∈ R
2
+ : J(x) ≤ 1} is convex. The gradient ofJ is given by

∇J(x) = Dix, wherei = 1 when〈d1, x〉 ≥ 〈d2, x〉. Moreover, we have the following
individual drift conditions, exactly as in (8.38):

〈∆(x),D1x〉 = −c(x), if x1 ≥ 1 , 〈∆(x),D2x〉 = −c(x), if x2 ≥ 1 .
(8.41)

It follows that 〈∆(x),∇J(x)〉 = −c(x) for all x, and by Proposition8.2.7 (ii) we
conclude that (V3) holds withV = J .

CASE 2: µ1 ≥ µ2 In this caseJ is the pure quadratic,

J(x) = 1
2x

TD2x, x ∈ X, D2 =
1

µ2 − α1

[
1 1
1 1

]
.

Unfortunately the drift condition (V3) is violated for{x2 = 0}, so we perturb the value
function as before: Define the new piecewise quadratic functionJ : R

2
+ → R+ exactly

as in (8.40), but withD1 redefined as follows:

D1 =

[
(µ′1 − α1)

−1 0
0 (µ2 − µ1)

−1

]
,

where againµ′1 = (1 + ε)−1(µ2 + εα1).
The functionJ coincides with the value functionJ ′ for the model with this reduced

value ofµ1. Hence this function is continuously differentiable, and it also satisfies the
inequality〈∆(x),∇J(x)〉 ≤ −c(x) for all x ∈ R

2
+. By Proposition8.2.7(ii) we again

conclude that (V3) holds withV = J .
The next two sections describe classes of policies for which a solution to (V3) is

automatic.

Copyright Cambridge University Press 2007. On-screen viewing permitted. Printing not permitted. 
http://www.cambridge.org/us/catalogue/catalogue.asp?isbn=9780521884419



Control Techniques for Complex Networks Draft copy April 22, 2007 338

8.3 Discrete-review

Here we show how to establish stability of the discrete-review (DR) policies introduced
in Section4.7.

In general the resulting queue-length process is not a Markov chain since the DR
policy is not stationary. By expanding the state space we do obtain a Markovian model
under mild conditions on the review times.

8.3.1 Markovian realizations

To construct a Markovian state processX we appeal to the particular form of the
sequence of review times (4.75) introduced in Section4.7 for the scheduling model.
We maintain the same assumption for the CRW model (8.4): The review times are
defined inductively by,

T0 = 0, Tm+1 = Tm + T (Q(Tm)), m ≥ 0, (8.42)

whereT : X⋄ → {1, 2, 3, . . . }.
The following results are related to the state-dependent drift criteria considered in

SectionA.4.3.

Proposition 8.3.1. Consider the CRW model (8.4) controlled by a randomized policy
of the following form: there exists an i.i.d. process{Γ(t) : t ≥ 0} evolvingR

ℓ, and a
family of functions{φt : X⋄

t+1 × R
ℓ → U⋄ : t ≥ 0} satisfying,

φt(x0, . . . , xt,Γ(t)) ∈ U⋄(xt), 0 ≤ t ≤ T (x0) − 1.

The policyφ is defined for0 ≤ t ≤ T1 − 1 via U(t) := φt(Q(0), . . . , Q(t),Γ(t)), and
for arbitrary m ≥ 1 andt ∈ {Tm, . . . , Tm+1 − 1} by,

U(t) := φt−Tm(Q(Tm), . . . , Q(t),Γ(t)). (8.43)

Then,

(i) The sampled process{Q(Tm) : m ≥ 0} is a Markov chain onX⋄.

(ii) The process,

X(t)T = [Q(Tm), . . . , Q(t)], Tm ≤ t ≤ Tm+1 − 1, m ≥ 0,

is a countable state space Markov chain.

(iii) Suppose thatX is 0-irreducible and aperiodic, and that{Q(Tm) : m ≥ 0}
possesses an invariant measureπ0 satisfying,

T̄ :=
∑

x∈X⋄

π0(x) T (x) <∞.

ThenX is positive recurrent, and for a.e. initial condition[π0],
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lim
t→∞

Px{Q(t) = y} = π(y), lim
t→∞

Ex[c(Q(t)] = π(c), (8.44)

where,

π(y) =
1

T̄ Eπ0

[T1−1∑

t=0

1{Q(t) = y}
]
, y ∈ X⋄, (8.45)

with T1 = T (Q(0)).

Proof. We provide a sketch since the main ideas are contained in Theorem8.3.2that
follows.

Observe thatX(Tm) = Q(Tm). Based on this observation, one can check directly
that the measure defined for arbitrary setsA by,

π(A) =
1

T̄ Eπ0

[T1−1∑

t=0

1{X(t) ∈ A}
]
,

is invariant forX. The normalization bȳT ensures thatπ has total mass one.
TheoremA.2.2 implies that the mean ergodic theorem holds forX, which implies

the two limits in (8.44). ⊓⊔

8.3.2 Stability of DR policies

To address stability we apply the fluid model approximation described in Section4.7.
The “target process”q is assumed to be stable: There is a smooth functionVf : R

ℓ →
R+ satisfying,

Vf (q(T ;x)) ≤ Vf (x) −
∫ T

0
c(q(t;x)) dt, T ≥ 0, x ∈ X, (8.46)

wherec is a norm onR
ℓ. It is also assumed that the approximations (4.78a,4.78b)

hold in the followingL2 sense: there is a positive sequence{ε(n) : n ≥ 1} satisfying
ε(n) ↓ 0 asn→ ∞, and

T−2
E[‖Q(T ;x) − q(T ;x)‖2] ≤ ε(T ), x ∈ X⋄, T ≥ 1. (8.47)

Theorem 8.3.2. (Stability of Discrete Review Policies) Suppose that the following
hold for the CRW model (8.4):

(a) The policy is defined in (8.43), and the resulting state processX is0-irreducible
and aperiodic.

(b) There exists a functionVf : R
ℓ
+ → R+ satisfying (8.46), with ∇Vf Lipschitz

continuous onRℓ
+.
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Then, there existsT 1 < ∞ such that the following conclusions hold whenever the
functionT : X⋄ → Z+ defined in (8.42) satisfies

lim inf
r→∞

inf
|x|≥r

T (x) ≥ T 1, and lim sup
r→∞

sup
|x|=r

r−1T (x) = 0.

(i) The sampled chain{Q(Tm) : m ≥ 0} is c0-regular withc0(x) = ‖x‖T (x).

(ii) X is f -regular and aperiodic withf = 1 + cDR, and cDR(X(t)) := c(Q(t)).
Consequently, for each initial condition,

lim
t→∞

E[c(Q(t;x))] = π(c) <∞.

Proof. The proof of (i) is based on the Mean Value Theorem, following the approach
used in Section8.2.4. There is a vector̄Q ∈ X on the line connectingQ(T1) andq(T1)
such that

Vf (Q(T1)) − Vf (q(T1)) = 〈∇Vf (Q̄), Q(T1) − q(T1)〉. (8.48)

The expectation of the right hand side is bounded using the Cauchy-Shwartz inequality,

∣∣E[〈∇Vf (Q̄), Q(T1) − q(T1)〉]
∣∣2 ≤ E[‖∇Vf (Q̄)‖2]E[‖Q(T1) − q(T1)‖2]

≤ E[‖∇Vf (Q̄)‖2]ε(T1)T
2
1 ,

(8.49)

where in the last inequality we have used (8.47). Under the Lipschitz condition on∇Vf
we have for some constantb1,

E[‖∇Vf (Q̄)‖2] ≤ b1(1 + E[‖Q̄‖2]),

which is bounded by a constant times(T (x) + c(x))2. Combining these bounds with
(8.49), we obtain for some constantb1,

E[Vf (Q(T1)) − Vf (q(T1))] ≤ b1
(
c(x) + T1

)
T1

√
ε(T1).

We then have, based on our assumptions onq,

E[Vf (Q(T1)) − Vf (x)] ≤ −
∫ T1

0

[
c(q(t)) − b1

(
c(x) + T1

)√
ε(T1)

]
dt. (8.50)

The constantT 1 is chosen so thatb1
√
ε(T 1) < 1. We thus obtain for finite constants

ε2 > 0 andb2,

E[Vf (Q(T1)) − Vf (x)] ≤ −ε2c(x)T (x) + b2, x ∈ X⋄, (8.51)

and this implies (i).

To prove (ii) we construct a Lyapunov function forX as a conditional expectation:
For eachm ≥ 0 andt ∈ {Tm, . . . , Tm+1 − 1},
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V (X(t)) := E

[Tm+1−1∑

k=t

c(X(k)) + b3Vf (Q(Tm+1)) | X(t)
]
. (8.52)

The finite constantb3 is chosen so that,

Ex

[T (x)−1∑

k=0

c(X(k))
]
≤ b3ε2c(x)T (x), 0 ≤ t ≤ T (x) − 1, x ∈ X⋄. (8.53)

If t ∈ {Tm, . . . , Tm+1 − 2} we have,

E
[
V (X(t+ 1)) | X(t)

]
= E

[Tm+1−1∑

k=t+1

c(X(k)) + b3Vf (Q(Tm+1)) | X(t)
]

= V (X(t)) − c(X(t)).

(8.54)

In the remainder of the proof we restrict tot = Tm+1 − 1. We have in this case,

E
[
V (X(t + 1)) | X(t)

]
= E

[Tm+2−1∑

k=Tm+1

c(X(k)) + b3Vf (Q(Tm+2)) | X(t)
]
. (8.55)

Applying (8.51) we obtain the following bound on the conditional expectation of
Vf (Q(Tm+2)):

E
[
Vf (Q(Tm+2)) | X(t), Q(Tm+1)

]

= E
[
Vf (Q(Tm+2)) | Q(Tm+1)

]

≤ Vf (Q(Tm+1)) − ε2c(Q(Tm+1))T (Q(Tm+1)) + b2.

By the smoothing property of the conditional expectation this gives,

E
[
Vf (Q(Tm+2)) | X(t)

]
≤ E

[
Vf (Q(Tm+1))−ε2c(Q(Tm+1))T (Q(Tm+1))+b2 | X(t)

]
.

Applying (8.53) we see that the conditional expectation (8.55) is bounded as follows,

E
[
V (X(t+ 1)) | X(t)

]

≤ E

[Tm+2−1∑

k=Tm+1

c(X(k)) + b3
(
Vf (Q(Tm+1)) − ε2c(Q(Tm+1))T (Q(Tm+1)) + b2

)
| X(t)

]

≤ E
[
b3Vf (Q(Tm+1)) | X(t)

]
+ b2b3.

The right hand side isV (X(t)) − c(Q(t)) + b2b3 from the definition (8.52) and since
t = Tm+1 − 1. Combining this with (8.54) shows that the Poisson inequality holds for
X, which is (ii). ⊓⊔
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8.4 MaxWeight

Recall that theh-MaxWeight policy was defined in (4.92) with h a givenC1 function
h : R

ℓ → R+. The same definition is used here,

φMW(x) ∈ arg min
u∈U⋄(x)

〈Bu+ α,∇h (x)〉, x ∈ X⋄. (8.56)

This is the MaxWeight policy ifh is quadratic,h(x) = VD(x) = 1
2x

TDx, with D
diagonal.

In this section we establish several generalizations of Theorem8.0.2for the per-
turbed Lyapunov functions introduced in Section4.9. Recall that for a given function
h0 : R

ℓ
+ → R+ we define,

h(x) = h0(x̃), x ∈ R
ℓ
+, (8.57)

wherex̃i := xi + θ(e−xi/θ − 1), 1 ≤ i ≤ ℓ, with θ > 0 a fixed constant.
Perhaps the most important result of this section is Theorem8.4.1 in which the

functionh0 is assumed to serve as a Lyapunov function for the fluid model. We suppose
that c is a norm onR

ℓ, and thath0 : R
ℓ → R+ is anyC1 function that satisfies the

following dynamic programing inequality for the fluid model,

min
u∈U(x)

〈∇h0 (x), Bu+ α〉 ≤ −c(x), x ∈ R
ℓ
+. (8.58)

For example, we might takeh0 = J∗, the optimal fluid value function (4.37). We can
also take forh0 a constant multiple ofanystrictly convex quadratic function.

Theorem 8.4.1. (Stability ofh-MaxWeight) Suppose that Assumptions (a)–(c) of
Theorem8.0.2hold, and that the functionh0 : R

ℓ → R+ satisfies the following:

(a) Smoothness: The gradient∇h0 is Lipschitz continuous,

(b) Monotonicity:∇h0 (x) ∈ R
ℓ
+ for x ∈ R

ℓ
+,

(c) The dynamic programing inequality (8.58) holds, withc a norm onR
ℓ.

Then, there existsθ0 < ∞ and bh < ∞ such that (V3) holds for eachθ ≥ θ0, with
V = h andf = 1 + 1

2c. ⊓⊔

8.4.1 Roadmap

The analysis in this section is based on the drift vector field (8.33) and bounds from
elementary calculus similar to the arguments used to prove PropositionsA.4.2 and
A.4.6 in the Appendix. We recall the critical derivative condition(4.91) here:

∂

∂xj
h (x) = 0 whenxj = 0. (8.59)

The first step in establishing stability of theh-MaxWeight policy is the following
generalization of Proposition6.4.1. The proof is left as an exercise - it is identical to
the proof of Proposition6.4.1.
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Proposition 8.4.2. Suppose thath is anyC1 monotone function satisfying the deriva-
tive conditions (8.59). Then, for eachx ∈ Z

ℓ
+, the allocationφMW(x) defined by the

h-MaxWeight policy can be expressed as a solution to the linear program,

φMW(x) ∈ arg min 〈Bu,∇h (x)〉

s. t. Cu ≤ 1, u ≥ 0 .
(8.60)

⊓⊔

Proposition4.9.1is valid in this general setting since this result only involves the
relationship betweenh andh0. That is, we have the derivative identities,

∇h (x) = [I −Mθ]∇h0 (x̃), (8.61)

∇2h (x) = [I −Mθ]∇2h0 (x)[I −Mθ] + θ−1diag(Mθ∇h0 (x̃)), (8.62)

with Mθ = diag(e−xi/θ) for x ∈ R
ℓ. In particular, the derivative conditions (8.59) do

hold:

Proposition 8.4.3. For anyC1 functionh0, the functionh defined in (8.57) satisfies
the derivative conditions (8.59). ⊓⊔

To apply these results to the CRW model we use the Mean Value Theorem, which
implies the following representation for anyQ(t) ∈ Z

ℓ
+, and anyt ≥ 0,

h(Q(t+ 1)) − h(Q(t)) = 〈∇h (Q̄),∆(t+ 1)〉
= 〈∇h (Q(t)),∆(t + 1)〉

+ 〈∇h (Q̄) −∇h (Q(t)),∆(t + 1)〉
(8.63)

where∆(t+ 1) :=Q(t+ 1)−Q(t), andQ̄ ∈ R
ℓ
+ lies on the line connectingQ(t+ 1)

andQ(t). Consequently,

Dh (x) = 〈∇h (x),∆(x)〉 + bh, (8.64)

where
bh(x) = E[〈∇h (Q̄) −∇h (Q(t)),∆(t + 1)〉 | Q(t) = x]. (8.65)

To deduce stability of theh-MaxWeight policy based on (8.64) we obtain a bound on
〈∇h (x),∆(x)〉, and we then show that the second termbh(x) is relatively small in
magnitude.

In Section8.4.2we follow this approach to establish stability of theh-MaxWeight
policy based on the perturbed linear function defined in (4.98). This is precisely (8.57)
with h0 linear. In Section8.4.3we prove Theorem8.4.1.
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8.4.2 Perturbed linear function

Suppose thath0(x) = cTx with c ∈ R
ℓ
+. In this case the first and second derivatives

of the functionh defined in (4.98) are given in (4.99). The functionh is monotone,
convex, and satisfies the derivative condition (8.59):

∇h (x) ≥ 0, ∇2h (x) > 0,
∂

∂xj
h (x) = 0 whenxj = 0. (8.66)

Figure4.17shows a plot of the sublevel sets of this function in a typical two dimen-
sional example.

In Example4.9.1we found that theh-MaxWeight policy resembles a static safety-
stock policy with threshold valuex2 given in (4.101). Similarly, Proposition8.4.4can
be interpreted as an indirect approach to the construction of safety-stocks to ensure
stability.

Proposition 8.4.4. Suppose that Assumptions (a)–(c) of Theorem8.0.2hold. Then,
there existsθ0 > 0 such that the following hold for allθ ≥ θ0:

(i) The controlled network satisfies Foster’s Criterion. The functionV in (V2) can
be taken as a constant multiple ofh.

(ii) Condition (V3) holds: There existsε2 > 0, b2 < ∞, and a finite setS satisfy-
ing,

DV ≤ −f + b21S

with V = 1 + 1
2h

2, f = 1 + ε2h.

(iii) Suppose that for someε > 0 the arrival process satisfiesE[exp(ε‖A(t)‖)] <
∞. Then Condition (V4) holds: For someεe > 0, δe > 0, be < ∞, and a finite
setS,

DV ≤ −δeV + be1S

with V = exp(εeh).

Proof. We apply the second-order Mean Value Theorem to obtain,

h(Q(t+ 1)) − h(Q(t)) = 〈∇h (Q(t)),∆(t + 1)〉
+ 1

2∆(t+ 1)T
[
∇2h (Q̄)

]
∆(t+ 1),

(8.67)

where againQ̄ ∈ R
ℓ
+ lies on the line connectingQ(t + 1) andQ(t). This implies the

identity (8.64) with bh redefined as,

bh(x) = 1
2E

[
∆(t+ 1)T

(
∇2h (Q̄)

)
∆(t+ 1) | Q(t) = x

]
.

The expression for the second derivative in (4.99) then gives,

Dh (x) = 〈∇h (x), v〉 + θ−1b∆,

wherev = ∆(x) ∈ V and,
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b∆ = 1
2‖c‖ sup

x′∈Z
ℓ
+,u∈U⋄(x′)

E[‖∆(t + 1)‖2 | Q(t) = x′, U(t) = u] <∞.

We now obtain an upper bound on〈∇h (x), v〉 under theh-MaxWeight policy. The
expression for the first derivative in (4.99) implies the bound,

∂

∂xi
h (x) = ci(1 − e−xi/θ) ≥ c(1 − e−xi/θ), 1 ≤ i ≤ ℓ,

with c := minj cj. Exactly as in the proofs of Theorem4.8.3and Theorem8.0.2we
can consider arbitraryv ∈ V to obtain bounds on the value of (8.60). This is justified
by Proposition8.4.2. The stabilizability condition (8.8) implies that there existsε > 0
such that the vector with componentsvi = −ε, 1 ≤ i ≤ ℓ, lies inV for eachx ∈ R

ℓ
+.

By definition, there existsu ∈ U satisfyingBu + α = v. Consequently, under the
h-MaxWeight policy,

Dh (x) ≤ −εcmax
i

(1 − e−xi/θ) + θ−1b∆.

Suppose that|x| ≥ ℓθ. Thenxi ≥ θ for at least onei, and we obtain the bound,

Dh (x) ≤ −1
2εc+ θ−1b∆, if |x| ≥ ℓθ. (8.68)

The right hand side is negative providedθ > 2b∆/(εc). Fixing θ satisfying this bound
we obtain the desired solution to (V2) withV = 2(εc)−1h, andS = {x : |x| < ℓθ}.
This establishes (i).

To establish (ii) we begin with the identity,

1
2 [h(Q(t+1))]2−1

2 [h(Q(t))]2 = h(Q(t))(h(Q(t+1)−h(Q(t)))+1
2 [h(Q(t+1))−h(Q(t))]2 .

On taking conditional expectations of both sides we obtainDV ≤ h[Dh]+ b∆2, where
b∆2 is the constant,

b∆2 = 1
2 sup
x′∈Z

ℓ
+,u∈U⋄(x′)

E[[h(Q(t+ 1)) − h(Q(t))]2 | Q(t) = x′, U(t) = u] <∞.

Applying (i) we obtain a version of the Poisson inequality (4.13) with this V , which
implies that (V3) also holds.

Part (iii) follows from (i) combined with Theorem8.2.5. ⊓⊔

8.4.3 Perturbed value function

We conclude this section with the proof of Theorem8.4.1. It is organized in the fol-
lowing two lemmas.

Lemma 8.4.5. Under the assumptions of Theorem8.4.1 we have under theh-
MaxWeight policy, for some constantk1,

〈∇h (x), vMW〉 ≤ −c(x) + k1 log(1 + ‖x‖), x ∈ Z
ℓ
+,

wherevMW = BφMW(x) + α.
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Proof. Fix a constantβ− ≥ θ, and define

s−(r) = β− log(1 + r/β−), r ≥ 0.

We impose the following constraint on the velocity vectorv.

vi ≥ 0 whenever xi < s−(‖x‖), i = 1, . . . , ℓ. (8.69)

The minimum of〈∇h (x), v〉 overv satisfying these constraints provides a bound under
theh-MaxWeight policy. Proposition8.4.2is critical here so that we can ignore lattice
constraints and boundary constraints as we search for bounds on this inner product.

The purpose of (8.69) is to obtain the following bound:

− e−xi/θvi ≤ |vi|
(
1 + ‖x‖/β−

)−β−/θ, i = 1, . . . , ℓ. (8.70)

Sinceh0 is assumed monotone we have∇h0 : R
ℓ
+ → R

ℓ
+, and applying (8.61) we

obtain,

〈∇h (x), v〉 ≤ 〈∇h0 (x̃), v〉 + ‖v‖‖∇h0 (x̃)‖
(
1 + ‖x‖/β−

)−β−/θ.

Since∇h0 is also Lipschitz andβ− ≥ θ, this gives for some constantk0,

〈∇h (x), v〉 ≤ 〈∇h0 (x̃), v〉 + k0 (8.71)

To bound (8.71) we shift x̃ as follows: Let x̃− ∈ Z
ℓ
+ denote the vector with

components
x̃−i = ⌊(x̃i − s−(‖x‖))+⌋, i = 1, . . . , ℓ,

where⌊ · ⌋ denotes the integer part. In view of (8.58), there existsu ∈ U(x) such that
with v = Bu+ α,

〈∇h0 (x̃−), v〉 ≤ −c(x̃−).

Moreover, we havẽx−i = 0 wheneverxi < s−(‖x‖). Sinceu ∈ U(x), this implies that
the vectorv = Bu+ α satisfiesvi ≥ 0. That is,v satisfies the constraint (8.69).

Using thisv in (8.71) gives

〈∇h (x), vMW〉 ≤ 〈∇h (x), v〉
≤ 〈∇h0 (x̃−), v〉 + 〈∇h0 (x̃) −∇h0 (x̃−), v〉 + k0

≤ −c(x̃−) + ‖v‖‖∇h0 (x̃) −∇h0 (x̃−)‖ + k0

≤ −c(x) + |c(x) − c(x̃−)| + ‖v‖‖∇h0 (x̃) −∇h0 (x̃−)‖ + k0.

This completes the proof sincec and∇h0 are each Lipschitz. ⊓⊔

Lemma 8.4.6. Under the assumptions of Theorem8.4.1 we have under theh-
MaxWeight policy, for some constantk2,

Dh (x) ≤ 〈∇h (x), vMW〉 + k2(1 + θ−1‖x‖), x ∈ Z
ℓ
+,

wherevMW = BφMW(x) + α.
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Proof. The first order Mean Value Theorem (8.63) results in the representation (8.64)
with bh defined in (8.65). Applying the Cauchy-Schwartz inequality we obtainDh (x) ≤
〈∇h (x), vMW〉 + b(x) with,

b(x):=E
[
‖∇h (Q̄)−∇h (Q(t))‖2 | Q(t) = x

] 1
2 E

[
‖∆(t+1)‖2 | Q(t) = x

] 1
2 (8.72)

It remains to bound this function ofx.
GivenQ(t) = x, an application of the derivative identities (8.59) gives,

∇h (Q̄)−∇h (x) = [I −Mθ(Q̄)](∇h0 (Q̄)−∇h0 (x̃))+ [Mθ(x)−Mθ(Q̄)]∇h0 (x̃),

and applying the triangle inequality, the conditional expectation in (8.72) is bounded as
follows,

E
[
‖∇h (Q̄) −∇h (Q(t))‖2 | Q(t) = x

]1
2

≤ E
[
‖[I −Mθ(Q̄)](∇h0 (Q̄) −∇h0 (x̃))‖2 | Q(t) = x

] 1
2

+ E
[
‖[Mθ(x) −Mθ(Q̄)]∇h0 (x̃)‖2 | Q(t) = x

] 1
2

(8.73)
To bound the first term on the right hand side of (8.73) we apply the Lipschitz condition
on h0: For some constantk1,

‖∇h0 (Q̄) −∇h0 (x)‖ ≤ k1‖∆(t+ 1)‖, x ∈ Z
ℓ
+.

Hence the first term is bounded overx.
The second term in (8.73) is bounded using the Mean Value Theorem. Theith

diagonal element of[Mθ(x) −Mθ(Q̄)] admits the bound,

|e−xi/θ − e−Q̄i/θ| = e−xi/θ|1 − e−(Q̄i−xi)/θ|
≤ e−xi/θ(1 − e−∆i/θ)1{Q̄i > xi}

+ e−xi/θ(eℓu/θ − 1)1{Q̄i < xi}

where∆i = Ai(1) +
∑

j |Bij(1)|, and we have used the fact that
∑

j Bij(1) ≥ −ℓu
under (8.11). The right hand side can be bounded through a second application of the
Mean Value Theorem, giving

|e−xi/θ − e−Q̄i/θ| ≤ e−xi/θ(eℓu/θ − e−∆i/θ) ≤ θ−1eℓu/θ(ℓu + ∆i).

The Lipschitz condition on∇h0 and second moment conditions on(A,B) then imply
that for somek3 <∞,

E
[
‖[Mθ(x) −Mθ(Q̄)]∇h0 (x̃)‖2 | Q(t) = x

] 1
2 ≤ θ−1eℓu/θ(

√
ℓℓu + E[‖∆‖2]

1
2 )‖∇h0 (x̃)‖

≤ k3θ
−1‖x‖.

This combined with (8.72) and (8.73) completes the proof thatb(x) is a bounded func-
tion of x. ⊓⊔
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Proof of Theorem8.4.1. Combining the bounds given in Lemma8.4.5and Lemma8.4.6
gives under theh-MaxWeight policy,

Dh (x) ≤ −c(x) + k1 log(1 + ‖x‖) + k2(1 + θ−1‖x‖), x ∈ Z
ℓ
+.

Choosingθ > 0 sufficiently large, we obtain a version of the Poisson inequality (4.13).
⊓⊔

8.5 MaxWeight and the average-cost optimality equation

We now consider the MaxWeight policy within the context of average-cost optimality
for the CRW scheduling model (8.24). We find that the MaxWeight policy solves the
average cost optimality equation (ACOE) for a particular cost function.

However, since it is derived from the particular matrix used in the construction
of the policy, the cost function may have little to do with any true ‘cost’ associated
with the network. Our motivation is not optimization: The dynamic programming
equations obtained in this section imply performance bounds for the MaxWeight policy,
and these results will be applied in the next section to obtain performance bounds for
more general classes of policies.

We consider a general quadratic form, which we denote

VD(x) = 1
2x

TDx, x ∈ R
ℓ. (8.74)

We relax the assumption thatD is diagonal in the MaxWeight policy introduced in
Definition 4.8.1. Note however that this assumption is critical in the proof ofTheo-
rem4.8.3or Theorem8.0.2. In general theh-MaxWeight policy withh(x) = 1

2x
TDx,

x ∈ R
ℓ
+, is destabilizing whenD is not diagonal - see Exercise8.8.

It is assumed thatD is a symmetricℓ × ℓ matrix (that is,Dij = Dji for eachi
andj), and thatVD : R

ℓ
+ → R+. Under theassumptionthat theVD-MaxWeight policy

is regular, we can conclude that this policy is optimal with respect to a certain cost
function onR

ℓ
+.

For any stationary policyφ we define,

cD(x) = cφD(x) = −(Bφ(x) + α)TDx, (8.75)

and we letcMW
D denote the maximum over all stationary policies,

cMW
D (x) = max

u∈U⋄(x)

[
−(Bu+ α)TDx

]
, x ∈ X⋄. (8.76)

Applying Proposition4.8.2we can conclude thatcMW
D is piecewise linear whenD is

diagonal:

Proposition 8.5.1. Suppose thatD > 0 is diagonal. ThencMW
D can be extended to all

of R
ℓ
+ to form a piecewise linear function via,

cMW
D (x) = max xTD(I −RT)Mu

s. t. Cu ≤ 1, u ≥ 0 .
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Moreover, this function is linearly unbounded: for someε0 > 0,

cMW
D (x) ≥ ε0|x|, x ∈ X⋄. (8.77)

⊓⊔

Although cD depends upon the particular policy employed, itssteady-state mean
is the same for any regular policy.

Theorem 8.5.2. Suppose that the assumptions of Proposition8.2.1hold for the CRW
scheduling model (8.24). Then, for any symmetric matrixD and any normc,

(i) For any stationary policyφ for which the chain is positive recurrent withπ(c) <
∞, the steady-state mean ofcD is finite, and given by

ηD = 1
2

(
trace(ΣAD) + ‖α‖2

D +
ℓ∑

i=1

Ūiµi‖1i+ − 1i‖2
D

)
, (8.78)

whereηD := π(cD), andŪ ∈ U denotes the steady-state mean utilization vector,

Ū :=
∑

π(x)φ(x) = −B−1α. (8.79)

(ii) Withφ in (i), the quadratic function defined by

hD(x) := VD(x) +

ℓ∑

i=1

‖1i+ − 1i‖2
D

(
[I −RT]−1x

)
i
, x ∈ X⋄, (8.80)

solves Poisson’s equationPφhD = hD − cD + ηD.

(iii) The ACOE holds,

ηD + hD(x) = cMW
D (x) + min

u∈U(x)
PuhD (x), (8.81)

and the minimum is achieved using the MaxWeight policyφMW.

(iv) If VD : R
ℓ
+ → R+ and cMW

D is linearly unbounded, in the sense that (8.77)
holds for someε0 > 0, then the MaxWeight policy is regular and optimal over all
stationary policies with respect to the cost functioncMW

D .

To prove Theorem8.5.2we first show that the quadratic formVD satisfies an iden-
tity similar to the Poisson equation.

Lemma 8.5.3. Suppose that the assumptions of Proposition8.2.1hold for the CRW
scheduling model (8.24). Then for any stationary policy,

DVD = −cD + bD, (8.82)
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where, forx ∈ X⋄,

bD(x) = 1
2

(
trace(ΣAD) + ‖α‖2

D +
ℓ∑

i=1

φi(x)µi‖1i+ − 1i‖2
D

)
,

andΣA := E[(A(1) − α)(A(1) − α)T].

Proof. We first write,

VD(Q(1)) = 1
2(Q(0) + (Q(1) −Q(0)))TD(Q(0) + (Q(1) −Q(0)))

= VD(Q(0)) + (Q(1) −Q(0))TDQ(0) + 1
2 (Q(1) −Q(0))TD(Q(1) −Q(0)).

Using (8.24) and the expressionEx[Q(1) −Q(0)] = Bφ(x) + α we obtain,

PVD (x) = VD(x) + (Bφ(x) + α)TDx+ 1
2Ex[‖Q(1) −Q(0)‖2

D],

and this is precisely (8.82) with

bD(x) = 1
2

(
E[‖A(1)‖2

D ] +
ℓ∑

i=1

φi(x)µi‖1i+ − 1i‖2
D

)
.

To complete the proof we obtain an alternative expression for the expectation: Since
E[A(1)] = α we may write,

E[‖A(1)‖2
D ] = E[(A(1) − α)TD(A(1) − α)] + αTDα.

Moreover, for any vectorsX,Y ∈ R
ℓ we haveXTY = traceY XT. SettingX =

A(1) − α andY = DX we thus obtain,

E[(A(1) − α)TD(A(1) − α)] = traceE[D(A(1) − α)(A(1) − α)T] = trace(DΣA),

and this establishes the desired form forbD. ⊓⊔

Lemma 8.5.4. Suppose that the assumptions of Proposition8.2.1hold for the CRW
scheduling model (8.24). Then for any stationary policy for which the chain is positive
recurrent withπ(c) <∞ we have,

(i) The steady-state mean utilization vectorŪ = π(φ) is given by (8.79). That is,
Ū = −B−1α.

(ii) The vector-valued functiong(x) = −B−1x, x ∈ X⋄, solves

Pg = g − φ+ Ū

Proof. We have from the definition of the CRW model,

Ex[Q(1) −Q(0)] = Bφ(x) + α, x ∈ X⋄. (8.83)
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Letting h(x) = xi andf(x) = [Bφ(x) + α]i for 1 ≤ i ≤ ℓ we obtainDh = f .

Moreover, we haveh ∈ L
Vp
∞ andf ∈ L

Vp−1
∞ with p = 1. From Proposition8.2.4we

obtainπ(f) = −(BŪ + α)i = 0 for eachi, or in vector form,

BŪ + α = 0.

This completes the proof of (i) sinceB is invertible.
Post-multiplying (8.83) by−B−1 gives,

Ex[g(Q(1)) − g(Q(0))] = −B−1[Bφ(x) + α] = −φ(x) −B−1α,

which is (ii). ⊓⊔

Proof of Theorem8.5.2. The identityπ(cD) = π(bD) follows from Lemma8.5.3com-
bined with Proposition8.2.4.

With g defined in Lemma8.5.4we have by definition ofhD,

hD(x) = VD(x) +
ℓ∑

i=1

‖1i+ − 1i‖2
D

(
Mg(x)

)
i
, x ∈ X⋄.

Lemma8.5.4then gives,

PhD = PVD +
ℓ∑

i=1

‖1i+ − 1i‖2
D

(
M [−φ+ Ū ]

)
i
, x ∈ X⋄.

This identity combined with Lemma8.5.3completes the proof of (ii).
We can now prove (iii). Based on (ii) we have,

min
u
PuhD (x) = min

u
{hD(x) − cD(x, u) + ηD},

wherecD(x, u) = −(Bu+ α)TDx. That is,

min
u
PuhD (x) = hD(x) + ηD + min

u
{(Bu+ α)TDx},

and this minimum is achieved using the MaxWeight policy to give (8.81).
To prove (iv) first note that regularity follows from (iii) and the assumptions onVD

andcMW
D , so that each are unbounded. Suppose thatφ is a stationary policy satisfying

πφ(cφD) <∞. We then have,

πMW(cMW
D ) = πφ(cφD) ≤ πφ(cMW

D )

where the equality holds by (i), and the inequality follows from maximality ofcMW
D .

Hence the MaxWeight policy solves the ACOE as claimed. ⊓⊔
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8.6 Linear programs for performance bounds

We now extend the results of Section8.5to construct performance bounds and approx-
imate solutions to Poisson’s equation through linear programming methods.

We restrict to the CRW scheduling model (8.24). Several simplifying assumptions
will be imposed so that the main ideas can be clearly exposed.

Definition 8.6.1.CRW Model Assumptions For LP Bounds

(a) For eacht ≥ 1, 1 ≤ i ≤ ℓ, the distribution ofMi(t) is Bernoulli, the distribution
of A(t) is supported onZℓ+, and satisfiesE[‖A(t)‖2] < ∞, and the joint process
(A,M) satisfies (8.26).

(b) The queue length processQ is constrained to the integer lattice,

Q(t) ∈ X⋄, t ≥ 0, (8.84a)

whereX⋄ = Z
ℓ
+.

(c) The allocation sequenceU is defined as a stationary policy that is weakly non-
idling,

U(t) = φ(Q(t)), t ≥ 0, (8.84b)

whereφ : Z
ℓ
+ → U⋄.

If the chain is positive recurrent then we letπ denote its stationary measure, and we let
Xπ ⊂ X⋄ denote the support ofπ. That is,

Xπ = {x ∈ X⋄ : π(x) > 0}.

Buffer constraints can be included in the linear programs described here. In this
case the state space is redefined asX⋄ = X ∩ Z

ℓ
+, X = {x ∈ R

ℓ
+ : xi < xi + 1, 1 ≤

i ≤ ℓ}, with 0 < xi ≤ ∞ for eachi.

8.6.1 Linear test for stability

In Section8.5we found that the MaxWeight policy is regular, and optimal forthe cost
function defined in (8.76), providedVD is a solution to (V3). There are two properties
that must be verified: thatVD is non-negative, and thatcD ≥ c, with c a given cost
function. In this section we construct an algebraic test to determine ifVD satisfies
these bounds. Throughout this section it is assumed thatc is linear.

We first take a short detour to survey some concepts from linear algebra concerning
anℓ× ℓ matrixD:

(i) It is called co-positiveif the quadratic formVD defined in (8.74) is non-negative
on the positive orthant inRℓ

+, i.e.VD : R
ℓ
+ → R+.
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(ii) A principal submatrixis ak× k matrix formed by deletingℓ− k columns and the
sameℓ− k rows fromD. Thekth leading principal submatrixis the special case
in which the lastℓ− k rows and columns are deleted.

(iii) The leading principal minoris the determinant of the leading principle submatrix.

(iv) The(i, j)th cofactor is(−1)i+jdet(Dij), whereDij is the(ℓ−1)×(ℓ−1) matrix
obtained by deleting theith row andjth column.

Recall that a matrix ispositive definiteif it is symmetric(D = DT), and also
xTDx ≥ 0 for any non-zerox. The symmetric matrixD is positive definite if and only
if all ℓ leading principal minors are positive. Similarly, Keller’s Theorem asserts that
co-positive matrices are characterized by the signs of certain determinants:

Theorem 8.6.1. (Keller’s Theorem) A symmetric matrix is co-positive if and only if
each principal submatrix for which the cofactors of the last row are nonnegative has a
nonnegative determinant. ⊓⊔

Algorithms for testing copositivity can be found in the literature, but the deter-
mination of copositivity is very difficult for large matrices [379, 19]. To avoid this
complexity we usually confine our attention to matrices satisfyingDij ≥ 0 for eachi
andj. Such matrices are obviously co-positive.

Alternatively, under certain conditions we find that copositivity is automatic when
VD satisfies Poisson’s inequality (8.12) for all non-idling policies. See in particular
Proposition8.6.3.

The functioncD appearing in (8.82) can be expressed,

−cD(x) = αTDx+

ℓ∑

j=1

xj

ℓ∑

i=1

µi(Dji+ −Dji)φi(x), x ∈ X.

So, to enforce the conditioncD ≥ c we impose the following bounds,

xj

(
(αTD)j +

ℓ∑

i=1

µi(Dji+ −Dji)φi(x)
)
≤ −cjxj, 1 ≤ j ≤ ℓ, x ∈ X.

Suppose that the policy is non-idling:
∑

i∈Is(j)
φi(x) = 1 wheneverxj ≥ 1. Then,

considering the worst case over all policies gives the following sufficient condition to
guarantee that Poisson’s inequality (8.12) holds: For each1 ≤ j ≤ ℓ,

max
i∈Is(j)

(
µi(Dji+ −Dji)

)
+

∑

s 6=s(j)
max
i∈Is

(
µi(Dji+ −Dji)+

)
≤ −cj − (αTD)j . (8.85)

The notation(z)+ indicates the positive part ofz ∈ R, i.e. (z)+ = max(z, 0). The use
of the positive part in (8.85) is required since we do not know if stations is idling for
s 6= s(j).
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Proposition 8.6.2. Suppose that there exists a symmetric co-positive matrixD satis-
fying (8.85). Then the functionVD defined in (8.74) satisfies (8.12) for any policy that
is non-idling, and

π(c) ≤ π(cD) = π(bD).

Proof. Poisson’s inequality (8.12) follows from the fact that the functionbD defined
below (8.82) is a bounded function ofx. The identityπ(cD) = π(bD) then follows
from Theorem8.5.2. ⊓⊔

Example 8.6.1.A quadratic Lyapunov function may not exist

The simple re-entrant line is shown in Figure2.9. The non-idling assumption is given
by the three constraints(u1 + u3)x1 = x1; u2x2 = x2 and(u1 + u3)x3 = x3 when
φ(x) = u ∈ U⋄(x).

With the cost function given byc(x) = x1 + x2 + x3, the quadratic formVD will
satisfy Poisson’s inequality (8.12) for every non-idling policy provided the matrixD is
co-positive and satisfies the following six inequalities:

µ1(D12 −D11) + µ2(D13 −D12)+ ≤ −c1 −D11α1

µ3(−D13) + µ2(D13 −D12)+ ≤ −c1 −D11α1
(8.86a)

µ2(D23 −D22) + µ1(D22 −D21)+ ≤ −c2 −D21α1

µ2(D23 −D22) + µ3(−D23)+ ≤ −c2 −D21α1
(8.86b)

µ1(D32 −D31) + µ2(D33 −D32)+ ≤ −c3 −D31α1

µ3(−D33) + µ2(D33 −D32)+ ≤ −c3 −D31α1
(8.86c)

Each pair of inequalities corresponds to the drift constraints on each of the three buffers
j = 1, 2, 3 in (8.85).

The linear constraints (8.86a–8.86c) can be tested using simple computer code. In
a homogeneous model in whichµ1 = µ3, and(ρ1, ρ2) = (2α1/µ1, α1/µ2) it is found
that formostservice rates satisfyingρ• < 1 a quadratic Lyapunov function satisfying
(8.12) does exist, so the CRW model (8.24) is stable under any non-idling policy.

However, there is a small set of parameters for which the test fails. An example is
the valueρ1 = 0.95 andρ2 = 0.6. In this case the test is inconclusive, so we do not
know if all non-idling policies are stabilizing.

Example 8.6.2.KSRS model

Consider the system shown in Figure2.12in whichµ1 = µ4, µ2 = µ3, andα1 = α4.
The network load is given byρ• = ρ1 = ρ2 = α1(µ

−1
1 + µ−1

3 ).
The constraint region (8.85) to test for stability over all non-idling policies is ex-

pressed as follows:
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max((α1 − µ1)D11 + α1D13 + µ1D12, α1D11 + α1D13 − µ4D14)

+ max(0,−µ1D13 + µ3D14) ≤ 1

α1D12 + α1D23 − µ2D22 + max(0,−µ1D12 + µ1D22) ≤ 1

max(α1D13 + α1D33 − µ2D23, α1D13 + α1D33 − µ3D33 + µ3D34)

+ max(0,−µ1D13 + µ1D23) ≤ 1

α1D14 + α1D34 − µ4D44 + max(0,−µ3D34 + µ3D44) ≤ 1
(8.87)

Figure8.3shows results for the stability test for a range of values of(α1µ
−1
1 , α1µ

−1
3 ) ∈

[0, 1]×[0, 1]. The regionα1µ
−1
1 +α1µ

−1
3 > 1 should be disregarded as this corresponds

to ρ• > 1.
We have seen that there exist non-idling policies that are not stabilizing even when

ρ• < 1. Suppose for example that priority is given to buffer3 at Station1 and to
buffer 2 at Station2. This policy was analyzed in Section2.9 where the virtual load
condition (2.30) was introduced, and it was shown that the fluid limitq is stable only if
α1 <

1
2µ1. The simulation shown in Section2.9shows how instability can arise when

this condition is violated.
Consequently, for parameter values satisfyingα1 ≥ 1

2µ1 the set of inequalities
(8.87) cannot be feasible withD co-positive. The results illustrated in Figure8.3 are
consistent with this observation.

In mostof the rest of the capacity region the system is stable, since (8.87) is feasi-
ble. However, as shown in the figure, there is a small region in which (8.87) is infeasi-
ble, thus the stability remains unresolved there based on these methods.

0.2

0.4

0.6

0.8

α1
µ1 α1

µ3

0.2

0.4

0.6

0.8

1

0

 Undetermined Region

 Region proved stable by LP

ρ• > 1

ρv > 1

Figure 8.3: Feasibility of (8.85) for the KSRS model. If the virtual load condition
(2.30) is not satisfied, then there is a priority policy that is destabilizing. Hence, in this
case the linear test cannot be feasible.

Recall that a priority policy for the scheduling model was defined in Section4.4.1
based on a permutation{θ1, . . . , θℓ} of the buffer indices{1, . . . , ℓ} that determines
a rank ordering of the buffers in the network. Since the policy can be represented by
the set of linear constraints (4.55) it is possible to refine the constraint region (8.85) to
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obtain a test for a specific buffer priority policy. We illustrate the construction of an LP
in the simple re-entrant line.

Example 8.6.3.Simple re-entrant line: Linear test for priority policy

Recall from the discussion in Example8.6.1that there are network parameters satisfy-
ingρ• < 1 for which the test for a quadratic Lyapunov function fails. We now consider
the two buffer priority policies: In LBFS buffer3 received priority over buffer1, and
in FBFS these priorities are reversed.

LBFS The linear program to test for stability is almost identical to (8.86a–8.86c):
the two constraints in (8.86c) are relaxed to the single constraint,

−µ3D33 + µ2(D33 −D32)+ ≤ −c3 −D31α1.

FBFS The linear program is again almost identical to (8.86a–8.86c). We remove
one of the two constraints in (8.86a) to obtain the single constraint,

µ1(D12 −D11) + µ2(D13 −D12)+ ≤ −c1 −D11α1.

In either case, whenρ• < 1 andµ1 = µ3 then these linear constraints are feasible. We
conclude that each policy is stabilizing, in the sense that a quadratic Lyapunov function
can be constructed for each priority policy.

8.6.2 The Drift and Performance LPs

The linear test described in Proposition8.6.2tells us that an explicit performance bound
is obtained provided a co-positive matrixD satisfies a linear test. The Drift LP is a
refinement of this result in which this bound is optimized over all matricesD.

Definition 8.6.2.Drift LP

This is the linear program in the variables{Dij} ⊂ R,

min 1
2

(
trace(ΣAD) + αTDα+

ℓ∑

i=1

Ūiµi(1
i+ − 1i)TD(1i+ − 1i)

)

s. t. D = DT

The linear constraints (8.85).

(8.88)

Note that the constraints (8.88) do not include a co-positivity condition onD. Co-
positivity is in fact a consequence of feasibility:

Proposition 8.6.3. Suppose thatρ• < 1 and that the Drift LP is feasible. Then, it is
bounded, and the following conclusions hold:

(i) The optimizerD∗ is co-positive.
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(ii) The quadratic formVD∗ is a solution to Poisson’s inequality (8.12) for any
non-idling policy.

(iii) For any non-idling policy, the value of the drift LP provides an upper bound
on the average costπ(c).

Proof. Part (i) is a consequence of Proposition8.2.4combined with Theorem8.5.2:
Given any regular policy, the funtionhD∗ defined in Theorem8.5.2is the unique solu-
tion to Poisson’s equation satisfyinghD∗ ∈ LV2∞ andhD∗(0) = 0, and can be expressed,

hD∗(x) = Ex

[τ0−1∑

t=0

[cD∗(Q(t)) − ηD∗ ]
]

The functionhD∗ must be bounded from below since the constraint (8.85) implies
that cD∗ ≥ c, and Proposition8.2.3asserts that the solution to Poisson’s equation is
bounded from below. It follows that the matrixD∗ is co-positive.

Part (ii) is by definition, and (iii) follows from Proposition8.6.2. ⊓⊔

An alternative approach to obtain bounds on the steady state cost is to consider the
constraintEπ[cD(Q(t))] = Eπ[bD(Q(t))] for eachℓ× ℓ matrixD, and attempt to find
a maximum or minimum ofEπ[c(Q(t))] subject to these abstract constraints.

Consider the simplest quadratic satisfying1
2x

TDx = xixj for some indicesi, j
satisfying1 ≤ i ≤ j ≤ ℓ. For eachi ∈ {1, . . . , ℓ} denote byi− the uniquei′ ∈
{1, . . . , ℓ} satisfyingRi′,i = 1 if such an integer exists. That is,j = i− if and only if
j+ = i. If Ri′,i = 0 for all i′ then we setµi− = 0. Under these conventions we obtain
the following expression for the conditional expectation,

E[Qi(t+ 1)Qj(t+ 1) | Q(t) = x,U(t) = u] = xixj

+ xi(αj − µjuj + µj−uj−)

+ xj(αi − µiui + µi−ui−) + Eij(u),

(8.89)

where

Eij(u) := E[(Ai(t) − uiMi(t) + ui−Mi−(t))(Aj(t) − ujMj(t) + uj−Mj−(t))].

Due to the statistical assumptions imposed on the service processes in (8.26), the ex-
pectation can be expressed,

Eij(u) = E[Ai(t)Aj(t)] + µiui(1i=j − 1i=j−) + µi−ui−(1i−=j− − 1i−=j).

For eachi, j we defineΓij = Eπ[Ui(t)Qj(t)]. We viewΓ as a vector inRN , with
N = ℓ2, and obtain linear constraints on this vector.

When Eπ[c(Q(t))] is finite andU is defined using a non-idling policy, it then
follows from (8.89) and Proposition8.2.4that the following identity holds for eachi
and j,
(
µjΓji−µj−Γj−,i−αjEπ[Qi(t)]

)
+

(
µiΓij−µi−Γi−,j−αiEπ[Qj(t)]

)
= Eπ[Eij(U(t))].

(8.90)
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Under the non-idling assumption (8.91) we also have,

Qj(t) =
∑

i∈Is(j)

Ui(t)Qj(t), (8.91)

and hence the identity (8.90) can be expressed
(
µjΓji − µj−Γj−,i − αj

( ∑

i′∈Is(i)

Γi′i

))

+
(
µiΓij − µi−Γi−,j − αi

( ∑

i′∈Is(j)

Γi′j

))
= Eπ[Eij(U(t))].

(8.92)

The non-idling assumption also provides the following representation for the
steady-state cost,

Eπ[c(Q(t))] =

ℓ∑

j=1

cj

( ∑

i∈Is(j)

Γij

)
.

Let 〈Γ1,Γ2〉 denote the usual inner product,

〈Γ1,Γ2〉 =
∑

i,j∈{1,...,ℓ}
Γ1
ijΓ

2
ij, Γ1,Γ2 ∈ R

N .

In this notation we may express the steady-state cost as the inner productEπ[c(Q(t))] =
〈c ,Γ〉, wherec ∈ R

N
+ is defined consistently withc ∈ R

ℓ
+ as,

cij := cj1(i ∈ s(j)) for i, j ∈ {1, . . . , ℓ}. (8.93)

For each pairi, j ∈ {1, . . . , ℓ}, the constraint (8.92) can be expressed as follows.
Defineaij ∈ R

N so that for anyΓ ∈ R
N ,

〈aij ,Γ〉 = −αj
( ∑

i′∈Is(i)

Γi′i

)
+µjΓji−µj−Γj−,i−αi

( ∑

i′∈Is(j)

Γi′j

)
+µiΓij−µi−Γi−,j ,

and defineb ∈ R
N by

bij = π(Eij) = E[Ai(t)Aj(t)] + µiŪi(1i=j− − 1i=j) + µi−Ūi−(1i−=j − 1i−=j−).

In this notation, the identity (8.92) becomes the linear constraint〈aij ,Γ〉 = bij .
We arrive at the second linear program to obtain bounds on the steady-state cost:

Definition 8.6.3.Performance LP

This is the linear program in the variables{Γij} ∈ R
N
+ ,

max 〈c ,Γ〉
s. t. 〈aij ,Γ〉 = bij , i, j ∈ {1, . . . , ℓ},

Γ ≥ 0.

(8.94)
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We also consider (8.94) with the max replaced by a min to obtain lower bounds on
steady-state performance.

If the Performance LP is bounded then any non-idling policy is stabilizing. The
proof of the following proposition will be obtained in Section8.6.3 by establishing
duality between the two linear programs.

Proposition 8.6.4. Suppose that the Performance LP is bounded. Then,

(i) All non-idling policies are stabilizing.

(ii) The value of the Performance LP provides an upper bound onπ(c) for any
non-idling policy.

(iii) If the ‘max’ is replaced by a ‘min’ in (8.94) then the value of the linear program
is again bounded, and its value provides a lower bound onπ(c) for any non-idling
policy.

8.6.3 Duality

We now show that the Performance and Drift LPs are dual. Applying the Duality
Theorem of Linear Programming Theorem1.3.2we conclude that the Drift LP has a
feasible solution whenever the Performance LP is bounded. Consequently, there exists
a single quadratic functionh that solves Poisson’s inequality (8.12) for every non-idling
policy.

Consider how the dual of a linear program such as (8.94) is typically constructed:
Take any constants{Gij : i, j ∈ {1, . . . , ℓ}}, and consider the vectoraG ∈ R

N defined
as the linear combination,

aG := 1
2

∑

i,j∈{1,...,ℓ}
Gija

ij ,

where the constants{aij} are defined in the Performance LP. If we choose these coeffi-
cients so thataG ≥ c point-wise, then from the equality constraint in (8.94) we obtain
an upper bound on the value of (8.94) as follows, wheneverΓ ≥ 0,

〈c ,Γ〉 ≤ 〈aG,Γ〉 = 1
2

∑
Gij〈aij,Γ〉 = 1

2

∑
Gijbij = 1

2〈G, b〉. (8.95)

The dual of (8.94) is defined as the linear program obtained on minimizing the upper
bound (8.95) over allG ∈ R

N . This is precisely the Drift LP:

Proposition 8.6.5. The dual of the Performance LP is the linear program in theN
variables{Gij} ⊂ R,

min 1
2 〈G, b〉

s. t. aG ≥ c , G ∈ R
N

(8.96)

Consequently,

(i) The linear program (8.96) is precisely the Drift LP.
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(ii) If the Performance LP is bounded then the Drift LP is feasible, and the value
of the two LPs are identical.

Proof. It follows from the definition ofb and (8.88) that for any matrixG = (Gij),

〈G, b〉 = 1
2

( ℓ∑

i,j=1

GijE[Ai(t)Aj(t)] +
ℓ∑

i=1

Ūiµi(1
i− − 1i)TGi−,i(1

i− − 1i)
)

= 1
2

(
trace(ΣAG) + αTGα+

ℓ∑

i=1

Ūiµi(1
i− − 1i)TG(1i− − 1i)

)
.

Hence the objective function in (8.96) is precisely the objective function in the Drift LP.
Similarly, the constraint set forD in (8.85) for the Drift LP is precisely the constraint
set onG given in (8.96), which proves (i).

Part (ii) follows from the Duality Theorem of Linear Programming stated in The-
orem1.3.2. ⊓⊔

8.7 Brownian workload model

We now extend the Lyapunov theory developed in this chapter to the CBM model. We
return to the setting of Section5.4.2whereŴ denotes anR-minimal solution on the
domainR defined in (5.31),

R = {w ∈ R
n : 〈ni, w〉 ≥ −βi , 1 ≤ i ≤ ℓR}, (8.97)

where{ni} and{βi} are are fixed vectors and non-negative constants, respectively.
Lyapunov theory requires a generator for the process.

8.7.1 The extended generator

The generator for the CBM model is defined as for the RBM model in Section3.3.3.
A stochastic processM adapted to some filtration{Ft : t ≥ 0} is called a mar-

tingale ifE[M(t+ s) | Ft] = M(t) for eacht, s ∈ R+ (see Section1.3.5.) It is called
a local-martingaleif there exists an increasing sequence of stopping times{ςn} such
that{M(t∧ ςn) : t ∈ R+} is a martingale, for eachn ≥ 1, andςn ↑ ∞ a.s. asn→ ∞.
Some background in discrete time is surveyed in Section1.3.5.

For the CRW model controlled using a stationary policy, whenever the function
g := Dh = Ph − h is finite-valued, the following process is a discrete-time local-
martingale with respect toFt = σ{Q(k) : k ≤ t},

Mh(t) := h(Q(t)) −
{
h(Q(0)) +

t−1∑

k=0

g(Q(k))
}
, t ≥ 0.

The extended generator for the CBM model is meant to capture this property of the
generator in discrete-time.
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Definition 8.7.1.Generators for the CBM model

The differential generatorD is defined by the second order differential operator, de-
fined forC2 functions onRn by,

Dh := −δT∇h+ 1
2∆h , (8.98)

where∆ denotes the weighted Laplacian,

∆h :=
∑

i,j

(
Σi,j

∂2

∂xi
∂xj

h
)
.

Theextended generatorA is defined as follows: A measurable functionh : R → R

is in the domain ofA if there is a measurable functiong : R → R such that, for each
initial conditionŴ (0) ∈ R, the stochastic process defined below is a local-martingale
with respect to the filtration{Ft} generated byN ,

Mh(t) := h(Ŵ (t)) −
{
h(Ŵ (0)) +

∫ t

0
g(Ŵ (s)) ds

}
, t ≥ 0. (8.99)

In this case, we writeg = Ah.

The following version of Itô’s formula (8.100) is used to identify a large class of
functions within the domain ofA. This result will be applied repeatedly in the treatment
of value functions that follows.

Theorem 8.7.1. Suppose that the setR is given in (8.97), and that the point-wise
projection [ · ]R : R

n → R exists. Suppose thath : R
n → R is continuously differen-

tiable, ∇h is Lipschitz continuous on bounded subsets ofR
n, and that∆h exists for

a.e.w ∈ R. Then,

(i) For each initial conditionŴ (0) ∈ R,

h(Ŵ (t)) = h(Ŵ (0)) +

∫ t

0
[Dh](Ŵ (s)) ds

+

∫ t

0
〈∇h(Ŵ (s)), dI(s)〉

+

∫ t

0
〈∇h(Ŵ (s)), dN(s)〉

(8.100)

(ii) Suppose thatδ ∈ interior (R), and in addition the following boundary condi-
tions hold,

〈φ(w),∇h(w)〉 = 0 , w ∈ R , (8.101)

whereφ is defined in (5.30). Thenh is in the domain ofA, andAh = Dh.

(iii) If the conditions of (ii) hold, and in addition,

E

[∫ t

0
‖∇h (Ŵ (s;w))‖2 ds

]
<∞, w ∈ R, t ≥ 0,

thenMh is a martingale for each initial condition.
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Proof. Whenh isC2, then (i) is given in [171, Theorem 2.9, p. 287]. In the more gen-
eral setting given in the theorem, the functionh and its derivatives can be approximated
uniformly on compacta byC2 functions so thatDh is simultaneously approximated in
L2(C) for any compact setC ⊂ R. See [316, Theorem 1, p. 122], and the extensions
in [317, 109, 188].

Suppose now that the assumptions of (ii) hold. The assumptionδ ∈ interior (R)
is imposed to ensure thatφ does not vanish on∂R. Itô’s formula (8.100) then gives the
following representation,

Mh(t) =

∫ t

0
〈∇h(Ŵ (s)), dN(s)〉, t ≥ 0. (8.102)

The local martingale property is immediate sinceN is driftless Brownian motion (we
can takeςn := min{t ≥ 0 : ‖∇h(Ŵ (t))‖ ≥ n} in the definition above.)

We have for each0 ≤ s < t, and each initialw,

E[(Mh(t) −Mh(s))
2] =

∫ t

s
E[(∇h(Ŵ (s)))TΣ∇h(Ŵ (s))].

The right hand side is finite under the conditions of (iii), and the local-martingale prop-
erty can be strengthened to the ordinary martingale based on this bound (see [171].)

⊓⊔

Poisson’s inequality for the CBM model is defined exactly as in discrete time: For
a constantη <∞ and functionh : X → R+ in the domain ofA,

Ah ≤ −c+ η, (8.103)

Under the assumptions of Theorem5.3.13we find that the fluid value function is one
solution. We note that it follows directly from the definition (8.98) that a version of this
bound holds for the differential generator,

DĴ = −c+ bCBM

wherebCBM is the piecewise constant function defined by,

bCBM(w) := 1
2∆Ĵ (w) . (8.104)

Proposition 8.7.2. Suppose that Assumptions (a)–(c) of Theorem5.3.13hold. Then,
with Ŵ equal to the minimal process onR,

(i) The fluid value function̂J is in the domain of the extended generator, andAĴ =
DĴ = −c+ bCBM, wherebCBM is defined a.e. onR by (8.104).

(ii) The functionV =
√

1 + Ĵ is in the domain of the extended generator, and for
someε0 > 0, b0 <∞, and a compact setC0 ⊂ R,

AV = DV ≤ −ε0 + b01C0
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(iii) The functionVϑ = eϑV is in the domain of the extended generator for each
ϑ > 0. There existsϑ0 > 0 such that the following bound holds for eachϑ ∈
(0, ϑ0]: For finite constantsεϑ > 0, bϑ > 0,

AVϑ = DVϑ ≤ −εϑVϑ + bϑ .

Proof. Theorem5.3.13(iv) implies thatĴ satisfies the boundary conditions required in
Theorem8.7.1(ii), and hencêJ is in the domain ofA. Each of the functions considered
in (ii) and (iii) also satisfies the conditions of Theorem8.7.1(ii) since these properties
are inherited fromĴ .

The bounds onD in (ii) and (iii) follow from the identityDĴ = −c + bCBM, and
straightforward calculus. ⊓⊔

Just as in the discrete-time definition (8.30), we say that̂W isV -uniformly ergodic
if there existsd0 > 0 andb0 <∞ such that for anyg ∈ LV∞,

|E[g(Ŵ (t)) | Ŵ (0) = w] − π(g)| ≤ b0‖g‖V e−d0tV (x), t ∈ R+, w ∈ W.

Theorem 8.7.3. Suppose that Assumptions (a)–(c) of Theorem5.3.13hold. Then,
the steady-state mean satisfiesη̂ = π(c) = π(bCBM), and the minimal procesŝW is
Vϑ-uniformly ergodic for eachϑ ∈ (0, ϑ0].

Proof. Vϑ-uniform ergodicity follows from [368, Theorem 6.1] and Proposition8.7.2(iii).
The identityη̂ = π(bCBM) is obtained as follows. We have from Theorem8.7.1the

representation,

Ĵ(Ŵ (t)) = Ĵ(Ŵ (0)) +

∫ t

0

(
−c(Ŵ (s)) + bCBM(Ŵ (s))

)
ds

+

∫ t

0
〈∇Ĵ(Ŵ (s)), dN(s)〉.

We necessarily haveπ(Ĵ) <∞ sinceπ(Vϑ) <∞. SettingŴ (0) ∼ π, taking expecta-
tions, and canceling the common termsEπ[Ĵ(Ŵ (t))] = Eπ[Ĵ(Ŵ (0))] gives,

tπ(c) = E

[∫ t

0
c(Ŵ (s))

]
= E

[∫ t

0
bCBM(Ŵ (s))

]
= tπ(bCBM).

⊓⊔

8.7.2 Linear programs

Here we consider extensions of the linear programming theory to stochastic workload
models. The main complication is that the effective costc defined in Definition5.3.3is
in general piecewise linear when the cost function forQ is linear. In-spite of this ap-
parent complexity, the linear programming approach has a direct and elegant extension
to the CBM model based on Proposition8.7.2.
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Suppose that Assumptions (a)–(c) of Theorem5.3.13hold, and let{Rj : i =
1, . . . , ℓO} denote open, connected polyhedral regions satisfying the following: The
function bCBM given in (8.104) is constant on eachRj , c is linear onRj, andR =
closure(∪Rj).

We also consider a family of auxiliary functions{cai : 1 ≤ i ≤ ℓa} that are com-
patible withc, in the sense that each of these functions is continuous, piecewise linear,
and linear on each of the sets{Rj}. Consequently, the assumptions of Theorem8.7.3
hold: Letting{Ĵ i : 1 ≤ i ≤ ℓa} denote the associatedC1 value functions, and setting
baiCBM = DĴ i + cai, we obtain the identityπ(cai) = π(baiCBM) for eachi. These identities
are interpreted as equality constraints below.

The variables in the linear program are defined for1 ≤ i ≤ n, 1 ≤ j ≤ ℓO, by

Pj = π(Rj), Γij = Eπ[Ŵi(t)1Rj
].

We have several constraints:

(a) Mass constraints: Pj ≥ 0 for eachj, and
∑
Pj = 1.

(b) Region constraints: For example,Γ1j ≥ Γ2j if ŵ1 ≥ ŵ2 within regionRj.

(c) Value function constraints: For some constants{aij} ⊂ R and vectors{̟ij : 1 ≤
i ≤ ℓa , 1 ≤ j ≤ n} ⊂ R

n we have the representations for any1 ≤ j ≤ ℓO,
1 ≤ i ≤ ℓa,

baiCBM(w) = aij ; cai(w) = 〈̟ij , w〉, w ∈ Rj .

Letting Γj = (Γ1j, . . . ,Γnj)
T ∈ R

n, 1 ≤ j ≤ ℓO, we obtain from Theorem8.7.3,
for eachi ∈ {1, . . . , ℓa},

ℓO∑

j=1

〈̟ij ,Γj〉 = π(cai) = π(baiCBM) =

ℓO∑

j=1

aijPj . (8.105)

(d) Objective function: There isd ∈ R
n×ℓO such that̂η := π(c) =

∑
dijΓij.

We illustrate this construction in a two-dimensional example.

Example 8.7.1.KSRS model

We return to the two cases introduced in Example5.3.3in the setting of Example5.3.7.
In the workload model we have by the symmetry assumptions imposed in these exam-
ples,

δ = (δ1, δ1)
T,

and we assume in the CBM model that the covariance matrix satisfiesΣ11 = Σ22 > 0.
Consider first the policy defined by the constraint regionR = {w ∈ W : w1/3 ≤

w2 ≤ 3w1}. This coincides with the monotone regionW
+ = closure (R2) shown at

right in Figure5.3 in Case II.

Copyright Cambridge University Press 2007. On-screen viewing permitted. Printing not permitted. 
http://www.cambridge.org/us/catalogue/catalogue.asp?isbn=9780521884419



Control Techniques for Complex Networks Draft copy April 22, 2007 365

The cost function restricted toR is the same in Cases I and II, and the common
value function shown in (5.58) is purely quadratic onR. Consequently, in this case we
haveh = Ĵ , and

η̂ = π(bCBM) = bCBM = 1
8δ

−1
1 (3Σ11 − Σ12). (8.106)

Consider now the minimal process onW = R
2
+ in Case I. The functionbCBM is

not constant, so it is not obvious that we can computeη̂ exactly using these techniques
whenR = W.

To construct an LP we restrict to the following specifications:ℓO = 3, with {Ri :
i = 1, 2, 3} as shown in Figure5.4, andℓa = 2, with ca1(w) = w1 +w2 andca2(w) =
max(1

3w1,
1
3w2,

1
4(w1 + w4)).

We thus obtain the following constraints:

(a) Mass constraints: P1 + P2 + P3 = 1

(b) Region constraints: We haveΓij ≥ 0 for all i, j sinceW = R
2
+. Moreover, on

considering the structure of the sets{Ri} we obtain,3Γ21 ≤ Γ11, and3Γ13 ≤ Γ23.
In addition, there are numerous symmetry constraints. For example,P1 = P3, and
Γ12 = Γ22 sinceδ1 = δ2 andΣ11 = Σ22.

(c) Value function constraints: The value functionĴ1 is a pure quadratic. In fact, if
k(w) = 〈ca1, w〉 is any linear function onW, then

Ĵ(w) = 1
2δ

−1
1 (ca11 w

2
1 + ca12 w

2
2) , w ∈ W.

We conclude from Theorem8.7.3thatEπ[Ŵ1(t)] = Eπ[Ŵ2(t)] = 1
2δ

−1
1 Σ11. The

identity (8.105) then implies the equality constraint,1
3Γ11+

1
4(Γ12+Γ22)+

1
3Γ23 =

δ−1
1

[
1
6Σ11P1 + 1

8(3Σ11 − Σ12)P2 + 1
6Σ22P3

]
.

(d) Objective function: In Case I we have,

Eπ[c(Ŵ (t))] = 1
3Γ11 + 1

4(Γ12 + Γ22) + 1
3Γ23.

We conclude with results from one numerical experiment in Case I, using param-
eters consistent with the values used in the simulation illustrated in Figure4.13 for
the controlled random walk model (4.67). The first-order parameters were scaled as
follows:

µ = K[1, 1/3, 1, 1/3], α = 1
4Kρ•[1, 0, 1, 0],

whereK is chosen so that
∑

(µi + αi) = 1, andρ• = 0.9. The effective cost was
similarly scaled,c(w) = Kmax(w1/3, w2/3, (w1 + w4)/4) for w ∈ R

2
+.

The random variables{Si(t), Ai(t)} used in (4.67) were taken mutually indepen-
dent, with the variance of each random variable equal to its mean.

To construct a CBM model we choose the first and second order statistics to ap-
proximate this CRW model. Suppose that the CRW model is in steady state, so that
the mean ofU(t) is constant withE[U(t)] ≡ [0.25, 0.75, 0.25, 0.75]T . In this case the
steady-state covariance is approximated by,
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Cov[W (t+ 1) −W (t)] ≈
[
13.8 4.21
4.21 13.8

]
,

whereW (t) := ΞQ(t). In the CBM model we takeΣ equal to the covariance matrix
given above, andδ1 = δ2 = 1 − ρ• = 0.1.

Solving the resulting linear program then gives bounds on the steady-state cost, as
well as bounds on the probabilities of each region:

11.07 ≤ Eπ[c(Ŵ (t))] ≤ 14.76

0.489 ≤ Pπ(Ŵ (t) ∈ R2) ≤ 0.979
(8.107)

Although these bounds apply to the CBM model, they roughly approximate the es-
timated value ofEπ[c(Q(t))] ≈ 18 for the CRW model obtained in the simulation
illustrated in Figure4.13.

For the same parameters with the regionR := R2 = {w1/3 ≤ w2 ≤ 3w1} we
obtain from (8.106),

Eπ[c(Ŵ (t))] = 14.92 .

The steady-state mean for the process restricted to the regionR2 is strictly greater than
the upper bound (8.107) obtained for the minimal process onW. This is consistent with
the fact that the minimal process onW is optimal wheneverc is monotone.
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8.8 Notes

Stochastic Lyapunov theory appears in many different contexts in many different aca-
demic areas. Foster’s criterion and its variants are the focus of Meyn and Tweedie [367]
for general Markov chains, and for countable state-space chains in Fayolle et. al. [174].
The latter emphasizes application to queueing networks. A more complete history can
be found in [367].

Borovkov’s 1986 paper [77] stimulated several papers onpositive Harris recur-
renceof special classes of stochastic networks or reflected random walks [173, 447,
448, 289, 80, 96, 175, 365, 148, 34]. The main results in later papers make use of
stochastic Lyapunov functions, such as a version of the Poisson inequality (8.12).

Stochastic Lyapunov theory plays a role in the large-deviation analysis of networks
in the work of Foley and MacDonald [186, 187], and Hordijk and Popov [272].

It appears that the operator norm introduced in (8.18) was introduced by Veinott
in a study of MDPs [283]. With a particular choice ofV it is known that the dy-
namic programming operator is a contraction in this norm [50, 471, 52, 48]. See also
Denardo’s original 1967 approach to dynamic programing via contraction [143], and
the monographs [260, 51].

Completely independently, the weighted norm (8.18) has found application in the
ergodic theory of Markov chains. Kartashov was the first to use the weighted norm
in this context [287, 288], and it was applied to characterize geometric ergodicity for
countable state space Markov chains in Hordijk and Spieksma [458, 273]. Generaliza-
tions to general state spaces and to other aspects of Markov chain theory have appeared
in several sequels [150, 343, 368, 369, 415, 414, 312, 38].

Tsitsiklis in [472] introduces a DR policy to obtain approximate optimality in a
very general version of the simple inventory model with a fixed ‘set up cost’ for any
batch of orders. A version of this policy was used in Maglaras [346, 345] to obtain
stabilizing policies and ‘fluid-scale asymptotic optimality’ (see the Notes section in
Chapter10.) Harrison applied this technique in [235] to obtain a policy that is approx-
imately optimal in heavy-traffic in a particular example. This result was generalized in
work of the author [361] and Ata and Kumar [25].

For a history on the MaxWeight policy see the Notes section in Chapter4. The
stability analysis in Section8.4 is adapted from [371]. Part (iii) of Proposition8.4.4is
taken from [359, Theorem 4], which is based on [367, Theorem 16.3.1].

The material in Section8.5is new, but is motivated by the techniques introduced by
Kumar et. al. [321, 319, 318] and Bertsimas et. al [58] for performance approximation
in Markovian network models obtained through uniformization. The linear programs
in Section8.6 generalize these techniques to the bulk-arrival CRW model. See also
[165, 149, 55, 56, 376].

Also related are approaches to approximate dynamic programming via linear pro-
gramming techniques [139, 5, 480, 249]

Performance approximation is commonly approached through analytic techniques
[280, 36, 292, 245, 246] or numerical computation [425, 383, 128, 443, 67]. These
approaches are generally intractable in complex network models. The situation is more
favorable in workload models due to the significant reduction in dimension. Analytic
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techniques specialized to workload models are contained in [240, 245, 246, 247] and
numerical methods are developed in [324, 327, 328, 128].

The material in Section8.7 is largely taken from [363]. More on Lyapunov func-
tions for the CBM model can be found in the work of Dupuis, Williams, Atar, Ra-
manan, and Budhiraja [162, 27, 161, 404]. Linear programs for performance bounds
in the CBM model were introduced in [426, 427] based on pure quadratic functions,
similar to the development for the CRW model in Section8.6.
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8.9 Exercises

8.1 Consider the two-buffer model shown below.

Station  1

µ1

µ2

α1

Assume that the arrival stream is Poisson, that services are exponentially dis-
tributed, and that the Last Buffer-First Served policy is used.

(a) Compute the associated rate matrix for this Markov process in continuous
time, and construct a CRW model via sampling (see Section2.1.1.)

(b) Compute the draining timeT ∗ for the associated fluid model, and show that
V = T ∗ is a Lyapunov function.

(c) Construct a Lyapunov function to approximate Poisson’s equation, withc(x) =
|x| = x1 + x2. Using this, apply the Comparison Theorem to obtain a bound
on the steady state mean ofc(Q(t)).

8.2 Ten tellers at a bank perform services with a common mean of ten minutes per
customer. Assume that the distribution of services are exponential. Letα > 0 be
the rate at which customers arrive to the bank (customers/minute), and assume that
the arrival process is Poisson.

(a) What is the largest value ofα that the bank can handle without hiring new
tellers?

(b) Assume that there is a seperate line for each teller. Compute the mean waiting
time for any givenα.

(c) Repeate (b) when there is a single line at the bank: When customers arrive,
they enter the end of the queue if every teller is busy.

(d) Any suggestions for future super-market design?

8.3 Consider the Klimov model considered in Section5.5.1 with just two customer
classes. Suppose thatc1µ1 = c2µ2. Show that any non-idling policy is optimal by
following these steps:

(a) There is a constantβ > 0 such thatE[c(Q(t))] = βE[W (t)] for anyt and any
non-idling policy, whereW (t) = Q1(t)/µ1 +Q2(t)/µ2.

(b) There exists a single quadratic functionh∗ : R+ → R+ and a constant̂ηW

such that the following identity holds for any non-idling policy,

E[h∗(W (t+ 1)) |W (t) = w] = h∗(w) − w + η̂W,

wherew is restricted to the lattice,{x1/µ1 + x2/µ2 : x ∈ Z
2
+}.
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(c) Explain whyη̂W must be the steady state mean ofW (t), so that the equation
in (b) is Poisson’s equation.

8.4 A leaky bucketregulation scheme is designed to “smooth” an arrival processes. It
can be described in continuous time as follows: There is a token pool that holds
up toB tokens. When a packet arrives, if there is a token in the token pool then
the packet instantly passes through the regulator, and one of the tokens is removed
from the token pool. On the other hand, if the token pool is empty, then the packet
is lost. (Notice that packets are never queued.) New tokens are generated peri-
odically, with one time unit between successive generation times. If a token is
generated when the token pool is full, the token is lost.

Suppose that the packet stream to be regulated is modeled as a Poisson stream with
arrival rateα.

(a) Identify an embedded discrete-time, discrete-state Markov process, and de-
scribe the one-step transition probabilities of the chain.

(b) Express the fraction of packets lost (long term average) in terms ofα, B and
π, whereπ denotes the equilibrium probability vector for your Markov chain.
(You donot need to computeπ).

(c) As an approximation, suppose that the times between new token generations
are independent and exponentially distributed with common mean 1. Find a
fairly simple expression for the loss probability.

8.5 Find conditions on(A,S1,S2) such that the CRW model (4.58) for the tandem
queues is reversible, in the sense that the detailed balance equations hold.

π(x)P (x, y) = π(y)P (y, x), x, y ∈ X.

8.6 This problem is designed as an introduction to the operator-theoretic techniques de-
scribed in the Appendix. Consider a Markov chain onX⋄ = {1, 2} with transition
matrix

P =

[
1
2

1
2

3
4

1
4

]

(a) Compute theresolvent matrixRz = [I − zP ]−1 for z ∈ C.

(b) Find a general expression forPn based on the representation,

Rz =
∞∑

t=0

ztP t, |z| < 1.

(c) Compute thefundamental matrixZ = [I − (P − s ⊗ ν)]−1, wheres, ν are
any two dimensional non-zero vectors for which,

P (x, y) ≥ s(x)ν(y), x, y ∈ {1, 2}.
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Verify that the row vector,

µ := ν[I − (P − s⊗ ν)]−1

is invariant forP , so thatµP = µ.

(d) Show that the functionh = Zc̃ solves Poisson’s equation.

8.7 Consider the simple routing model shown in Figure2.14. As usual it is assumed
thatµ3 ≫ µ1 + µ2, and it is assumed thatρ• = α/(µ1 + µ2) ≈ 1.

(a) For the fluid model, with costc(x) = x1 + 2x2, find the pathwise optimal
policy.

(b) Apply the policy in (a) to the stochastic model in which service times are ex-
ponentially distributed, and the arrival stream is Poisson. Construct a Markov
process for the controlled system, and an associated rate matrix, with state
spaceX⋄ = Z+ × Z+.

(c) Estimatethe set of{α, µ1, µ2} for which the process constructed in (b) is
positive recurrent.Hint: Estimate the busy time for the second queue

8.8 Find a network and a symmetric matrixD satisfyingDij > 0 for eachi, j, and such
that theVD-myopic policy is not stabilizing.Hint: See Example4.4.2.

8.9 Consider the tandem queues in Case 2, whereµ1 ≥ µ2. Compute theh-MaxWeight
policy for h(x) = T ∗(x̃) with T ∗(x) = (µ2 − α1)

−1(x1 + x2) and x̃i := xi +
θi(e

−xi/θi −1) for x ∈ R
2
+ andθ ∈ R

2
+. Does the policy satisfy Foster’s Criterion?

8.10 Consider theh-MaxWeight policy (8.56) with,

h(x) = log
( ℓ∑

i=1

ecixi + e−cixi

)
, x ∈ R

ℓ
+, (8.108)

with c > 0. Stability is established following the steps used in the proof of Propo-
sition 8.4.4.

(i) Show that the functionh : R
ℓ
+ → R+ is convex and monotone.

(ii) The gradient∇h is bounded overRℓ
+, so thath is Lipschitz continuous.

(iii) The derivative condition (8.59) holds.

(iv) For anyx ∈ R
ℓ
+,

lim
r→∞

r−1h(rx) = c(x) := max
(
c1x1, . . . , cℓxℓ

)
.

Based on this structure, prove the following theorem:

Theorem 8.9.1. Suppose that Assumptions (a)–(c) of Theorem8.0.2hold. Con-
sider theh-MaxWeight policy withh : R

ℓ
+ → R+ defined in (8.108). Then,

(i) The minimization (4.92) admits a solution satisfyingφMW(x) ∈ U⋄(x) for each
x ∈ X⋄.
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(ii) The controlled network satisfies Foster’s Criterion,PV ≤ V − ε0 + b1S ,
whereV = 1 + h, ε0 > 0, b <∞, andS is a finite set.

(iii) Condition (V3) holds,
PV ≤ V − f + b1S

with V = 1 + 1
2h

2, f = 1 + 1
2h, b <∞, andS is a finite set.

⊓⊔

8.11 Phase-type arrivals. Consider the simple queue in whichA is not i.i.d., but is
independent of the past given the current state of a certainphase processdenoted
I. The phase process is an irreducible Markov chain on a finite set{1, . . . , ℓI},
and for transition functionspA, PI , givenI(t) = i,

P{A(t+ 1) = m, I(t+ 1) = j | A(r), S(r), I(r) : r ≤ t} = pA(i,m)PI(i, j),

E{(A(t + 1))2 | A(r), S(r), I(r) : r ≤ t} =
∑

m

pA(i,m)m2 <∞,

for all t ≥ 0, i, j ∈ {1, . . . , ℓI} andm ∈ Z+. Assume moreover thatS(t)A(t) = 0
a.s., and thatS is Bernoulli. This model is a special case of the queue introduced
in Exercise4.10.

(a) Verify that under the non-idling policy the bivariate process(Q, I) is a
Markov chain.

(b) Compute the conditional expectationE[Q(t+1)−Q(t) | Q(t) = x, I(t) = i]
for eachi andx, and conclude that if the steady-state queue length is finite
then in steady-stateP{Q(t) = 0} = 1 − ρ whereρ = α/µ = (

∑
̟iαi)/µ,

with ̟ the invariant measure forI andαi = E[A(t+ 1) | I(t) = i].

(c) Consider the function ofx ∈ Z+ andi ∈ {1, . . . , ℓI} given by,

h(x, i) = 1
2

x2 + bix

µ− α

where{bi} are constants. Choose these constants so thath solves the follow-
ing version of the Poisson inequality,

E[h(Q(t+ 1), I(t+ 1))− h(Q(t), I(t)) | Q(t) = x, I(t) = i] = −x+ b(x),

whereb is a bounded function ofx. This is only possible ifρ < 1. Note: Your
solution will involve a version of the Poisson equation forI.

In Exercise10.3an alternative route to establishing stability is described, based on
the fluid limit model.

8.12 Extend the previous exercise to the MaxWeight policy for the CRW scheduling
model. Assume that there exists a Markov chainI such thatA is conditionally
independent of the past with finite second moment: As above, givenI(t) = i,
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P{A(t+ 1) = a, I(t+ 1) = j | A(r), S(r), I(r) : r ≤ t} = pA(i, a)PI (i, j),

E{‖A(t + 1)‖2 | A(r), S(r), I(r) : r ≤ t} =
∑

a

pA(i, a)‖a‖2 <∞,

with i, j ∈ {1, . . . , ℓI}, a ∈ Z
ℓ
+. Of course, you must also assume that the natural

load conditions are satisfied. Show that the MaxWeight policy is stabilizing by
constructing a Lyapunov function (solution to (V3)) of the form,

V (x, i) = b0 +
b

2
xTDx+ bT

ix, x ∈ Z
ℓ
+, i ∈ {1, . . . , ℓI},

for suitableb, b0 > 0 and{bi : i ≥ 1} ⊂ R
ℓ (the constantb0 is only used to ensure

positivity of V .)

8.13 Consider the Dai-Wang model shown in Figure4.15with the following parameters,

µ1 = 10, µ2 = 20, µ3 = 10/9, µ4 = 20, µ5 = 5/4. (8.109)

Verify that the network is balanced, withρ1 = ρ2 = α1(19/20). Numerically
solve the Drift LP for a range of values in[0, 20/19). What is the maximum value
for which you can assert that the system is stable under any non-idling policy?
Repeat your experiment for a few priority policies, then simulate your favorite
using a CRW model.
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Chapter 9

Optimization

Optimization concepts have appeared in nearly every chapter of this book. In Sec-
tion 4.1.3we saw how the CRW model can be cast as a particular Markov decision
process model for the purposes of policy synthesis, and Section4.5 contains several
examples illustrating the structure of optimal policies. The Bellman-Ford algorithm
was realized as a particular version of a dynamic programming equation in Section6.3.
The optimality equations developed in Section8.5 were the basis of the Stability and
Performance LPs described in Section8.6.

In this chapter we consider a general MDP model:

Definition 9.0.1.Markov Decision Process

A Markov Decision Processor MDP consists of a state spaceX⋄, anaction spaceU⋄,
and thecontrolled transition matrix,

Pu(x, y) := P{Q(t+ 1) = y | Q(t) = x,U(t) = u} x, y ∈ X⋄, u ∈ U⋄. (9.1)

We adopt the same definitions and conventions introduced in Section4.1.2 for the
scheduling model:

(i) For eachx ∈ X⋄ there is a setU⋄(x) ⊆ U⋄ whose elements are admissible
actions when the state processX(t) takes the valuex.

(ii) A (deterministic) policy φ is a sequence of functions{φt : t ∈ Z+}, from
X⋄

t+1 to U⋄ such that the allocation sequence defined by

U(t) = φt(X(0), . . . ,X(t− 1),X(t)),

satisfiesU(t) ∈ U⋄(X(t)) for eacht.

(iii) The Markov property for the controlled process is expressed as follows: For
eachx0, x1 ∈ X⋄, u ∈ U⋄, t ≥ 0,

P{X(t+ 1) = x1 | (X(0),U(0)), . . . , (X(t), U(t)) ; U(t) = u,X(t) = x0}

= P{X(1) = x1 | U(0) = u,X(0) = x0}

= Pu(x
0, x1).

(9.2)

374
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(iv) A randomized stationary policy is a mappingφ : X⋄ → P(U⋄), whereP(U⋄)
denotes the set of probability measures onU⋄. For eachx ∈ X⋄, φ(x) = {φu(x) :
u ∈ U⋄} satisfiesφu(x) = 0 for u 6∈ U⋄(x).

(v) If φ : X⋄ → U⋄ defines a stationary policy (deterministic or randomized) then
we letPφ denote the resulting transition matrix,

Pφ(x, y) = Pφ(x)(x, y), x, y ∈ X⋄.

(vi) Given a cost functionc : R
ℓ
+ → R+, a stationary policy is calledregular if the

controlled process is anf -regular Markov chain withf = 1 + c (recall Defini-
tion 8.0.2.)

The general results developed in this chapter are framed in this general MDP set-
ting so that we are not forced to assume any special form for the state or control pro-
cesses.

Until Section9.7 we assume that the state space is discrete; Typically the state
spaceX⋄ is taken countably infinite. When analyzing algorithms to construct an optimal
policy this is not a very practical setting. However, the main goal of this chapter is not
computation. We will explore the structure of optimality equations and value functions
to expand the theory developed in previous chapters. This structure is most apparent
when the state space is allowed to be unbounded.

WhenX⋄ is discrete we always assume thatU⋄ is a finite set.
Throughout this chapter it is assumed that a cost function is given that is non-

negative and coercive. Based on this cost function we consider several different op-
timization criteria. The average cost optimality equation defined in (4.21a) for the
scheduling model and the associated myopic policy (4.21b) remain unchanged:

Definition 9.0.2.Average-cost optimality

The average costηφ
x is defined in (8.3), and the infimum over all policies is denoted,

η∗x := inf ηφ
x (9.3)

The policyφ∗ is called (average cost)optimal if it achieves (9.3) for eachx.
Theaverage cost optimality equation(ACOE) is defined by (9.4a) whereh∗ : X⋄ →

R is a function andη∗ is a constant. The equation (9.4b) defines theh∗-myopic policy:

η∗ + h∗(x) = min
u∈U⋄(x)

[c(x) + Puh
∗ (x)] (9.4a)

φ∗(x) ∈ arg min
u∈U⋄(x)

Puh
∗ (x), x ∈ X⋄. (9.4b)

The functionh∗ is called therelative value function.
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For example, for the single server queue withc(x) = x we have seen in Exam-
ple 4.5.1 that the non-idling policy is optimal. A solution to the ACOE is given in
Theorem3.0.1,

η∗ = 1
2

σ2

µ− α
, h∗(x) = J∗(x) + 1

2µ
−1

(m2 −m2
A

µ− α

)
x , x ∈ Z+.

We might also impose a cost on service so thatc is a function of two variables, say

c(x, u) = x+ ru, x ∈ X⋄, u ∈ U⋄.

We can construct an MDP model usingX(t) = (Q(t), U(t))T, t ≥ 0, whereX(0) =
(Q(0), U(0)) is given as an initial condition.

The ACOE is interpreted as a fixed point equation in the two unknowns(h∗, η∗).
Under general conditionsη∗ coincides with the optimal average costη∗x for eachx.
Under these assumptions, the stationary policyφ∗ defined in (9.4b) is optimal.

Theorem9.0.1provides one set of sufficient conditions. If the state space is finite
then Assumption (c) is automatic.

Theorem 9.0.1. Suppose that the following conditions hold

(a) The pair(h∗, η∗) solve the optimality equation (9.4a).

(b) The stationary policyφ∗ is h∗-myopic. That is, it satisfies (9.4b).

(c) For anyx ∈ X⋄, and any policyφ satisfyingηφ
x <∞,

1

n
E
φ
x[h

∗(X(n))] → 0, n→ ∞. (9.5)

Then the stationary policy with feedback lawφ∗ is optimal with average costη∗.

Proof. For any policy the optimality equation (9.4a) implies the boundE[h∗(X(n)) |
Fn−1] ≥ η∗ + h∗(X(n − 1)) − c(X(n − 1)) with Ft = σ{X(k) : k ≤ t}, and hence
on iterating this bound,

E[h∗(X(n)) | Fn−2] ≥ E[η∗ + h∗(X(n − 1)) − c(X(n − 1)) | Fn−2]

≥ h∗(X(n − 2)) −
(
c(X(n − 2)) − η∗

)

− E[
(
c(X(n − 1)) − η∗

)
| Fn−2]

Repeating this stepn times gives,

E[h∗(X(n))] ≥ h∗(x) − E

[n−1∑

t=0

(
c(X(t − 1)) − η∗

)]
, X(0) = x, n ≥ 1.

Dividing by n and lettingn→ ∞ shows thatηφ
x ≥ η∗.

Whenφ is defined using the stationary policyφ∗ we then have equality,E[h∗(X(n)) |
Fn−1] = η∗ + h∗(X(n − 1)) − c(X(n − 1)). Repeating the same arguments shows
thatηφ

∗

x = η∗.
⊓⊔
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A partial converse is obtained under an irreducibility condition.

Theorem 9.0.2. Suppose that the following conditions hold

(a) The cost functionc : X⋄ → R+ is coercive.

(b) For eachx1 ∈ X⋄ there exists a regular policy that is alsox1-irreducible.

Then, there exists a solution(h∗, η∗) to the optimality equation (9.4a), theh∗-myopic
policy defined in (9.4b) is regular with average costη∗, and for any other policy and
initial condition we have,

lim inf
n→∞

1

n

n−1∑

t=0

E
[
c(X(t))

]
≥ η∗ (9.6a)

and lim inf
n→∞

1

n

n−1∑

t=0

c(X(t)) ≥ η∗, a.s.. (9.6b)

Henceφ∗ is average-cost optimal.

Proof. Proposition9.1.4implies thatη∗ is independent ofx, and Theorem9.2.1shows
that there exists a stationary policy with invariant measureπ∗ satisfyingπ∗(c) = η∗.
The sample-path optimality (9.6b) is established in Lemma9.2.8. Sample path ar-
guments form an important part of the convex-analytic techniques introduced in Sec-
tion 9.2.2.

The above conclusions are summarized in Proposition9.2.10at the close of Sec-
tion 9.2.

The proof is completed in Section9.4, where an explicit construction of the relative
value function is contained in Section9.4.3,

h∗(x) = inf Ex

[τx∗−1∑

t=0

(
c(X(t)) − η∗

)]
, x ∈ X⋄,

wherex∗ is a particular state inX⋄, and the infimum is over all policies. It is shown
thath∗ is bounded from below, and it follows that theh∗-myopic policy is both regular
and optimal. ⊓⊔

Using similar techniques we can conclude that an optimal policy exists for the
general CRW model (8.4). It is not known if Assumption (ii) of Theorem9.0.2holds
for the general model (8.4). We can adopt a weaker assumption in the CRW model: We
suppose that there exists a policyφ that is irreducible in the usual sense,

∞∑

t=0

P tφ(x, y) > 0, x, y ∈ X⋄. (9.7)

Theorem 9.0.3. Consider the CRW model (8.4) satisfying the assumptions of Theo-
rem8.0.2. Suppose moreover that there exists a stationary policy satisfying (9.7), and
that the cost functionc can be extended to define a norm onR

ℓ. Then,
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(i) The optimal average costη∗x = η∗ is independent ofx.

(ii) There exists a solution(h∗, η∗) to the dynamic programming equation (9.4a)
satisfyingh∗ ≥ 0 andh∗ ∈ LV2∞ , withV2(x) = 1 + ‖x‖2, x ∈ R

ℓ.

(iii) Theh∗-myopic policy is regular and average-cost optimal.

Proof. The irreducibility assumption (9.7) is introduced to strengthen the conclusion
of Theorem8.0.2. It is shown in Proposition9.6.1that there exists a policy obtained as
a perturbation of MaxWeight that is regular and satisfies (9.7). Hence the assumptions
of Theorem9.0.2hold, which establishes (i) and (iii).

Part (ii) is given in Proposition9.6.3. ⊓⊔

In most applications it is not realistic to characterize system performance using a
single objective function.1 Rather, the MDP framework is primarily a tool for policy
construction and analysis. Fortunately, multi-objective optimization also has an elegant
formulation.

Consider for example a network with two different classes of customers. The goal
is to minimize the cost (or maximize the offered performance) for the first class of
customers, subject to a strict constraint on the cost for the second class. Given two cost
functionsc andca for the respective customer classes, and a prescribed boundηa > 0,
an average cost formulation of this optimization problem is expressed,

min E[c(Q(t))], s. t. E[ca(Q(t))] ≤ ηa,

where each expectation is taken with respect to the stationary version of the process,
and the minimum is over all policies such that a stationary version exists.

Solution techniques for multi-objective optimization are described in Section9.3
based on linear programming formulations of optimal controlsurveyed in Section9.2.

In the final sections of this chapter we apply these techniques to stochastic net-
works. Theory surrounding the value iteration algorithm is applied in Section9.6 to
obtain structural results for value functions and policies in the CRW model.

Throughout the book we have stressed that the CRW network model is far too
detailed to be useful in optimization except in the simplest examples. Fortunately,
a lower dimensional CRW workload model may be entirely tractable. For workload
models of moderate dimension an optimal policy can be constructed using the methods
developed in Section9.5.

In Section9.7 we return to the simple inventory model. Recall that a hedging-
point was constructed in Section7.4 such that the resulting policy is optimalover all
hedging-point policies. Based on the general results in this chapter we can now estab-
lish optimality of this policy. This is summarized in Theorem9.7.1.

In Section9.8 we reconsider the affine approximations surveyed in Sections5.6
and7.5.2. Based on Theorem9.7.1we can prove that an optimal switching curve for
a two-dimensional workload model is approximated by an affine policy. The approxi-
mating policy is defined by the optimal height process introduced in Section7.5.2.

1There is more to life than increasing its speed. –Gandhi
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9.1 Reachability and decomposibility

We begin with an investigatation of the ‘reachability’ assumption in Theorem9.0.2.
The basic results obtained here will be combined with convex-analytic techniques de-
veloped in Section9.2 to show that an optimal policy exists.

We begin with the following corollary to the Doeblin decomposition Theorem8.1.3
that relatesηφx to the mean ofc with respect to an invariant measure.

Proposition 9.1.1. For any stationary policyφ and anyx we have

ηx ≥ minπ(c),

where the minimum is over all invariant measures forPφ.

Proof. Sincec is coercive, the Doeblin Decomposition combined with the Strong Law
of Large Numbers TheoremA.5.8give,

lim
n→∞

1

n

n−1∑

t=0

c(X(t)) =
∑

i∈I
πi(c)1{X entersXi} + ∞1{X does not enter anyXi},

whereπi(c) := ∞ if the chain restricted toXi is not positive recurrent.
On applying Fatou’s Lemma we obtain,

ηφx ≥ lim inf
n→∞

Ex

[ 1

n

n−1∑

t=0

c(X(t))
]

≥ Ex

[
lim inf
n→∞

1

n

n−1∑

t=0

c(X(t))
]
≥ min

i
πi(c).

⊓⊔

We now explain whyη∗x can be taken independent ofx. For two statesx1, x0 ∈ X⋄
we writex0

 x1 if x1 is reachable fromx0 in the sense that there exists a policyφ

such that,

E
φ

x0

[τx1−1∑

t=0

c(X(t))
]
<∞ . (9.8)

We writex0 φ
 x1 when we wish to stress the particular policy used.

Lemma 9.1.2. (Transitivity in MDPs) If x0 φ0

 x1 andx1 φ1

 x2, thenx0
 x2.

Proof. Define a policyφ2 that coincides withφ0 beforeX(t) reachesx1,

U(t) = φ0(X(0), . . . ,X(t)), 0 ≤ t ≤ τx1 − 1

Thereafter it is defined usingφ1,
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U(t) = φ1(X(τx1), . . . ,X(t)), t ≥ τx1.

We obtain from the definitions,

E
φ2

x0

[τx2−1∑

t=0

c(X(t))
]

= E
φ0

x0

[τx1−1∑

t=0

c(X(t))
]

+ E
φ1

x1

[ τx1∑

t=τ
x2

c(X(t))
]
<∞.

⊓⊔

Lemma 9.1.3. Suppose thatx1, x0 ∈ X⋄ and thatx0
 x1. Thenη∗x0 ≤ η∗x1 .

Proof. The proof is similar to the proof of Lemma9.1.2. Let φ be an arbitrary policy,
and letηφ

x1 denote the resulting average cost starting fromx1. Define a new policyφ1

as follows: The sequenceU is defined by the policyφ0 satisfying (9.8) before reaching
x1, and then is defined usingφ,

U(t) = φ(X(τx1), . . . ,X(t)), t ≥ τx1.

Sincec is non-negative valued we obtain the bound, for anyn ≥ 1,

n−1∑

t=0

E
φ1

x0 [c(X(t))] ≤ E
φ1

x0

[τx1−1∑

t=0

c(X(t))
]

+ E
φ1

x0

[τx1+n−1∑

t=τx1

c(X(t))
]

= E
φ0

x0

[τx1−1∑

t=0

c(X(t))
]

+ E
φ

x1

[n−1∑

t=0

c(X(t))
]
.

Dividing each side byn and lettingn→ ∞ gives,

η∗x0
≤ ηφ

1

x0
≤ ηφ

x1 .

Minimizing overφ we conclude thatη∗x0
≤ η∗x1

. ⊓⊔

The following corollary proves a small part of Theorem9.0.2.

Proposition 9.1.4. Under the assumptions of Theorem9.0.2the optimal average cost
η∗x does not depend uponx.

Proof. Under the conditions of Theorem9.0.2, we can find, for any statex1, a sta-
tionary policyφ0 such that the controlled chain isf -regular andx1-irreducible, where
f = 1 + c. PropositionA.4.4 implies thatx0

 x1 for eachx0, x1. The result then
follows from Lemma9.1.3. ⊓⊔

In the following section we establish that an optimal policy does exist, and that it
can be taken to be stationary.
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9.2 Linear programming formulations

Here we recast the average-cost optimal control problem within the framework of linear
programming. This point of view has many advantages:

(i) The LP formulation leads to new intuition, and sometimes simpler derivations of
theoretic results.

(ii) This setting suggests new algorithms based on linear programming, or more gen-
eral convex-analytic techniques.

(iii) Throughout the book we have stressed that in typical applications, system per-
formance cannot be characterized by a single performance objective. The LP
formulation is the most elegant setting for multi-objective control problems.

(iv) The LP approach suggests other extensions, such as approximate dynamic pro-
gramming based on a parametrized class of candidate value functions. Some ex-
tensions will be developed in Chapter11.

Randomization is required to create a linear program that captures the ACOE.
Throughout this section we restrict to randomized stationary policies denotedφ, with
transition matrixPφ, and invariant measure denotedπφ (when it exists.)

An elegant setting is obtained by expanding the decision space to capture both the
policy and its associated invariant measure. A similar idea was used in the construction
of the Performance LP, where the variables{Γij = Eπ[Ui(t)Qj(t) : 1 ≤ i, j ≤ ℓ]}
were introduced, even though the optimization problem of interest only depended on
the steady state queue lengths{Eπ[Qj(t)]; 1 ≤ j ≤ ℓ}.

The set ofoccupation measuresG is defined as the collection of all probability
measures onX⋄ × U⋄ of the form,

Γ(x, u) = πφ(x)φu(x), x ∈ X⋄, u ∈ U⋄. (9.9)

We have the interpretation,

〈Γ, c〉 :=
∑

x,u

Γ(x, u)c(x) = Eπφ
[c(X)].

We show in Lemma9.2.4 that the setG is convex, and we thereby obtain a linear
program over the set of occupation measures that captures thevalueof the average-
cost optimal control problem.

Theorem 9.2.1. (Linear Program for Optimal Average Cost) Under the assump-
tions of Theorem9.0.2 the optimal average costη∗ is independent ofx, and can be
expressed as the value of the linear program,

min 〈Γ, c〉 s. t. Γ ∈ G. (9.10)

Proof. Proposition9.1.4states thatη∗x is independent ofx. Proposition9.2.10implies
the conclusion thatη∗ is the value of the linear program (9.10). ⊓⊔
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Theorem9.2.1is a surprisingly strong result given the mild assumptions. In fact,
it is only the coerciveness condition that is critical to establish the existence of a min-
imizer in (9.10). Throughout this section the reachability Assumption (ii) of Theo-
rem9.0.2is relaxed. In Proposition9.2.10we obtain the conclusions of Theorem9.2.1
with η∗ redefined as the minimum ofη∗x over all policies.

Theorem9.2.1and Proposition9.2.10also contain a major weakness. Because we
are optimizing over occupation probabilities, we can say nothing about the MDP for
initial conditions lying outside the support ofπ∗. To understand the optimization prob-
lem globally we must combine the results here with those of Section9.1 to establish
the existence of a regular optimal policy. This is done in Section9.4.3.

To begin to understand the LP formulation we begin with the uncontrolled case.

9.2.1 Linear programming and the Comparison Theorem

The Poisson inequality and the Comparison TheoremA.4.3 lead to a linear program to
characterize the steady-state cost. To emphasize its role as a variable, we denotez = η,
so that the Poisson inequality (8.12) becomes,

Ph (x) :=
∑

P (x, y)h(y) ≤ h(x) − c(x) + z, x ∈ X⋄, (9.11)

whereh : X⋄ → R+ andz ≥ 0.
Suppose that the chain isx∗-irreducible and thatc is coercive. Then (9.11) implies

that the chain isf -regular withf = 1 + c, and applying the Comparison Theorem we
obtain the boundπ(c) ≤ z. Proposition8.1.6implies that (9.11) has a solution with
z = η = π(c) and withh non-negative. Hence the steady-state meanη is the solution
to a linear program. We summarize this conclusion in Theorem9.2.2.

Even in the countable state space case, we viewh as a column vector: the linear
program characterizingη is expressed in (9.12) in the variable

(z
h

)
.

Theorem 9.2.2. Suppose thatX is an uncontrolled,x∗-irreducible Markov chain,
and thatc : X⋄ → R+ is a coercive cost function with steady state meanη. Then the
steady-state mean can be expressed as the solution to the linear program,

min
〈(1

0

)
,

(
z

h

)〉

s. t.
[
1

∣∣ I − P
](

z

h

)
≥ c

z ≥ 0, h ≥ 0.

(9.12)

The dual of (9.12) can be expressed,

max νTc

s. t.
[
1

∣∣ I − P
]T
ν ≤

[
1
0

]

ν ≥ 0.

(9.13)
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Proof. The representation of the primal (9.12) is merely notational. The feasibility
constraint

[
1

∣∣ I − P
](

z

h

)
≥ c

means thatz + (I − P )h ≥ c, which is precisely the Poisson inequality (9.11). The
dual (9.13) is then standard (see (1.9).) ⊓⊔

It is worthwhile to take a closer look at the dual. The inequality constraint in (9.13)
amounts to the pair of constraints,

∑

x∈X⋄

ν(x) ≤ 1 and ν(y) ≤
∑

x∈X⋄

ν(x)P (x, y), y ∈ X⋄.

To maximize we will always take equality in the first constraint. Since we also have
ν ≥ 0, it follows that ν is a probability measure onX⋄, and the second inequality
constraint shows thatν is subinvariant. Sinceν is finite it must be invariant, so that
ν = π. In summary,

Proposition 9.2.3. The invariant measureπ is a maximizer of the dual (9.13) whenc
is coercive. ⊓⊔

To generalize these results to controlled Markov chains it is convenient to express
duality through the followingLagrangian relaxation. Let M+ denote the set of all
non-negative functions fromX⋄ to R+. We viewν ∈ M+ as a dual variable, and the
Lagrangian is defined as a function of all variables,

L(z, h, ν) = z − 〈ν, [z1 + (I − P )h− c]〉.

The dual functionalΨ∗ : M+ → R ∪ {−∞} is the infimum,

Ψ∗(ν) = inf
z≥0, h≥0

L(z, h, ν)

We haveL(z, h, ν) ≤ z whenever(z, h) is feasible for the primal (9.12). Hence
Ψ∗(ν) ≤ z∗ = η for anyν ∈ M+. The convex dual is expressed as the maximum,

max
ν∈M+

Ψ∗(ν). (9.14)

The convex program (9.14) can be reduced to the dual (9.13). This is derived in the
more complex controlled case in Section9.2.3.

Next we consider in more detail the linear program (9.10), and in Section9.2.3we
construct its dual.

9.2.2 Convex-analytic and sample-path approaches

There is much more to be done in the controlled model. Because we plan to establish
optimality overall policies, not just those that are stationary, the theory in the appendix
for time-homogeneous Markov chains can take us only so far.
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In this section we introduce powerful sample-path techniques to treat non-stationary
policies. This approach is used to verify the sample-path form of optimality expressed
in Theorem9.0.2. In Section9.4.3this technique is extended to establish the existence
of a solution to the ACOE. The basic ideas are contained in SectionA.1, where it is
claimed that every process isapproximatelyMarkov.

We begin with a proof that the constraint set in the primal LP (9.10) is convex.

Lemma 9.2.4. The setG of occupation measures defined in (9.9) is convex as a subset
of P(X⋄ × U⋄).

Proof. The inclusionΓ ∈ G is equivalent to the linear constraints,
∑

u,x

Γ(x, u) = 1,
∑

u,x

Γ(x, u)Pu(x, y) =
∑

u

Γ(y, u), y ∈ X⋄, (9.15)

which implies convexity. ⊓⊔

It follows that the infimization in (9.10) is a linear program. We letη◦ denote its
value:

η◦ := inf
Γ∈G

〈Γ, c〉. (9.16)

Throughout this section it is assumed that this value is finite.
An extreme pointof G is any element thatcannotbe expressed as a convex combi-

nation of distinct elements ofG. This definition is illustrated in Figure9.1.
We considered extreme points in the finite dimensional regionX̄ in our treatment

of the Klimov model, and the resulting geometry shown Figure5.10 supported the
conclusion that a priority policy is optimal in this example.

Extreme points forG have a simple characterization.

Proposition 9.2.5. (Extreme points over occupation measures)For the MDP with
countable state space, an occupation measureΓ is an extreme point if and only if

(i) φ is not randomized;

(ii) πφ is ergodic underφ. That is, the chain restricted to the support ofπφ is
irreducible forPφ.

Proof. The occupation measureΓ is not extremal if and only if it can be expressed as
a convex combination of two distinct occupation measures.

Suppose thatΓ ∈ G is not extremal. It follows that there existsθ ∈ (0, 1) and
distinct{Γi} for which

Γ = θΓ1 + (1 − θ)Γ0.

From the definition (9.9) we can write the feedback law and invariant measure forΓ in
terms of those for{Γi} as follows,

π(x) = θπ1(x) + (1 − θ)π0(x)

φu(x) = Θ(x)φ1
u(x) + (1 − Θ(x))φ0

u(x)
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whereΘ(x) := θπ1(x)/π(x). There are precisely two ways in whichΓ can be repre-
sented in this form:

(i) The feedback lawφu is not deterministic.

(ii) φu is a deterministic policy, in which case we must haveφ1
u(x) = φ0

u(x) for
all x andu. SinceΓ0 6= Γ1 it follows thatπ0 6= π1. In this case each of the{πi}
are invariant under the common transition lawPφ = Pφ0 = Pφ1 . That is,π is not
ergodic.

These two cases cover those declared in the proposition. ⊓⊔

From the basic theory of linear programs, if the state space is finite then there exists
an optimizer of (9.10) that is an extreme point inG. In this case, Proposition9.2.5
implies that an optimal policy exists that is not randomized.The finiteness assumption
can be relaxed sincec is coercive. It is simplest to prove this fact based on the dynamic
programming equations, so we postpone the proof to Section9.4.

Next we show that the infimum is achieved:

Proposition 9.2.6. If c is coercive then the infimum in (9.16) is achieved by some
Γ◦ ∈ G.

Proof. Let {Γr} ⊂ G satisfy〈Γr, c〉 ≤ η◦ + r−1, r ≥ 1. By choosing a subsequence
we can assume that the sequence is point-wise convergent to someΓ∞ ∈ G. For any
constantm <∞,

〈Γ∞,m ∧ c〉 = lim
r→∞

〈Γr,m ∧ c〉 ≤ η◦.

Lettingm ↑ ∞ we obtain〈Γ∞, c〉 ≤ η◦ by the Monotone Convergence Theorem.⊓⊔

The next step in the proof of Theorem9.2.1is to show thatη◦ = η∗. An essential
ingredient is to consider the sample path averages rather than expectations. For each
n ≥ 1 the empirical measureon X⋄ × U⋄ is a random variablẽΓn taking values in
P(X⋄ × U⋄). It is defined as the average,

Γ̃n(x, u) =
1

n

n−1∑

t=0

1{X(t) = x, U(t) = u}, x ∈ X⋄, u ∈ U⋄(x). (9.17)

Any limiting measure must be an occupation measure. The sample space notation
(Ω,F ,P) is taken from Section1.3.2.

Lemma 9.2.7. For any policy, there exists a set of full probabilityΩ0 ⊂ Ω such that
for eachω ∈ Ω0, and any subsequence{ni} of Z+ for which{Γ̃ni

} is convergent along
this sample to a probability measureΓ, we must haveΓ ∈ G.

Proof. For a givenx1 ∈ X⋄ defineg(x, u) = g(x) = 1{x = x1} andg1(x, u) =
Pu(x, x

1), (x, u) ∈ X⋄ × U⋄. Our goal is to show that there exists a full setΩ0 ⊂ Ω
such that for anyω ∈ Ω0 and any point-wise limitΓ for thisω we must have
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〈Γ, g〉 = 〈Γ, g1〉. (9.18)

This will establish (9.15), proving thatΓ ∈ G wheneverΓ(X⋄ × U⋄) = 1.
To establish (9.18) we begin with the following application of the LLN for martin-

gales Theorem1.3.7. We have with probability one,

lim
n→∞

1

n

n∑

t=1

(
g(X(t)) − E[g(X(t)) | Ft−1]

)
= 0.

Since the state space is countable, there exists a single setΩ0 such that this limit holds
for ω ∈ Ω0 and allx1. We also have,

E[g(X(t)) | Ft−1] = g1(X(t− 1), U(t− 1)),

so that onΩ0,

lim
n→∞

(
〈Γ̃n, g〉 − 〈Γ̃n, g1〉

)

= lim
n→∞

1

n

n−1∑

t=0

(
g(X(t)) − g1(X(t), U(t))

)

= lim
n→∞

1

n

n∑

t=1

(
g(X(t)) − g1(X(t − 1), U(t− 1))

)
= 0.

⊓⊔

The lemma implies a uniform sample-path lower bound over all policies:

Lemma 9.2.8. Suppose thatc : X⋄ → R+ is coercive. Then for each policy and initial
condition,

lim inf
n→∞

1

n

n−1∑

t=0

c(X(t)) ≥ η◦, a.s..

Proof. Take any sampleω ∈ Ω0 such that the limit infimum is finite, whereΩ0 is the
set defined in Lemma9.2.7.

Suppose that{ni} is a subsequence ofZ+ such that{Γ̃ni
} is convergent along this

sample,
Γ̃∞(x, u) := lim

i→∞
Γ̃ni

(x, u), (x, u) ∈ X⋄ × U,

with lim supi→∞ Γ̃ni
(c) < ∞. The limiting measureΓ must be a probability measure

sincec is coercive.
Pointwise convergence implies that for eachm ≥ 0,

lim inf
i→∞

〈Γ̃ni
, c〉 ≥ lim

i→∞
〈Γ̃ni

,m ∧ c〉 = 〈Γ,m ∧ c〉

Sincem is arbitrary the limit infimum is bounded below by〈Γ, c〉, and Lemma9.2.7
states that〈Γ, c〉 is bounded below byη◦. ⊓⊔
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The previous lemma implies thatη◦ provides a uniformlower boundon the aver-
age cost. Recall that nowhere have we assumed the reachability condition imposed in
Theorem9.0.2, Assumption (ii).

Proposition 9.2.9. If c : X⋄ → R+ is coercive thenη◦ = infx η
∗
x.

Proof. Lemma9.2.8and Fatou’s Lemma give, for any policy,

lim inf
n→∞

E

[ 1

n

n−1∑

t=0

c(X(t))
]
≥ E

[
lim inf
n→∞

1

n

n−1∑

t=0

c(X(t))
]
≥ η◦.

Infimizing over all policies we obtain the boundη◦ ≤ η∗x for anyx. This is achieved
using the policyφ◦ and anyx within the support ofπ◦. ⊓⊔

We now summarize these results. Proposition9.2.10establishes many of the con-
clusions of Theorem9.0.2.

Proposition 9.2.10. Suppose thatc : X⋄ → R+ is coercive. Letη∗ = infx η
∗
x, and

assume this is finite. Then, there exists a stationary policyφ∗ with invariant measure
π∗ satisfyingπ∗(c) = η∗. Moreover, for any other policyφ and every initial condition
the lower bounds (9.6a,9.6b) hold.

Proof. Proposition9.2.9 implies thatη∗ coincides withη◦. The optimizerΓ◦ ∈ G
constructed in Proposition9.2.6defines the optimal policyφ∗ and the invariant measure
π∗.

Proposition9.2.9and Lemma9.2.8imply (9.6a,9.6b). ⊓⊔

9.2.3 Duality

To construct the dual for (9.10) we introduce a Lagrangian relaxation based on a pair
of dual variablesz ∈ R, h : X⋄ → R,

L(Γ, z, h) = 〈Γ, c〉+
{
z
(
1−

∑

u,x

Γ(x, u)
)
+

∑

u,y

h(y)
(
−Γ(y, u)+

∑

x

Γ(x, u)Pu(x, y)
)}
.

We express this more compactly as,

L(Γ, z, h) = z +
〈
Γ, c− z1 + h1 − h0

〉
, (9.19)

where

h0(x, u) := h(x), h1(x, u) :=
∑

y∈X⋄

Pu(x, y)h(y), x ∈ X⋄, u ∈ U⋄. (9.20)

The dual functional is the infimum,

Ψ∗(z, h) = inf
Γ≥0

L(Γ, z, h)
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The LP dual of (9.10) is obtained upon maximizing the dual functional,

max
z,h

Ψ∗(z, h). (9.21)

This is similar to the dual (9.14) constructed in Section9.2.1. Note however that
in the uncontrolled case our starting point was the Comparison Theorem, and the dual
LP was the invariance equationπ = πP . Here our starting point is the generalized
invariance equation (9.15) and the desire to minimize〈Γ, c〉 subject to this constraint.

To compute the functionalΨ∗ we note that the infimum is frequently−∞. Sup-
pose that there is one(x0, u0) ∈ X⋄ ×U⋄ satisfying−L0 := c(x0)− z + h1(x0, u0)−
h0(x0, u0) < 0. On settingΓ = nδx0,u0 with n ≥ 0 we obtainL(Γ, z, h) = −nL0.
From the definition of the dual functional this implies thatΨ∗(z, h) = −∞. Con-
versely, the dual is finite-valued when this term is non-negative, and in this case the
optimizingΓ is zero. This gives,

Ψ∗(z, h) =

{
z if c− z + h1 − h0 ≥ 0 for all (x, u)

−∞ otherwise.
(9.22)

Hence (9.21) is equivalently expressed as the maximum ofz subject toc−z+h1−h0 ≥
0. Substituting the definitions of{h0, h1} the dual becomes,

max z

s. t. c(x) − z +
∑

y∈X⋄

Pu(x, y)h(y) − h(x) ≥ 0, x ∈ X⋄, u ∈ U⋄.
(9.23)

Proposition9.2.11states that the dual is essentially the ACOE under the assump-
tions of Theorem9.0.2. The existence of a non-negative optimizerh∗ is established in
Section9.4.3.

Proposition 9.2.11. (ACOE and duality) Suppose that the assumptions of Theo-
rem 9.0.2hold. LetΓ∗ denote an optimizer of the primal (9.10), and (z∗, h∗) an op-
timizer of the dual LP (9.23). Assume moreover thath∗ takes values inR+. We then
havez∗ = η∗ = π∗(c) whereπ∗(x) =

∑
u∈U⋄(x) Γ(x, u), x ∈ X⋄. The function

h∗ : X⋄ → R satisfies,

η∗ + h∗(x) ≤ min
u∈U⋄(x)

[c(x) + Puh
∗ (x)], x ∈ X⋄,

with equality wheneverπ∗(x) :=
∑

u Γ∗(x, u) > 0. ⊓⊔

This result implies that the simplex method or other LP techniques can be applied
to solve the ACOE when the state space is finite. Moreover, this approach generalizes
naturally to the multi-objective control problems considered next.

Copyright Cambridge University Press 2007. On-screen viewing permitted. Printing not permitted. 
http://www.cambridge.org/us/catalogue/catalogue.asp?isbn=9780521884419



Control Techniques for Complex Networks Draft copy April 22, 2007 389

9.3 Multi-objective optimization

It is frequently desirable to construct a policy that minimizes one cost criterion, subject
to inequality constraints on other criteria. In this section we extend the linear pro-
gramming formulation to characterize solutions to such multi-objective optimization
problems.

To avoid technicalities we restrict to a finite state space throughout this section.
The cost function to be minimized is again denotedc : X⋄ → R+. In addition, it

is assumed we are givenℓa ‘auxilliary cost functions’, denoted{cai : 1 ≤ i ≤ ℓa},
along with upper bounds{ηi}. Our aim is to minimize the average cost subject to the
constraints,

〈Γ, cai〉 ≤ ηi, 1 ≤ i ≤ ℓa.

On settingH = {Γ ∈ P(X⋄ × U⋄) : 〈Γ, cai〉 ≤ ηi, 1 ≤ i ≤ ℓa}, the resulting optimal
control problem is expressed as the LP,

min 〈Γ, c〉 s. t. Γ ∈ G ∩H. (9.24)

We will see that an optimizer is described as a stationary policy that is typically
not deterministic. This departure from the conclusions in the previous section has a ge-
ometric interpretation. First, consider the representation of an optimizer for the single-
objective problem shown in Figure9.1. The extreme points in the polyhedral regionG
shown in the figure correspond to non-randomized policies with ergodic invariant mea-
sures, as demonstrated in Proposition9.2.5. Figure9.2shows the extreme points for the
optimization problem considered here. The occupation measureΓ∗ may be randomized
since it is not an extreme point ofG.

The following result of Dubins [151] implies an explicit bound on the degree of
randomization: IfΓ∗ defined using the randomized policyφ∗ is extremal, thenφ∗u(x)
is zero for all but at mostℓa + 1 values ofu ∈ U⋄(x).

Proposition 9.3.1. (Extreme points with auxiliary constraints) Any extreme point
Γ ∈ G ∩ H can be expressed as the convex combination ofℓa + 1 extreme points in
G. ⊓⊔

To construct the dual of (9.24) we can repeat the steps used to construct the dual
of (9.10). We take a pair of dual variablesz ∈ R+, h : X⋄ → R as before, and another
dual variableβ ∈ R

ℓa
+ to capture the inclusionΓ ∈ H. The Lagrangian is defined by

L(Γ, z, h, β) =

〈Γ, c〉 +
{
z
(
1 −

∑

u,x

Γ(x, u)
)

+
∑

u,y

h(y)
(
−Γ(y, u) +

∑

x

Γ(x, u)Pu(x, y)
)

+
∑

u,x,i

βiΓ(x, u)
(
cai(x) − ηi

)}
,

which can be expressed,

L(Γ, z, h, β) = z +
〈
Γ, cβ − z1 + h1 − h0

〉
,
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G
{Γ : Γ, c = η∗}

Γ∗

Figure 9.1: Extreme pointΓ∗ optimizing the linear program (9.10).

H

G
{Γ : Γ, c = η∗}

Γ∗

Figure 9.2: Extreme pointΓ∗ optimizing the linear program (9.24). The corners of the
polyhedronG correspond to deterministic policies and ergodic invariant measures. The
extreme points ofG ∩ H allow randomization.

whereh0, h1 are defined in (9.20), and

cβ = c+

ℓa∑

i=1

βi(c
ai − ηi) (9.25)

For fixedβ the Lagrangian is identical to (9.19) with the new cost functioncβ. Hence
the dual functional defined as the infimumΨ∗(z, h, β) = infΓ≥0 L(Γ, z, h, β) can be
expressed using (9.22),

Ψ∗(z, h, β) =

{
z if cβ − z + h1 − h0 ≥ 0 for all (x, u)

−∞ otherwise.

In the finite state space case there is no duality gap, so that the valueη∗ of (9.24) is
given byη∗ = max{Ψ∗(z, h, β) : z ∈ R, h : X⋄ → R, β ∈ R

ℓa
+ }. This proves,

Proposition 9.3.2. (ACOE with auxiliary constraints) Suppose thatX is a finite
state space MDP, and letΓ∗ denote an optimizer of the primal (9.24). Then, there exists
a vectorβ∗ ∈ R

ℓa
+ such that the solutionη∗ to (9.24) can be expressed as the linear

program,

η∗ = max z

s. t.
∑

y∈X⋄

Pu(x, y)h(y) ≥ h(x) − cβ∗(x) + z

x ∈ X⋄, u ∈ U⋄,

(9.26)

wherecβ∗ is defined in (9.25). Hence(η∗, h∗, β∗) solves the average-cost optimality
inequality,
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η∗ + h∗(x) ≤ min
u∈U⋄(x)

[cβ∗(x) + Puh
∗ (x)] (9.27)

The inequality (9.27) is an equality for anyx satisfyingπ∗(x) :=
∑

u Γ∗(x, u) > 0.
Moreover, the complementary slackness conditions hold: For each1 ≤ i ≤ ℓa,

β∗i > 0 =⇒ 〈Γ∗, cai〉 = ηi. (9.28)

⊓⊔

Example 9.3.1.Klimov model with hard moment constraints

The Klimov model illustrated in Figure2.3is specialized here to the case of two queues,

α1 µ1

α2 µ2

Consider the constrained optimization problem,

min E[Q1(t)]

s. t. E[Q2(t)] ≤ η2,

with all expectations in steady-state. Applying Theorem9.3.2, there exists a Lagrange
multiplier β∗ ∈ R+ such that the primal can be expressed as the standard average-cost
optimization problem,

min E[Q1(t) + β∗(Q2(t) − η2)].

We have seen that the solution to this optimization problem can be taken to be a priority
policy defined by thec-µ rule, with c∗β(x) = x1 + β∗x2 (see Section5.5.1.) If the
optimal solution is not a priority policy, it follows that thec-µ rule is degenerate in the
sense thatµ1 = β∗µ2.

Assuming that this is the case, we obtainβ∗ = µ1/µ2 > 0, and hence by the
complementary slackness condition (9.28) the optimal policy satisfiesE[Q2(t)] = η2.
It turns out thatanynon-idling policy meeting this constraint is optimal, with value

η∗ = µ1(E[W (t)] − η2/µ2)

whereW (t) = Q1(t)/µ1 + Q2(t)/µ2, and the expectation is with respect to the non-
idling policy (see Exercise8.3.) One optimal policy is defined using a hedging-point,

U2(t) =

{
1 if Q2(t) > −x, orQ1(t) = 0,

0 if Q2(t) < −x andQ1(t) ≥ 1,

with U1(t) = 1 − U2(t) whenQ1(t) > 0. The thresholdx is chosen to meet the
inequality constraint with equalityE[Q2(t)] = η2. It may be necessary to use random-
ization whenQ2(t) = x to achieve this.
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9.4 Optimality equations

Up to now we have settled the existence of a stationary policy that is optimal in the
restrictive sense of Proposition9.2.10: We can be assured that the policyφ∗ achieves
the minimal costη∗ = infx η

∗
x, but only for initial conditions in the support ofπ∗.

To complete the proof of Theorem9.0.2it remains to establish that there exists a
policy φ∗ with these properties that is deterministic, stationary, and regular.

We begin with a transient control problem that will serve to unify the remaining
development.

9.4.1 Shortest path

Suppose that a distinguished statex‡ is given. For each initial conditionx we seek a
policy that minimizes the cost along the path fromx to x‡ defined by,

h‡(x) := Ex

[τ‡−1∑

t=0

c(X(t))
]
, (9.29)

whereτ‡ := min{t ≥ 1 : X(t) = x‡} is the first time this distinguished state is visited.
This is known as the (stochastic)shortest path problem, or SPP.

The SPP can be motivated by the desire to recover gracefully from a transient
event: The statex was reached through some fault in the system, or other bad luck, and
we would like to recover by the most efficient means possible. We will see that the SPP
is sufficiently flexible to cover almost any other dynamic optimization problem we care
to consider.

The analysis is simplified by the introduction of a modified MDP whose state
process is denotedX‡, evolving on a state-space denotedX‡. The controlled transition
law is denoted‡P u. We generalize the SPP slightly by allowingx‡ to lie outside of the
original state space. In this case we defineX‡ = X⋄ ∪ {x‡}.

Two critical conventions are imposed:

(i) The statex‡ is absorbing:‡P u(x
‡, x‡) = 1 for anyu.

(ii) The cost function onX‡ satisfiesc(x‡) = 0.

These conventions are enforced through a modification ofc andPu. In this way the
SPP objective function becomes thetotal cost,

h‡(x) = Ex

[ ∞∑

t=0

c(X‡(t))
]
. (9.30)

Leth∗‡ (x) denote the infimum of (9.30) over all policies. This solves the optimality
equation (9.31a),

h∗‡ (x) = min
u∈U⋄(x)

[c(x) + Puh
∗
‡ (x)] (9.31a)

φ∗(x) ∈ arg min
u∈U⋄(x)

Puh
∗
‡ (x). x ∈ X⋄. (9.31b)
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Proposition 9.4.1. Suppose that the value functionh∗‡ is finite valued. Then, the
dynamic programming equation (9.31a) holds, and theh∗‡ -myopic policyφ∗ is deter-
ministic, stationary, and optimal.

Proof. We express the infimum in the definition ofh∗‡(x) as the infimum over admis-
sible sequences{U(1), U(2), . . . } for a givenU(0) ∈ U⋄(x), and then minimize over
U(0): We have for any fixedU(0),

min
U(1),U(2),...

E

[ ∞∑

t=1

c(X‡(t)) | F1

]

= min
U(1),U(2),...

EX‡(1)

[ ∞∑

t=0

c(X‡(t))
]

= h∗‡(X‡(1)) .

Consequently, for eachx ∈ X⋄,

h∗‡ (x) = c(x) + min
U(0)

Ex

[
min

U(1),U(2),...
E

[ ∞∑

t=1

c(X‡(t)) | F1

]]

= c(x) + min
u∈U⋄(x)

‡P uh
∗
‡ (x).

⊓⊔

Next we establish uniqueness.

Proposition 9.4.2. Suppose that the value functionh∗‡ is finite for eachx. If h◦‡ ∈ LV∞
is any other non-negative solution to (9.31a), withV = 1 + h∗‡ , thenh◦‡ = h∗‡ .

Proof. We first obtain a bound via iteration, exactly as in the proof of Theorem9.0.1:
For eachx ∈ X⋄, any policy, and anyN ≥ 1,

Ex[h
◦
‡ (X(N))] ≥ h◦‡(x) −

N−1∑

t=0

E
[
c(X(t))

]
. (9.32)

On applying the optimal policyφ∗ and lettingN → ∞ we obtain,

lim sup
N→∞

E
φ∗
x [h◦‡ (X(N))] ≥ h◦‡ (x) − h∗‡(x). (9.33)

We claim that the limit supremum is zero. To see this write,

E
φ∗

x [h∗‡ (X(N))] = h∗‡(x) −
N−1∑

t=0

E
φ∗

x

[
c(X(t))

]
,

and observe that the right hand side vanishes asN → ∞ sinceφ∗ is optimal. We
conclude that
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lim sup
N→∞

E
φ∗

x [h◦‡ (X(N))] ≤ ‖h◦‡‖V lim sup
N→∞

E
φ∗

x [1 + h∗‡ (X(N))] = 0,

and by (9.33) this shows thath◦‡ ≤ h∗‡ .
To obtain a bound in the reverse direction, first note that the bound (9.32) is an

equality under theh◦‡ -myopic policy. Consequently,

E
φ◦
x [h◦‡ (X(N))] = h◦‡(x) −

N−1∑

t=0

E
φ◦
x

[
c(X(t))

]
.

This gives the desired inequality since the functionh◦‡ takes on non-negative values:

0 ≤ lim inf
N→∞

E
φ◦

x [h◦‡ (X(N))]

= h◦‡ (x) − lim sup
N→∞

N−1∑

t=0

E
φ◦
x

[
c(X(t))

]

≤ h◦‡ (x) − h∗‡(x), x ∈ X⋄.

⊓⊔

The SPP formulation is applied in the next subsections to obtain representations
for the solutions to the DCOE and the ACOE through a particular construction ofX‡.

9.4.2 Discounted cost

Thediscounted-cost value functionis defined as in the scheduling model,

h∗γ(x) := inf
∞∑

t=0

(1 + γ)−t−1
Ex[c(X(t))], X(0) = x ∈ X⋄, (9.34)

and thediscounted-cost optimality equationsare given by,

(1 + γ)h∗γ(x) = min
u∈U⋄(x)

[c(x) + Puh
∗
γ (x)] (9.35a)

φ∗(x) ∈ arg min
u∈U⋄(x)

Puh
∗
γ (x), x ∈ X⋄. (9.35b)

The value functionh∗γ defined in (9.34) can be expressed as the solution to a SPP
for some Markov chainX‡, and the associated dynamic programming equation (9.35a)
is a special case of (9.31a). To make this claim precise we consider the augmented state
spaceX‡ = X⋄ ∪ {x‡}, and define a particular MDP onX‡.

Consider an enlarged probability space that includes a random variableT that is in-
dependent of(U ,X). The random timeT is geometrically distributed with parameter
γ,

P{T = k} = γP{T > k} = γ(1 + γ)−k−1, k ≥ 0. (9.36)

We defineX‡(t) = X(t) for t ≤ T , whileX(t) = x‡ for t > T .
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The statistics of(X‡,U) are identical to those obtained with a particular con-
trolled transition matrix denoted‡P u: For eachx 6= x‡, u ∈ U⋄(x), andy ∈ X‡ this is
defined by,

‡P u(x, y) =
1

1 + γ
Pu(x, y) +

γ

1 + γ
1{x‡}(y), (9.37)

with ‡P (x‡, x‡) = 1, as always.
SinceX andT are independent we can write,

Ex[1{T = k}c(X(T ))] = γ(1 + γ)−k−1
Ex[c(X(T ))]

Ex[1{T ≥ k}c(X(T ))] = (1 + γ)−kEx[c(X(T ))]

Ex[1{T > k}c(X(T ))] = (1 + γ)−k−1
Ex[c(X(T ))], k ≥ 1.

(9.38)

The following representations then follow on summing overk,

hγ(x) = γ−1
Ex[c(X(T ))] = (1 + γ)−1

Ex

[ T∑

k=0

c(X(k))
]

= Ex

[T−1∑

k=0

c(X(k))
]

(9.39)
In the final expression the sum is interpreted as zero whenT = 0.

Appealing to our convention thatc vanishes atx‡ we obtain for any policy,

Ex

[ ∞∑

t=0

c(X‡(t))
]

= Ex

[ T∑

t=0

c(X(t))
]

= (1 + γ)hγ(x), x ∈ X⋄. (9.40)

Henceh∗‡ = (1 + γ)h∗γ .
Proposition9.4.3uses this correspondence to generalize Theorem4.1.2from the

scheduling model to the more general setting of this chapter. Part (i) follows from
Proposition9.4.1and Part (ii) follows from Proposition9.4.2, based on the definition
(9.37) and the correspondences given above.

Proposition 9.4.3. Suppose that the value functionh∗γ defined in (9.34) is finite for
eachx. Then,

(i) h∗γ solves the DCOE (9.35a).

(ii) Suppose thath◦γ ∈ LV∞ is any other non-negative solution to (9.35a), with
V = 1 + h∗γ . Thenh◦γ = h∗γ .

⊓⊔

9.4.3 Average cost

Under the assumptions of Theorem9.0.2we now construct a solution to the ACOE as
the solution to the SPP for a particular MDP model. Under these conditions we show
that this solution is essentially unique. We begin with the problem of existence.
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9.4.3.1 Existence

To place this problem within the context of the SPP we do not augment the state space.
Instead, we take a fixed statex∗ ∈ X⋄ to play the role ofx‡. The modified MDP model
has transition law consistent withP (x, y) whenx 6= x‡,

‡P u(x, y) =

{
Pu(x, y) y 6= x∗,

Pu(x, x
∗) y = x‡,

(9.41)

and again‡P u(x
‡, x‡) = 1.

Under our convention thatc(x‡) = 0 we have forx ∈ X⋄ \ {x∗},

‡P
tc (x) = E[c(X(t))1{τx∗ > t}], t ≥ 0,

and the value function for the associated SPP can be expressed,

Ex

[ ∞∑

t=0

c(X‡(t))
]

= Ex

[τx∗−1∑

t=0

c(X(t))
]
, x ∈ X⋄, x 6= x∗. (9.42)

If the policy is regular, and the functionc is replaced byc−π(c) in (9.42), then the
resulting function ofx is a solution to Poisson’s equation (see (8.22) or (A.16).) That
is, Poisson’s equation is the value function for the SPP withrelative costc− η.

Similarly, a representation for the solution to the ACOE can be constructed as the
minimum of (9.42) over all policies withc replaced byc− η∗. For any constantη ∈ R

andx ∈ X⋄ we denote,

h∗(x; η) := inf Ex

[τx∗−1∑

t=0

(
c(X(t)) − η

)]
, (9.43)

where the infimum is over all policies satisfyingτx∗ < ∞ with probability one from
the initial conditionx.

The functionc − η is no longer positive valued, so in general the infimum can be
negatively infinite. However, we do have some useful structure, and under the assump-
tions of Theorem9.0.2we will see thath∗(x; η) is finite valued.

For each fixedx and fixed policyφ the expectationEφ
x

[∑τx∗−1
t=0

(
c(X(t)) − η

)]
is

linear as a function ofη. Consequently, the infimum over allφ is a concave function of
η, as illustrated in Figure9.3. In particular,h∗(x; η) is continuous and non-increasing
on an interval of the form(−∞, η(x)) for someη(x) ≤ ∞, and equal to−∞ for
η > η(x) whenη(x) is finite.

In the uncontrolled model, the solution to Poisson’s equation in (A.16) (this is
(9.43) without the infimum) satisfiesh(x∗) = 0. This motivates our definition ofη• as
the solution to,

h∗(x∗, η•) = 0. (9.44)

We will see shortly thatη• = η∗ provided the statex∗ is chosen in the support ofπ∗,
with η∗ = π∗(c) given in Proposition9.2.10.

The functionh∗( · , η•) does solve the ACOE:
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−∞

h∗(x∗; η

η

)

∗η

Figure 9.3: Construction of the relative value function as the solution to a SPP.

Proposition 9.4.4. Suppose that there existsη• ∈ R satisfying (9.44), and that
h∗(x) := h∗(x; η•) is finite for eachx, and uniformly bounded from below,

inf
x∈X⋄

h∗(x; η•) > −∞. (9.45)

Then the pair(h∗, η•) solve the ACOE.

Proof. With ‡P u defined in (9.41) we have by (9.31a) for eachη andx,

h∗(x; η) = c(x) − η + min
u∈U⋄(x)

{∑

y

‡P u(x, y)h
∗(y; η)

}

= c(x) − η + min
u∈U⋄(x)

{ ∑

y 6=x∗
Pu(x, y)h

∗(y; η)
}

We obtain the desired equation on substitutingη = η• and applying (9.44),

h∗(x; η•) = c(x) − η• + min
u∈U⋄(x)

{∑

y

Pu(x, y)h
∗(y; η•)

}
.

⊓⊔

Questions remain: Is the functionh∗(x; η) finite valued? Under what conditions
is the existence of a solution to (9.44) guaranteed? Under the assumptions of Theo-
rem9.0.2we can apply sample path arguments similar to those used in Section 9.2.2to
provide positive answers:

Proposition 9.4.5. The following hold under the assumptions of Theorem9.0.2,
where the statex∗ ∈ X⋄ is used in the definition ofh∗( · ; η):

(i) Suppose thatx∗ belongs to the support ofπ∗, with π∗ the invariant measure
given in Proposition9.2.10. Thenη• = η∗.

(ii) For anyx∗ ∈ X⋄ we have

h∗(x∗; η∗) = inf Ex∗

[τx∗−1∑

t=0

(
c(X(t)) − η∗

)]
≥ 0.

This lower bound is achieved ifx∗ belongs to the support ofπ∗.
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(iii) For anyx∗ ∈ X⋄, the uniform bound (9.45) holds withh∗ defined in (9.43).

Proof. To prove (i) and (ii) we first show thathφ(x∗; η∗) ≥ 0 under any policyφ for
which τx∗ <∞ with probability one from the initial conditionx∗. We assume without
loss of generality that this value is finite:

hφ(x∗; η∗) := E
φ
x∗

[τx∗−1∑

t=0

(
c(X(t)) − η∗

)]
<∞.

Also without loss of generality, we assume that the policy regenerates whenx∗ is
reached, so that the samples{X(t) : τn−1

x∗ ≤ t ≤ τnx∗ − 1} are i.i.d., with{τnx∗} the
successive return times tox∗. Hence, the sequence{Cn : n ≥ 1} is i.i.d., where

Cn :=

τn
x∗

−1∑

t=τn−1
x∗

(
c(X(t)) − η∗

)
.

By the Strong Law of Large Numbers we have,

lim
N→∞

1

N

N∑

n=1

Cn = E
φ
x∗ [C1] = hφ(x∗; η∗),

and

lim
N→∞

τNx∗

N
= lim

N→∞
1

N

N∑

n=1

(τnx∗ − τn−1
x∗ ) = E

φ
x∗ [τ

2
x∗ − τ1

x∗ ] = E
φ
x∗ [τx∗].

Proposition9.2.10then gives the lower bound required in (ii):

hφ(x∗; η∗) = lim
N→∞

1

N

N∑

n=1

Cn = lim
N→∞

(
τNx∗

N

)
1

τNx∗

τN
x∗

−1∑

t=0

(
c(X(t)) − η∗

)

≥ E
φ
x∗ [τx∗ ] lim inf

n→∞
1

n

n−1∑

t=0

(
c(X(t)) − η∗

)
≥ 0.

It follows thatη• ≥ η∗. Conversely, Proposition9.2.10and Kac’s Theorem in the form
(8.15) imply thathφ

∗
(x∗, η∗) = 0 providedx∗ is in the support ofπ∗. This establishes

(i) and (ii).
To prove (iii) fix x1 ∈ X⋄ and a policyφ for which τx∗ is a.s. finite starting from

x1. Letφ0 denote a stationary policy that is regular andx1-irreducible, whose existence
is required in Theorem9.0.2. Define a new policyφ1 that coincides withφ0 until x1

is reached, withU(t) = φ(X(τx1), . . . ,X(t)) for t ≥ τx1. Applying (ii) we have
hφ1

(x∗; η∗) ≥ 0, and this gives,
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0 ≤ hφ1

(x∗; η∗) = E
φ0

x∗

[τx1∧τx∗−1∑

t=0

(
c(X(t)) − η∗

)]

+ P
φ0

x∗ {τx1 < τx∗}Eφ

x1

[τx∗−1∑

t=0

(
c(X(t)) − η∗

)]
.

That is,

hφ(x1; η∗) ≥ −
( 1

P
φ0

x∗ {τx1 < τx∗}

)
E

φ0

x∗

[τx1∧τx∗−1∑

t=0

(
c(X(t)) − η∗

)]
> −∞. (9.46)

Observe that this bound isindependentof the particular policyφ, though it does depend
uponx1.

To obtain (9.45) we use the fact thatc is coercive: LetS∗ := {x : c(x) ≤ η∗}, so
thatc(x) > η∗ for x ∈ Sc∗. This gives the bound,

hφ(x; η∗) ≥ E
φ
x

[
1{τS∗ < τx∗}

τx∗−1∑

t=τS∗

(
c(X(t))−η∗

)]
= E

φ
x

[
1{τS∗ < τx∗}hφ(X(τS∗); η

∗)
]

where the equality follows from the Markov property. This implies the uniform bound,

hφ(x; η∗) ≥ − sup
x1∈S∗

|hφ(x1; η∗)|

which is finite by (9.46). ⊓⊔

9.4.3.2 Uniqueness

Suppose that(h◦, η◦) is a solution to the ACOE. Under a growth condition onh◦,
similar to what was used in Proposition9.4.2and Proposition9.4.3, we can establish
optimality of theh◦-myopic policy.

The growth bound is based on the value function for a particular SPP. However,
instead of a single state, we fix a finite set denotedSθ to serve as the final destination.

Define forθ > 0,

Sθ = {x : c(x) ≤ θ}, (9.47)

τθ = min{t ≥ 1 : X(t) ∈ Sθ}, σθ = min{t ≥ 0 : X(t) ∈ Sθ}, (9.48)

and consider theminimal cost to reachSθ,

V ∗
θ (x) = inf Ex

[ σθ∑

t=0

c(X(t))
]
, (9.49)

where the infimum is over all policies. Note thatSθ is a finite set under the assumption
thatc is coercive. Also, if under a regular policyφ we haveπ(c) ≤ θ, then necessarily
π(Sθ) > 0, and hence by regularity the cost is finite,

E
φ
x

[ τθ∑

t=0

c(X(t))
]
<∞, x ∈ X⋄.
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Proposition 9.4.6. Suppose that the assumptions of Theorem9.0.2are satisfied, and

that (h◦, η◦) is a solution to the ACOE withh◦ : X⋄ → R+ andh◦ ∈ L
V ∗

θ∞ for some
θ ≥ η◦. Then theh◦-myopic policy is optimal, with average costη◦ = η∗.

For the proof we require the following extension of TheoremA.6.1.

Lemma 9.4.7. Suppose thatX is a f -regular Markov chain, withf = 1 + c. Fix
θ ≥ π(c) and letVθ denote the cost to reachSθ,

Vθ(x) := Ex

[ σθ∑

t=0

c(X(t))
]
, x ∈ X⋄. (9.50)

Then,

(i) Vθ(x) <∞ for eachx.

(ii) The identity holds,
PVθ = Vθ − c+ bθ,

with bθ(x) := 1Sθ
(x)Ex

[ τθ∑

t=1

c(X(t))
]
.

(iii) For each initial condition,

lim
t→∞

1

t
Ex[Vθ(X(t))] = lim

t→∞
Ex[Vθ(X(t))1{τθ > t}] = 0.

Proof. Part (i) follows from the definition of regularity and the fact thatπ(Sθ) > 0.
Applying the Markov property, we obtain

PVθ(x) = Ex

[
EX(1)

[ σθ∑

t=0

c(X(t))
]]

= Ex

[
E

[ τθ∑

t=1

c(X(t)) | X(0),X(1)
]]

= Ex

[ τθ∑

t=1

c(X(t))
]

= Ex

[ τθ∑

t=0

c(X(t))
]
− c(x), x ∈ X⋄.

On noting thatσθ = τθ for x ∈ Scθ, the identity above implies (ii).

To prove the first limit in (iii) we iterate the idenitity in (ii) to obtain,

Ex[Vθ(X(t))] = P tVθ (x) = Vθ(x) +
t−1∑

k=0

[−P kc (x) + P kbθ (x)], t ≥ 1.

Dividing by t and lettingt→ ∞ we obtain from the LLN,

lim
t→∞

1

t
Ex[Vθ(X(t))] = −η + π(bθ),
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and the right hand side is zero by the generalized Kac’s Theorem8.1.1,

η = π(c) =
∑

x∈Sθ

π(x)Ex

[τθ−1∑

t=0

c(X(t))
]

= π(bθ).

To prove the second limit we apply the Markov property to obtain, for eachm ≥ 1,

Vθ(X(m)) = EX(m)

[ σθ∑

t=0

c(X(t))
]

= E

[ τθ∑

t=m

c(X(t)) | Fm
]
, on{τθ > m}.

Note thatτθ = σθ if σθ ≥ 1.
The event{τθ > m} is Fm measurable. Consequently, by the smoothing property

of the conditional expectation,

Ex[Vθ(X(m))1{τθ > m}] = E

[
1{τθ > m}E

[ τθ∑

t=m

c(X(t)) | Fm
]]

= E

[
1{τθ > m}

τθ∑

t=m

c(X(t))
]
≤ E

[ τθ∑

t=m

c(X(t))
]

The right hand side vanishes asm → ∞ by the Dominated Convergence Theorem.
This proves the second limit in (iii). ⊓⊔

Proof of Proposition9.4.6. If φ is any regular policy then by Lemma9.4.7we have for
any x in the support of its invariant measureπ,

lim sup
t→∞

1

t
E
φ
x[|h◦(X(t))|] ≤ ‖h◦‖V ∗

θ
lim sup
t→∞

1

t
E
φ
x[V

∗
θ (X(t))] = 0.

We conclude as in the proof of Theorem9.0.1that,

0 = lim
n→∞

1

n
E
φ
x[h

◦(X(n))] ≥ − lim
n→∞

1

n
E
φ
x

[n−1∑

t=0

(
c(X(t)) − η◦

)]
= −ηφx + η◦,

with ηφx = π(c). That is,ηφx ≥ η◦.
Repeating the same steps usingφ◦ we conclude as in the proof of Theorem9.0.1

that ηφ
◦

x ≡ η◦. Henceφ◦ is optimal over all stationary policies. Optimality (over all
policies) follows from Proposition9.2.10. ⊓⊔

9.5 Algorithms

The inventory model and the single server queue are among the few examples for which
an optimal policy can be obtained explicitly. In more interesting examples an optimal
policy can be computed numerically using some algorithm.

The definition of the value iteration algorithm, or VIA, is precisely successive ap-
proximation. The policy iteration algorithm is in fact a version of the Newton-Raphson
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method. Exercise9.8is a guided exercise to prove this correspondence. Policy iteration
is sometimes calledpolicy improvement- fortunately, the acronym PIA covers either
term.

In this section we introduce these algorithms and describe some basic properties.
As with many recursive algorithms, a careful choice of initialization can lead to im-
proved convergence. We illustrate this in Example9.5.1.

9.5.1 Value iteration

Value iteration is actually a family of techniques based on successive approximation.
One example is the Bellman-Ford algorithm described in Section6.3.2.

Definition 9.5.1.Value iteration

Given theterminal penalty functionV0 : X⋄ → R+, the sequence of functions{V ∗
n : X⋄ →

R+} are defined recursively viaV ∗
0 = V0, and

V ∗
n+1(x) = c(x) + min

u∈U⋄(x)
PuV

∗
n (x), x ∈ X⋄, n ≥ 0. (9.51)

The feedback lawφ∗n : X⋄ → U⋄ is defined to be any minimizer,

φ∗n(x) ∈ arg min
u∈U⋄(x)

PuV
∗
n (x), x ∈ X⋄.

Proposition9.5.1 shows that the VIA does solve a basic optimization problem.
However, the utility of this result is largely theoretical. In practice a single feedback
law φ∗n is obtained after running the algorithm for many steps, say,n = 10, 000. The
stationary policywith feedback lawφ∗n is then used for control.

Proposition 9.5.1. For eachn ≥ 1 the functionV ∗
n can be expressed,

V ∗
n (x) = min E

[
V0(X(n)) +

n−1∑

t=0

c(X(t))
]
, (9.52)

where the minimum is over all policies. Moreover, for fixedn ≥ 1 an optimal policy
φn achievingV ∗

n is Markov, but not necessarily stationary, with

U∗(t) = φ∗n−1−t(Q(t)), t = 0, . . . , n− 1. (9.53)

Proof. The proof is by induction onn: Forn = 1 the result holds by the definition of
the VIA,

V ∗
1 (x) = min

U(0)
E[V ∗

0 (X(1)) + c(X(0))],

and the minimizing allocation vector can be expressedU∗(0) = φ∗0(Q(0)).
Suppose that the statement of the proposition is true for a givenn ≥ 1. That is, the

representation (9.52) holds, and the minimum is attained using the stationary policy
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defined in (9.53). Following the proof of Proposition9.4.3, for the (n + 1)-period
problem we express the minimum over all admissible input sequences as the minimum
first over admissible sequences{U(1), U(2), . . . } for a givenU(0) ∈ U⋄(x), and then
minimize overU(0). This gives,

min
φ

Ex

[
V ∗

0 (X(n + 1)) +

n∑

t=0

c(X(t))
]

= c(x) + min
φ

Ex

[
V ∗

0 (X(n + 1)) +
n∑

t=1

c(X(t))
]

= c(x) + min
U(0)

Ex

[
min

U(1),U(2),...
E

[
V ∗

0 (X(n + 1)) +
n∑

t=1

c(X(t)) | F1

]]
.

We have by the structure of the MDP model,

min
U(1),U(2),...

E

[
V ∗

0 (X(n+1))+

n∑

t=1

c(X(t)) | F1

]
= min

φ
E

φ

X(1)

[
V ∗

0 (X(n))+

n−1∑

t=0

c(X(t))
]

and the right hand side is preciselyV ∗
n (X(1)) by the induction hypothesis. Moreover,

by the induction hypothesis the minimum on the right hand side is achieved using
U(1) = φ∗n−1(X(1)), U(2) = φ∗n−2(X(2)), . . . .

We thus obtain the desired representation,

min
φ

Ex

[
V ∗

0 (X(n + 1)) +

n∑

t=0

c(X(t))
]

= c(x) + min
u∈U⋄(x)

PuV
∗
n (x) = V ∗

n+1(x).

Moreover, the policy achieving the minimum is Markov as claimed. ⊓⊔

We obtain a suggestive corollary on applying the bound,

inf
(
lim sup
n→∞

1

n
Ex

[n−1∑

t=0

c(X(t))
])

≥ lim sup
n→∞

1

n

(
minEx

[n−1∑

t=0

c(X(t))
])

(9.54)

where the infimum and the minimum are over all policies. Exercise9.7 contains a
generalization of Corollary9.5.2to allow non-zero initialization in the VIA.

Corollary 9.5.2. If V0 ≡ 0 then for everyx,

lim sup
n→∞

1

n
V ∗
n (x) ≤ η∗x.

Proof. We obtain the lower bound (9.54) since the policy can depend uponn in the
minimum on the right hand side, while this is not true for the infimum on the left hand
side. The corollary follows since the minimum is achieved to giveV ∗

n (x), and the
infimum is by definitionη∗x. ⊓⊔
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This gives hope that{φ∗n} will converge to an average-cost optimal policy.
In-spite of the positive message conveyed in Corollary9.5.2, the initializationV0

should be chosen with care.

Proposition 9.5.3. If V0 ≡ 0, then the policyφ∗0 obtained from value iteration is the
c-myopic policy. ⊓⊔

Consequently, whenV0 ≡ 0 it is possible that the controlled chain is transient
underφ∗n for somen, such asn = 0; We have seen in several examples, such as
Example4.4.2, that thec-myopic policy may not be stabilizing in network models.

There is one special case under which the policyφn defined in Proposition9.5.1
is stationary.

Proposition 9.5.4. If (h∗, η∗) solves the ACOE (9.4a) and V0 = h∗, then for each
n ≥ 1,

V ∗
n = h∗ + nη∗.

Hence, there exists a single stationary policy minimizing the right hand side of (9.52)
for eachn.

Proof. The proof is by induction: this holds by definition whenn = 1, and then for
arbitraryn sinceη∗ is constant. ⊓⊔

Proposition9.5.4suggests that an initialization approximating the solutionto the
ACOE might result in quickened convergence. We assume in Theorem9.5.5below that
at least one regular policyφ−1 exists, and that the functionV0 solves a relaxation of the
ACOE,

min
u∈U⋄(x)

PuV0 (x) ≤ V0(x) − c(x) + η,

whereη is a constant. Equivalently, thePoisson inequalityholds forsome policyφ−1,

Pφ−1V0 ≤ V0 − c+ η. (9.55)

The existence of a pair(V0, φ−1) satisfying (9.55) is a natural stabilizability assumption
on the model, and we find below that this initialization ensures that the VIA generates
stabilizing policies, in the sense that Poisson’s inequality holds for each of the feedback
laws{φ∗n} obtained from the algorithm.

To simplify notation, for eachn we denotePn = Pφ∗n , and we letEn denote
the expectation operator induced by the stationary policy with feedback lawφ∗n. Let
bn := V ∗

n+1 − V ∗
n denote the incremental value, andηn = supx bn(x).

Theorem 9.5.5. (Performance bounds for VIA) Suppose the initializationV0 satis-
fies (9.55). Then, the upper bounds{ηn} are finite and non-increasing:

η0 ≥ η1 ≥ · · · ≥ ηn ≥ · · · .
For eachn, the average cost under the policyφ∗n satisfies,

ηφ
∗
n
x ≤ ηn, x ∈ X⋄.
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Proof. From the definitions, for eachn we have the familiar looking identityPnV ∗
n =

V ∗
n − c+ bn, which implies a version of (9.55),

PnV
∗
n ≤ V ∗

n − c+ ηn. (9.56)

The Comparison TheoremA.4.3 then implies that the average cost using policyφ∗n is
bounded byηn for each initial condition. It remains to show that the{ηn} are finite
and non-increasing.

The minimization in the value iteration algorithm leads to the bound

Pnbn = PnV
∗
n+1−PnV ∗

n ≥ Pn+1V
∗
n+1−PnV ∗

n = (V ∗
n+1− c+ bn+1)− (V ∗

n − c+ bn),

giving Pnbn ≥ bn+1. From this we deduce by induction that the upper bounds{ηn}
are finite and decreasing,

ηn+1 := sup
x
bn+1(x)

≤ sup
x

(∑

y

Pn(x, y)bn (y)
)

≤
∑

y

Pn(x, y)
(
sup
y′
bn (y′)

)
= ηn.

Finiteness ofη0 follows from the assumption that the initial conditionV0 satisfies
(9.55). ⊓⊔

To illustrate the role of the initial conditionV0 we turn to the simple re-entrant line.

Example 9.5.1.Simple re-entrant line: Initialization and convergence

We return to the homogeneous CRW model in Case III as defined in Section5.6.2using
the rates given in (2.26), and withc( · ) = | · | theℓ1 norm.

To implement the VIA it is necessary to truncate the state space. ChoosingQi ∈
{0, . . . , 44} for i = 1, 2, 3 we arrive at a finite state space consisting of453 = 91, 125
states.

We shall see that the standard VIA in whichV0 ≡ 0 requires thousands of iterations
for convergence, while the VIA implemented with an appropriate initial value function
convergesmuchmore quickly.

Applying Theorem8.0.2we see that the MaxWeight policy satisfies the conditions
of Theorem9.5.5. This requiresV0(x) = 1

2x
TDx with D diagonal.

Alternatively, we can obtain an initial quadratic to defineφ−1 using the Perfor-
mance LP introduced in Definition8.6.3, resulting in

VD1(x) = 1
2x

TD1x; D1 =




15.9 9.0 9.0
9.0 9.0 0
9.0 0 7.5


 (9.57)

Another quadratic that solves the Poisson inequality for some policy is
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Standard VIA

V0(x) =

V0(x) =

0 100 200 300

11

11.2

11.4

11.6

11.8

12

12.2

12.4

12.6

n

ηn

1

2
xTD1x

1

2
xTD2x

Figure 9.4: Convergence of the VIA withV0 quadratic. The quadraticVD1 was found
using the Performance LP, and the second quadraticVD2 was found through direct
calculation.

VD2(x) = 1
2x

TD2x; D2 =




56 31.6 24.3
31.6 31.6 0
24.3 0 20.9


 (9.58)

The results are shown in Figure9.4. In each case the rate of convergence is significantly
faster than the standard algorithm usingV0 ≡ 0.

Standard VIA

V0 = JLBFS

V0 = J∗
ηn

100 200 300

11

11.2

11.4

11.6

11.8

12

12.2

12.4

12.6

0 n

Figure 9.5: Convergence of the VIA withV0 a value function for the fluid model. The
value function for the optimal fluid policy and for the LBFS priority policy were each
used as initialization in two experiments.

Consider now initialization using the optimal value functionJ∗ computed in Ex-
ample4.3.2. We also initialize using the fluid value functionJ LBFS obtained using
the LBFS priority policy. Results from the two experiments are shown in Figure9.5.
The convergence is exceptionally fast in both experiments. Perhaps surprisingly, the
“suboptimal” choice using LBFS leads to the fastest convergence to the optimal cost
η∗ ≈ 10.9.

9.5.2 VIA and Shortest Path Formulations

The SPP setting can be used to unify analysis of algorithms. The following corollary
to Proposition9.5.1settles convergence.
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Proposition 9.5.6. Suppose that the value functionh∗‡ is finite valued. Let{V ∗
n }

denote the sequence of value functions obtained from the VIA based on a non-negative
cost functionc using the transition law‡P u. Assume moreover thatV0 ∈ LV∞ with
V = 1+h∗‡ . Then, the sequence of value functions{V ∗

n } are convergent to the solution
of the the SPP,

lim
n→∞

V ∗
n (x) = h∗‡ (x) := minEx

[ ∞∑

t=0

c(X(t))
]
. (9.59)

⊓⊔

As one simple application, we see that Proposition9.5.6provides an algorithm and
convergence proof for constructing the optimal value functionh∗γ for the discounted-
cost optimization problem.

The following version of the VIA is precisely the algorithm specified in Defini-
tion 9.5.1using the controlled transition matrix‡P u defined in (9.37).

Definition 9.5.2.Value iteration for discounted cost

For an initial conditionh0 : X⋄ → R+, the sequence of functions{hn : X⋄ → R+} are
defined recursively via,

hn+1(x) = c(x) +
1

1 + γ
min

u∈U⋄(x)
Puhn (x), x ∈ X⋄, n ≥ 0. (9.60)

Theorem 9.5.7. Suppose that the value functionh∗γ is finite valued, and thatV0 ∈ LV∞
with V = 1 + h∗γ . Then the sequence of functions{hn} obtained using the VIA for
discounted cost is convergent to(1 + γ)h∗γ . The value functionh∗γ is a solution to the
discounted-cost optimality equation (9.35a), and (9.35b) defines a stationary policy
achievingh∗γ . ⊓⊔

There is much more that can be said about the VIA and its convergence properties.
The algorithm is also a powerful theoretical tool to establish existence of solutions to
the dynamic programming equations, and to derive properties of their solutions. We
provide just a few examples in Section9.6.3.

9.5.3 Policy iteration

Theorem9.5.5provides performance guarantees for each of the feedback laws obtained
from the VIA. We now ask for some improvement. At stagen we have a solution to
Poisson’s inequality, but there are many others, and some may give a better bound.

Suppose that at stagen on computingV ∗
n andφ∗n we can solve Poisson’s equation,

Pnhn = hn − c+ ηn, (9.61)

whereηn is theactual steady-state cost using the policyφ∗n. We obtain the PIA by
repeating this step for eachn:
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Definition 9.5.3.Policy iteration

Given an initial stationary policyφ0, the sequence of stationary policies{φ∗n} are de-
fined recursively via

φ∗n+1(x) ∈ arg min
u∈U⋄(x)

Puhn (x), x ∈ X⋄ , (9.62)

wherehn is any solution to Poisson’s equation (9.61).

Stability follows as in Theorem9.5.5, provided there is some irreducibility so that
solutions to Poisson’s equation can be constructed.

Theorem 9.5.8. (Performance bounds for PIA) Suppose the cost functionc is coer-
cive, the initial policyφ0 is regular, and that each subsequent policy induces a Markov
chain that isx∗-irreducible for somex∗ ∈ X⋄. Then, each of the policies{φ∗n} is
regular, and the average cost{ηn} is non-increasing inn.

Proof. We prove by induction that for eachn there exists a solution(hn, ηn) to (9.61)
with hn ≥ 0 and an invariant measureπn satisfyingπn(c) = ηn ≤ ηn−1.

Suppose that the induction hypothesis is true forn. By the definition of the algo-
rithm we have,

Pn+1hn ≤ Pnhn = hn − c+ ηn.

Positivity of hn and the coercive assumption onc then implies thatφ∗n+1 is regular.
The Comparison TheoremA.4.3 gives the boundηn+1 ≤ ηn, and PropositionA.3.11
implies that a non-negative solution to Poisson’s equation exists forPn+1. ⊓⊔

9.6 Optimization in networks

In the remainder of this chapter we specialize to network models. We consider the
general CRW model (8.4) satisfying the assumptions of Theorem8.0.2. There are no
buffer constraints, so thatX⋄ = Z

ℓ
+.

Throughout this section we restrict to a cost functionc that defines a norm onRℓ.

9.6.1 Reachability in networks

So far the only general result establishingx∗-irreducibility for network models is
Proposition8.1.2, and this result was established in a very special setting. Wenow
construct a setXM

⋄ that ismaximally irreduciblefor the general CRW model.

Proposition 9.6.1. Suppose that the assumptions of Theorem8.0.2hold for the CRW
model (8.4). Then there exists a regular (randomized) policyφM with invariant measure
πM whose supportXM

⋄ is maximal in the sense that the following hold:

(i) The solution to (V3) is obtained withV a quadratic function ofx, and with
f = 1 + c.
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(ii) For any (possibly randomized) stationary policy that is regular with invariant
measureπ, the support ofπ is contained inXM

⋄ .

(iii) If the irreducibility condition (9.7) holds thenXM
⋄ = X⋄.

Proof. Let φMW denote the MaxWeight policy for a given diagonal matrixD. Let φe

denote a randomized policy satisfying for someε > 0,

φeu(x) ≥ ε, x ∈ X⋄, u ∈ U⋄(x). (9.63)

We then defineφM = δφe + (1 − δ)φMW , whereδ ∈ (0, 1) is to be determined. By
construction we haveφM

u(x) ≥ εδφu(x) for any otherrandomized stationary policyφ,
and allu, x.

Theorem8.0.2gives,
PφMWV ≤ V − f + b1S

whereV is quadratic,f = 1 + ‖x‖, S is a finite set, andb < ∞. Also, sinceA(1) has
a second moment andB(1) is bounded we have for some constantk,

PφeV ≤ V + kf.

The randomized policyφM satisfies the bound,

PφMV ≤ (1 − δ)[V − f + b1S ] + δ[V + kf ].

Hence (V3) holds with thisV providedδ < 1/k.
Consider now any randomized policyφ. For eachx ∈ X⋄ we havePφ(x, y) >

0 =⇒ PφM (x, y) > 0. That is,supp
(
Pφ(x, · )

)
⊂ supp

(
PφM (x, · )

)
. By induction it

follows that the same holds for the iterates,

supp
(
P tφ(x, · )

)
⊂ supp

(
P tφM (x, · )

)
, t ≥ 1, x ∈ X⋄.

The setXM
⋄ = supp (πM) is absorbing by Proposition8.1.6, and hence the inclusion

above gives,
supp

(
P tφ(x, · )

)
⊂ X

M
⋄ , t ≥ 1, x ∈ X

M
⋄ . (9.64)

If φ is regular then forany x and anyy ∈ supp (πφ) there existst > 0 such that
y ∈ supp

(
P tφ(x, · )

)
. The conclusionsupp (πφ) ⊆ X

M
⋄ then follows. ⊓⊔

9.6.2 Optimality equations

Here we consider consequences of the general theory presented in Section9.4 when
specialized to the CRW scheduling model. The growth condition imposed on the value
function is of the formh∗ ∈ L

Vp
∞ whereVp is defined in (8.27). In the discounted-cost

problem we takep = 1 and for the average-cost problemp = 2.
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9.6.2.1 Discounted cost

The following result is a refinement of Proposition9.4.3: The skip-free property of the
network implies growth bounds on the value function.

Proposition 9.6.2. Suppose thatρ• < 1 andc is a norm onRℓ. Then,

(i) The value function (9.34) is finite-valued withh∗γ ∈ LV1∞ and solves the DCOE
(9.35a).

(ii) Suppose thath◦γ ∈ LV1∞ is any other solution to (9.35a). Thenh◦γ = h∗γ .

Proof. The result is given in Proposition9.4.3, except for the conclusion thath∗γ ∈ LV1∞ .

In fact, the functions are equivalent in the sense thath∗γ ∈ LV1∞ andV1 ∈ L
V ∗

γ
∞ with

V ∗
γ = 1 +h∗γ . This follows from the skip-free nature of the CRW model, as formalized

in (8.23). ⊓⊔

9.6.2.2 Average cost

An extension of Proposition9.6.2to the average-cost setting is made possible by apply-
ing the results of Section9.4.3. Without conditions ensuring some form of irreducibility
(such as the reachability condition in Theorem9.0.2) it is necessary to restrict to the
state spaceXM

⋄ . In Proposition9.6.3we adopt the assumptions of Theorem9.0.3 to
avoid this complication.

Proposition 9.6.3. Suppose that the assumptions of Theorem9.0.3hold. Then,

(i) There exists a solution to the ACOE (9.4a) satisfyingh∗ ∈ LV2∞ and η∗ = η∗x
independent ofx.

(ii) The solution in (i) is unique (up to an additive constant):Suppose thath◦ ∈
LV2∞ andη◦ solve (9.4a),

η◦ + h◦(x) = min
u∈U⋄(x)

[c(x) + Puh
◦ (x)], x ∈ X⋄.

Thenη◦ = η∗, andh◦(x) − h◦(0) = h∗(x) − h∗(0) for eachx ∈ X⋄.

Proof. To prove (i) we note that the assumptions of Theorem9.0.2 hold: The cost
function is coercive since it defines a norm onR

ℓ, and the reachability assumption holds
due to Proposition9.6.1. Hence a solution to the ACOE equation exists as claimed.
Moreover, applying Proposition9.6.1once more we can conclude that the assumptions
of Proposition9.4.5 hold and that the minimal solution defined there satisfiesh∗ ∈
LV2∞ .

We now prove (ii). By normalization we assume thath∗(0) = h◦(0) = 0.
Proposition9.4.6implies thatη◦ = η∗. Hence using the policyφ∗ we have,

Pφ∗h
◦ ≥ h◦ − c+ η∗.
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Using familiar arguments (e.g., the proof of Proposition9.4.5) we obtain for eachn ≥
1,

E
φ∗
x [h◦(Q(n ∧ τ0))] ≥ h◦(x) − E

φ∗
[n∧τ0−1∑

t=0

(c(Q(t)) − η∗)
]
.

Under our convention thath◦(0) = 0 we haveh◦(Q(n ∧ τ0)) = h◦(Q(n))1{τ0 > n}.
Applying Proposition8.2.2we conclude that,

lim
n→∞

E
φ∗
x [h◦(Q(n ∧ τ0))] = lim

n→∞
E
φ∗
x [h◦(Q(n))1{τ0 > n}] = 0,

so that for eachx,

h∗(x) = E
φ∗

[τ0−1∑

t=0

(c(Q(t)) − η∗)
]
≥ h◦(x).

Using similar arguments we obtain under theh◦-myopic policy,

E
φ◦
x

[τ0−1∑

t=0

(c(Q(t)) − η∗)
]
≤ h◦(x), x ∈ X⋄.

Minimality of h∗ implies that the left hand side is greater than equal toh∗(x), which
shows thath◦ = h∗. ⊓⊔

Next we investigate the structural insight that can be obtained from the value-
iteration algorithm.

9.6.3 Monotonicity and irreducibility

To illustrate how the VIA can be used as an analytical tool we consider the scheduling
model (8.24) under the assumptions of Section8.5. This is an MDP model with con-
trolled transition matrix defined for anyx ∈ X⋄, u ∈ U⋄(x), and any functionh on X⋄
by,

Puh (x) = E[h(x+A(1))] +
ℓ∑

i=1

µih(x− (1i − 1i+)ui). (9.65)

The value iteration algorithm is expressed,

V ∗
n+1(x) = E[V ∗

n (x+A(1))]+c(x)+ min
u∈U⋄(x)

( ℓ∑

i=1

µiV
∗
n

(
x−(1i−1i+)ui

))
. (9.66)

We have remarked that the algorithm can be used to obtain insight regarding the struc-
ture of value functions or the structure of optimal policies. Proposition9.6.4 is one
example in which properties of the algorithm are used to establish monotonicity of
each value function, and hence any possible limiting function. Monotonicity is used to
verify irreducibility of the process controlled usingφ∗n for n ≥ 0.
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Proposition 9.6.4. Suppose that the cost functionc : X⋄ → R+ and the function
V0 : : X⋄ → R+ satisfy the following: For eachi ∈ {1, . . . , ℓ} andx ∈ X⋄,

c(x) ≤ c(x+ 1i), c(x+ 1i+ − 1i) ≤ c(x), if xi ≥ 1.

V0(x) ≤ V0(x+ 1i), V0(x+ 1i+ − 1i) ≤ V0(x), if xi ≥ 1.
(9.67)

Then, the sequence of value functions{V ∗
n } obtained using the VIA satisfy for each

n ≥ 1, i ∈ {1, . . . , ℓ}, andx ∈ X⋄,

V ∗
n (x) ≤ V ∗

n (x+ 1i), and V ∗
n (x+ 1i+ − 1i) ≤ V ∗

n (x), if xi ≥ 1. (9.68)

It follows that there is no reason to idle:

Corollary 9.6.5. Under the assumptions of Proposition9.6.4, the stationary policies
{φ∗n} obtained using the VIA can be chosen so that each is non-idling, and the resulting
controlled process is0-irreducible.

Proof. The form of the recursion (9.66) combined with Proposition9.6.4implies the
non-idling property, and Proposition8.2.1implies that each policy is0-irreducible. ⊓⊔

Proof of Proposition9.6.4. We prove the result by induction onn. Forn = 0 there is
nothing to prove. Assuming the value functionV ∗

n satisfies (i) and (ii) we write for any
j, anyx satisfyingxj ≥ 1, and anyu ∈ U⋄(x− 1j + 1j+),

V ∗
n+1(x− 1j + 1j+) ≤ E[V ∗

n (x− 1j + 1j+ +A(1))] + c(x− 1j + 1j+)

+
( ℓ∑

i=1

µiV
∗
n

(
x− (1j − 1j+) − (1i − 1i+)ui

))
.

Hence by the induction hypothesis and the assumptions on the cost function,

V ∗
n+1(x− 1j + 1j+) ≤ E[V ∗

n (x+A(1))] + c(x)

+
( ℓ∑

i=1
j 6=i

µiV
∗
n

(
x− (1i − 1i+)ui

))

+ µjV
∗
n

(
(x− 1j + 1j+) − (1j − 1j+)uj

)

If xj = 1 thenU⋄(x− 1j + 1j+) is a strict subset ofU⋄(x). Nevertheless, we have by
the induction hypothesis,

V ∗
n

(
(x− 1j + 1j+) − (1j − 1j+)uj

)
≤ V ∗

n

(
x− (1j − 1j+)u′j

)
,

wheneveru ∈ U⋄(x− 1j + 1j+) andu′ ∈ U⋄(x). Thus, for anyu ∈ U⋄(x),

V ∗
n+1(x− 1j + 1j+) ≤ E[V ∗

n (x+A(1))] + c(x)

+
( ℓ∑

i=1

µiV
∗
n

(
x− (1i − 1i+)ui

))
.
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Minimizing the right hand side over allu ∈ U⋄(x) gives V ∗
n+1(x − 1j + 1j+) ≤

V ∗
n+1(x). The proof thatV ∗

n+1(x+ 1j) ≥ V ∗
n+1(x) is identical. ⊓⊔

9.7 One dimensional inventory model

In Section7.4 we computed a hedging-point for the inventory model such thatthe
resulting policy is optimal over all hedging-point policies. The proof was based on
the representation (7.38) for the average cost. Under the same assumptions, we now
construct the solution to the average-cost dynamic programming equations to establish
that the hedging-point policy is average-cost optimal overall policies.

Recall that the state space is not countable, but the existence of a regeneration time
is enough to generalize the methods obtained in the countable state-space case. For
example, the representation for the invariant measure given in (7.38) is identical to the
countable state-space formula given in the Appendix.

The state process for the simple inventory model is denotedY , evolving onR.
For a given hedging-pointy, recall from (7.34) that the evolution ofY is given by
Y (t+ 1) = max(Y (t),−y)− µ+ L(t+ 1), t ≥ 0. The relative value function can be
expressed in a form similar to (9.43) or the invariant measure (7.38) as,

hy(y) = E

[ σ0∑

t=0

(
c(Y (t)) − η(y)

)]
, Y (0) = y, (9.69)

where the stopping timeσ0 is defined in (8.14),

σ0 = min{t ≥ 0 : Y 0(t) ≤ 0} = min{t ≥ 0 : Y (t) ≤ −y}. (9.70)

Recall thatτ0 is defined similarly in (7.39), but with the minimum overt ≥ 1.
We writeh(y) = hy(y) when there is no risk of confusion, and we leth∗ denote

the function (9.69) in the special casey = y∗ given in Theorem7.4.1. Finally, denote

h∗1(y) := E[h∗(y − µ+ L(1))], y ∈ R. (9.71)

Theorem 9.7.1. The functionh∗ solves the following dynamic programming equation
for the simple inventory model (7.30),

min
ι≥0

h∗1(y + ι) = h∗(y) − c(y) + η(y∗), y ∈ R. (9.72)

The minimum in (9.72) is achieved using the hedging-point policyι∗(t) = max(0,−y∗−
Y ∗(t)).

This section provides a proof of Theorem9.7.1. We state without proof the analo-
gous result for the discounted-cost criterion.

Theorem 9.7.2. For anyγ > 0, the simple inventory model (7.30) admits a discounted-
cost optimal policy. The optimal policy is unique: it is a hedging-point policy
ι∗(t) = max(0,−y∗ − Y ∗(t)) with y∗ ∈ R chosen so that,
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d+

dyh
∗1
γ (−y∗) = 0.

⊓⊔

First we verify thathy solves Poisson’s equation.

Proposition 9.7.3. The function defined in (9.69) solves Poisson’s equation for the
simple inventory model (7.30) controlled using a hedging-point policy. That is,

Phy (y) = E[hy(Y (1)) | Y (0) = y] = hy(y) − c(y) + η(y), y ∈ R. (9.73)

Proof. The functionh = hy can be expressed in terms of the processY 0 as follows,

h(y) = E

[ σ0∑

t=0

(
c(Y 0(t) − y) − η(y)

)
| Y 0(0) = y + y

]
.

Consequently, we have

Ph (y) = E[h(Y (1)) | Y (0) = y] =
[ τ0∑

t=1

(
c(Y 0(t) − y) − η(y)

)
| Y 0(0) = y + y

]
.

Moreover,σ0 = τ0 for Y 0(0) > 0, andσ0 = 0 otherwise, so that this identity becomes

Ph (y) = h(y) −
(
c(y) − η(y)

)

+ 1{Y 0(0) ≤ 0}E
[ τ0∑

t=1

(
c(Y 0(t) − y) − η(y)

)
| Y 0(0) = y + y

]
.

Hence to prove the proposition it is enough to show that the expectation on the right
hand side is zero whenY 0(0) ≤ 0.

If Y 0(0) ≤ 0 thenY 0(1) = −µ+ L(1). Consequently, wheny + y ≤ 0,

E

[ τ0∑

t=1

(
c(Y 0(t)−y)−η(y)

)
| Y 0(0) = y+y

]
= E

[ τ0∑

t=1

(
c(Y 0(t)−y)−η(y)

)
| Y 0(0) = 0

]
.

This completes the proof since by Theorem7.4.1the right hand side vanishes:

E

[ τ0∑

t=1

(
c(Y 0(t) − y) − η(y)

)
| Y 0(0) = 0

]
= E

[
τ0 | Y 0(0) = 0

]
πy

(
c− η(y)

)
= 0.

⊓⊔

To prove (9.72) we require representations for the derivatives ofh∗. The following
result is a refinement of Lemma7.4.3.

The expression “Ph” appearing in the lemma is the conditional expectation using
they-hedging-point policy. Poisson’s equation (9.73) holds, so thatPh (y) = h(y) −
c(y) + η(y).

Recall the definition of the sensitivity functionχc in (7.43).

Copyright Cambridge University Press 2007. On-screen viewing permitted. Printing not permitted. 
http://www.cambridge.org/us/catalogue/catalogue.asp?isbn=9780521884419



Control Techniques for Complex Networks Draft copy April 22, 2007 415

Proposition 9.7.4. For any hedging-pointy ≥ 0, initial conditionY (0) = y > −y,
and any stopping time satisfyingτ ≤ τ0,

d
dyPh (y) = E

[ τ∑

t=1

χc(Y (t)) + d
dyPh (Y (τ))

]
(9.74a)

d2

dy2
Ph (y) = |c|E

[τ−1∑

t=0

pL(µ− Y (t)) +
d2

dy2
Ph (Y (τ))

]
, (9.74b)

where|c| = c− + c+.

The following lemma will be used to justify the Dominated Convergence Theorem
in the proof of Proposition9.7.4.

Lemma 9.7.5. For any stopping timeτ ≤ τ0 and each initial conditiony0 = Y (0),
the expectationE[|Y 0(τ)|] is finite providedE[τ ] is finite.

Proof. This follows from the skip-free property (8.23) for the inventory model.
Representing|Y (τ)| as the sum of its increments we obtain,

E[|Y 0(τ)|] = E

[τ−1∑

t=0

(
|Y 0(t+ 1)| − |Y 0(t)|

)]
+ |y0|

≤ E

[ ∞∑

t=0

(
µ+ L(t+ 1)

)
1{τ > t}

]
+ |y0|

= (µ+ λ)E[τ ] + |y0| <∞,

where in the final equation we have used independence ofL(t + 1) and the event
{τ > t}; Independence holds because the event{τ > t} is Yt-measurable, withYt =
σ{Y (0), . . . , Y (t)}. ⊓⊔

The second-derivative formula in Proposition9.7.4is based on the following ex-
pression for the derivative of the smoothed version ofχc defined by,

χ1
c(y) = E[χc(y − µ+ L(1))], y ∈ R. (9.75)

Lemma 9.7.6. The functionχ1
c isC1, with

d
dyχ

1
c(y) = (c− + c+)pL(µ− y).

Proof. This follows from the representation,

χ1
c(y) =

∫ ∞

0
χc(y−µ+r) pL(r) dr = (−c−)

∫ µ−y

0
pL(r) dr+(c+)

∫ ∞

µ−y
pL(r) dr,

and the Fundamental Theorem of Calculus. ⊓⊔
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Proof of Proposition9.7.4. Poisson’s equation (9.73) and the martingale property im-
ply that,

h(y) = E

[τ−1∑

t=0

(
c(Y (t)) − η(y)

)
+ h(Y (τ))

]
,

where we again writeh = hy to simplify the notation. With the stopping timeτ and
y > −y + µ fixed, we consider two initial conditions:Y (0) = y, andY ε(0) = y + ε,
with ε > 0 a small constant. We then have,

Y ε(t) = Y (t) + ε, 0 ≤ t ≤ τ,

and consequently,

h (y + ε) − h (y)

ε
= E

[τ−1∑

t=0

ε−1
(
c(Y (t)+ε)−c(Y (t))

)
+ε−1

(
h(Y (τ)+ε)−h(Y (τ))

)]
.

Sincec is Lipschitz andτ has a first moment, the Dominated Convergence Theorem
implies that

lim
ε→0

E

[τ−1∑

t=0

ε−1
(
c(Y (t) + ε) − c(Y (t))

)]
= E

[τ−1∑

t=0

χc(Y (t))
]
.

From the definition (9.69) we also have for some constantk0,

ε−1
∣∣h(Y (τ) + ε) − h(Y (τ))

∣∣ ≤ k0|Y (τ)|,

and the right hand side has finite mean by Lemma9.7.5. The Dominated Convergence
Theorem again implies convergence,

lim
ε→0

E

[
ε−1

(
h(Y (τ) + ε) − h(Y (τ))

)]
= E

[
d
dyh (Y (τ))

]
.

We thereby obtain a result similar to (9.74a),

d
dyh (y) = E

[τ−1∑

t=0

χc(Y (t)) + d
dyh(Y (τ))

]
. (9.76)

To transform (9.76) into (9.74a) first note that Poisson’s equation (9.73) implies that

d
dyh (y) = d

dyPh (y) + χc(y) and d
dyh (Y (τ)) = d

dyPh (Y (τ)) + χc(Y (τ)).

Substituting these expressions into (9.76) gives (9.74a).
To prove (9.74b) we write, fort ≥ 1,

E[χc(Y (t))1{τ ≥ t}] = E[χ1
c(Y (t− 1))1{τ ≥ t}].

This follows from the fact that{τ ≥ t} isYt-measurable (i.e., measurable with respect
to the observations{Y (0), . . . , Y (t− 1)}.) Consequently,
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E

[ τ∑

t=1

χc(Y (t))
]

=
∞∑

t=1

E[χc(Y (t))1{τ ≥ t}]

=
∞∑

t=1

E[χ1
c(Y (t− 1))1{τ ≥ t}]

= E

[τ−1∑

t=0

χ1
c(Y (t))

]
.

Applying (9.74a) we see that the first derivative can be written,

d
dyPh (y) = E

[τ−1∑

t=0

χ1
c(Y (t)) + d

dyPh (Y (τ))
]
. (9.77)

In the special caseτ = τ0 we have d
dyPh (Y (τ)) = 0 sincePh is constant on(−∞, y]

andY (τ) ∈ (−∞, y) a.s.. Hence (9.77) becomes in this case,

d
dyPh (y) = E

[τ0−1∑

t=0

χ1
c(Y (t))

]
.

This shows thatddyPh is a smooth, Lipschitz function ofy on (−y,∞).
On differentiating each side of (9.77) (applying the Dominated Convergence The-

orem once more) we obtain (9.74b) from the derivative formula Lemma9.7.6. ⊓⊔

We now present the,

Proof of Theorem9.7.1. We have already established Poisson’s equation. To establish
the dynamic programming equation in the form (9.72) we demonstrate the following
bounds,

d
dyh

∗1
γ (y)

{
≤ 0 y ≤ y∗

> 0 y > y∗.
(9.78)

Consider an initial condition satisfyingy > −y∗. We apply Proposition9.7.4
with the stopping timeτ0. This obviously depends upon the initial condition, while
Proposition9.7.4requires independence. Here we fix the random variableτ0 based on
the given initial conditiony. We thereby obtain the identity,

d
dyh

∗1(y) = E

[ τ0∑

t=1

χc(Y
0(t) − y∗) | Y 0(0) = y + y∗

]
, y > −y∗.

The right hand side is non-decreasing iny, and asy ↓ −y∗ is convergent:

lim
y↓−y∗

d
dyh

∗1(y) = E

[ τ0∑

t=1

χc(Y
0(t) − y∗) | Y 0(0) = 0

]
.

The right hand side is zero by Theorem7.4.1, which implies that
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d
dyh

∗1(y) ≥ d
dyh

∗1(−y∗) = 0, y > −y∗.

Note that (9.74b) implies thath∗1 is strictly convex on this domain since the second
derivative is strictly positive. Hence the inequality above is strict, which proves the
lower bound in (9.78).

To establish the upper bound fory ≤ −y∗ it is enough to establish convexity of
h∗1 on all of R. By Poisson’s equation we have,

h∗(y) = Ph∗ (y) + c(y) − η(y∗) = h∗1(max(−y∗, y)) + c(y) − η(y∗).

The right hand side is an affine function ofy for y ≤ −y∗, convex fory > −y∗, and it is
smooth at−y∗ sinceh∗1(max(−y∗, y)) is a smooth function ofy, with zero derivative
aty∗. This shows thath∗ is convex, and it follows thath∗1 is also convex. ⊓⊔

9.8 Hedging and workload

We now have sufficient ammunition to seriously address the results surveyed in Sec-
tion 5.6and Section7.5.2.

It is assumed throughout this section that the assumptions of Theorem7.5.1hold.
In particular, the distribution ofL(t) possesses a continuous density whose support is
bounded, convex, and contained inY ∪ R

2
+. Its mean is denotedλ ∈ R

2
+.

The cost function is monotone iny1, so that the monotone region has the form,

Y
+ = {y ∈ Y : y2 ≥ m∗y1}. (9.79)

Under these assumptions we focus attention on the height processH and its relaxation
H∞ defined in (7.57). Its cost functioncH is defined in (7.58), and an associated
sensitivity function is defined as in (7.43),

cH(x) = c+Hx+ + c−Hx−

χcH
(x) = c+H1{x ≥ 0} − c−H1{x < 0}, x ∈ R,

(9.80)

with c+H = c+2 andc−H = |c−2 |. The relative value function based on this cost function
is denotedh∗H (defined in (9.69) with y = y∗ given in Theorem7.4.1.)

Proof of Theorem7.5.1. The key elements of the proof are distributed across this sec-
tion:

(i) Part (i) asserts that the unconstrained process admits an optimal policy that is
affine. This is established in Proposition9.8.3.

(ii) The existence of a switching curve defining the optimal policy is established
in Proposition9.8.2for the discounted cost criterion, and in Proposition9.8.7for
average-cost.
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(iii) Proposition 9.8.5establishes the convergence (7.61) of the switching curves
defining the discounted-cost optimal policy,

lim
y1→∞

|s∗(y1) − s∞∗ (y1)| = 0,

wheres∞∗ is defined in (7.59), which we copy here:

s∞∗ (y1) = m∗y1 − y∗2 , y1 ∈ R . (9.81)

(iv) The proof of convergence of policies for the average-cost problem in Case II*
is contained in Lemmas9.8.12and9.8.13.

⊓⊔

We require the following notation in this section. LetYc∞ ⊂ Y denote an open
convex cone that lies in the interior ofY∩R

2
+ and satisfiesc(y) = c∞(y) for y ∈ Yc∞ .

Forε > 0 sufficiently small we can take,

Yc∞ := {y ∈ R
2
+ : 0 < (m∗ − ε)y1 < y2 < (m∗ + ε)y1}.

For any policy and any initial condition we denote the first exit time fromYc∞ by

τ• := inf
{
t ≥ 1 : Y (t) 6∈ Yc∞

}
, (9.82)

and the two ‘first idling times’,

τi = inf{t ≥ 1 : ιi(t) > 0}, i = 1, 2. (9.83)

9.8.1 Discounted-cost

We leth∗γ denote the optimal value function, extended to all ofR
2 via h∗γ(y) := ∞ if

y 6∈ Y, and define

h∗1γ (y) = E[h∗(y − µ+ L(1))], y ∈ Y. (9.84)

The functionh∗1γ is necessarily infinite ifP{y − µ+ L(1) ∈ Yc} > 0.
Theh∗γ-myopic policy can be expressed,

φ∗(y) = arg min
ι

{h∗1γ (y + ι) : ι ≥ 0}. (9.85)

We letP∗ denote the transitionkernel under theh∗γ-myopic policy. That is, for any
y ∈ Y andA ∈ B(Y), P∗(y,A) = P{Y (t+ 1) ∈ A | Y (t) = y, ι(t) = φ∗(y)}.

Proposition 9.8.1. The following hold for the discounted-cost optimization problem
under the assumptions of Theorem7.5.1:

(i) The value functionh∗γ : Y → R+ and the functionh∗1γ : Y → R+ are each
convex. Moreover, the functionP∗h∗γ is monotone,

P∗h
∗
γ (y + v) ≥ P∗h

∗
γ (y), y ∈ Y, v ∈ R

2
+ ∩ Y.
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(ii) The value function can be expressed as the infimum,

h∗γ(y) = γ−1 inf Ey[c(Y (T ))] , (9.86)

whereT is a geometrically distribution random variable with meanγ−1 that is
independent ofL, and the infimum is over all admissible idleness processes.

Proof. Convexity ofh∗γ follows from convexity ofc and convexity of the set of possible
idleness sequencesι. Convexity ofh∗1γ follows from convexity ofh∗γ .

To establish monotonicity letY (0) = y ∈ Y andY v(0) = y+v, with v ∈ R
2
+∩Y.

We haveY v(0) ∈ Y sinceY is a convex cone. Ifιv is any feasible idleness process
starting fromY v(0) then the following is feasible fromY (0): ι(0) = ιv(0) + v, and
ι(t) = ιv(t) for t ≥ 1 since this givesY (t) = Y v(t) for t ≥ 1. Consequently, using
this policy we obtain the upper bound,

h∗γ(y) ≤
∞∑

t=0

(1 + γ)−t−1
E
[
c(Y (t))

]

= (1 + γ)−1
(
c(y) − c(y + v)

)
+

∞∑

t=0

(1 + γ)−t−1
E
[
c(Y v(t))

]
.

Minimizing over allιv gives,

h∗γ(y) − (1 + γ)−1c(y) ≤ h∗γ(y + v) − (1 + γ)−1c(y + v).

We also have the dynamic programming equation,

(1 + γ)−1P∗h
∗
γ (y) = h∗γ(y) − (1 + γ)−1c(y), y ∈ Y,

so that the previous inequality completes the proof of (i).
Part (ii) follows from arguments used elsewhere in the book - see for example

(9.39). ⊓⊔

A proof of Theorem7.5.1was begun in Section7.5.2based on the translated opti-
mization problem with state spaceYr and cost functioncr defined by,

Yr = {Y − r(1,m∗)T} ⊂ R
2,

cr(y) = c(y + r(1,m∗)T) − rc((1,m∗)T) , y ∈ Yr.
(9.87)

We lethr∗γ : Yr → R+ denote the optimal value function based on the state spaceYr

and cost functioncr defined in (9.87).
Proposition7.5.2states that value functions converge monotonically asr → ∞

to the value function for the analogous optimization problem for the unconstrained
processY ∞ with state spaceR2, and cost functionc∞. Below we refine the conclusion
of Proposition7.5.2to establish convergence of the optimal policies.

We letEγ(y) denote an error term of the form, for some positive constantsdi =
di(γ), i = 0, 1,
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Eγ(y) = O
(
exp(−d0y1 + d1|y2 −m∗y1|)

)
, y ∈ Y. (9.88)

We also letEγ(y1) denote an error term of the formEγ(y1) = O(exp(−d0y1)).
The switching curves∗ described in Theorem7.5.1is defined as follows,

s∗(y1) := inf
{
y2 :

∂

∂y2
h∗1γ (y) > 0

}
, (9.89)

defined fory1 ∈ R such that(y1, y2)
T ∈ Y for somey2.

Based on Proposition9.8.1we have,

Proposition 9.8.2. Suppose thaty ∈ Y is given, and thaty0 := (y1, s∗(y1))
T is in the

interior of Y and satisfies
∂

∂y2
h∗1γ (y0) = 0.

Then from this initial conditionφ∗1(y) = 0 andφ∗2(y) = (s∗(y1) − y2)+.

Proof. Let v ∈ Y ∩ R
2
+ satisfyv1 > 0. Observe thath∗1γ (x) = P∗h∗γ (x) whenever

ι(0) = 0. Applying the monotonicity result in Proposition9.8.1givesvT∇h∗1γ (y0) ≥
0 for anyv ∈ R

2
+ ∩ Y, and hence under the assumptions of the proposition we have

d

dy1
h∗1γ (y0) ≥ 0,

d

dy2
h∗1γ (y0) = 0.

Sinceh∗1γ is convex, this shows thaty0 is a minimum ofh∗1γ on the region{y ∈ Y :
y1 ≥ y0

1}. The conclusions follow from the expression forφ∗ in (9.85). ⊓⊔

For the unconstrained model we define a switching curves∞∗ : R → R in the same
way. We establish in Proposition9.8.3that it is affine, of the form (7.59).

Proposition 9.8.3. Suppose that the assumptions of Theorem7.5.1 are satisfied.
Then, the optimal policy forY ∞ is unique: It is affine,

φ∞∗
1 (y) = 0, φ∞∗

2 (y) = (s∞∗ (y1) − y2)+, y ∈ R
2, (9.90)

wheres∞∗ defined in (9.81) with y∗2 given in Theorem9.7.2, based on the height-process
(7.57).

Proof. Fix y0 ∈ R
2, and recall the definition ofyr = y0 + r(1,m∗)T in (7.63). If

Y∞(t; y0) is any feasible trajectory starting fromy0 then,

Y∞(t; yr) := Y∞(t; y0) + r(1,m∗)
T, t ≥ 0,

is a feasible trajectory starting fromyr. Moreover, by definition of the cost function,

c∞(Y∞(t; yr)) = c∞(Y∞(t; y0)) + rc((1,m∗)
T), t ≥ 0, r ∈ R.

Optimizing over all feasibleY ∞, it follows that
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h∞∗
γ (yr) = h∞∗

γ (y0) + rγ−1c((1,m∗)
T), t ≥ 0, r ∈ R. (9.91)

An optimal policy forY ∞ is defined by a dynamic programming equation analo-
gous to that given in (9.85):

φ∞∗(y) = arg min
ι

{h∞∗1
γ (y + ι) : ι ≥ 0}.

The derivative ∂
∂y2

h∞∗1
γ (yr) does not depend uponr, by (9.91), which implies that the

policy is affine.
Uniqueness follows by observing that the optimal idleness process is obtained as

the solution to a one-dimensional inventory model with state processH∞ and cost
function given in (9.80). The optimal policy is determined uniquely by the hedging
point policy given in Theorem9.7.2. ⊓⊔

Proposition9.8.4gives upper and lower bounds on the value function, which is a
refinement of Proposition7.5.2.

Proposition 9.8.4. Suppose that the affine policys∞∗ is applied to the CRW modelY ,
and lethγ denote the resulting value function. Then,

(i) P{τ• < T | Y (0) = y} = Eγ(y), whereEγ is an error term satisfying (9.88),
andT is the geometric random variable introduced in Proposition9.8.1.

(ii) h∗γ(y) ≤ hγ(y) ≤ h∞∗
γ (y) + Eγ(y) for eachy ∈ Y.

Proof. We leave the proof of (i) as an exercise. A formal proof is given in Lemma9.8.9
below in a slightly different setting. The proof is based on the height process: Fig-
ure5.11illustrates that ifY2(0) = m∗Y1(0) so thatH(0) = 0, then with high proba-
bility Y (T ) will be far from the boundary ofYc∞ whenY1(0) ≫ 1.

To establish (ii) we apply the following identity for the workload process under the
affine policy:

γhγ(y) = Ey[c(Y (T ))]

= Ey[c
∞(Y∞∗(T ))1{τ• > T}] + Ey[c(Y (T ))1{τ• ≤ T}]

≤ γh∞∗
γ (y) + Ey[c(Y (T ))1{τ• ≤ T}].

(9.92)

An application of the Cauchy-Schwartz inequality to the right hand side, combined
with the bound in (i), implies the desired upper bound in (ii). ⊓⊔

Given these results, it is not surprising that the optimal policy forY is approxi-
mated by an affine policy:

Proposition 9.8.5. Under the assumptions of Theorem7.5.1,

lim
y1→∞

∣∣s∗(y1) − s∞∗ (y1)
∣∣ = 0.
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Proof. For eachr ≥ 0 we consider the optimal processY r∗, with arrival processL
independent ofr. The initial condition is fixed, of the formy0 = (0, y0

2)T. We have
y0 ∈ Yr for all r ≥ 1 sufficiently large sinceYr ↑ R

2 asr ↑ ∞.
The functionhr∗1γ is defined in analogy with (9.84) by hr∗1γ (y) = E[hr∗γ (y − µ +

L(1))]. It is convex and non-decreasing as a function ofy2, and for all sufficiently large
r,

∂

∂y2
hr∗1γ (y0) > 0 ⇐⇒ y0

2 > s∗(r) − rm∗. (9.93)

From Proposition7.5.2we havehr∗γ (y0) ↓ h∞∗
γ (y0) asr ↑ ∞.

To obtain a complementary lower bound and complete the proof we consider possi-
ble weak limits of the cumulative idleness process. This and the cumulative disturbance
are defined by,

Ir∗(t) =
t−1∑

k=0

ιr∗(k), N(t) =
t∑

k=1

L(k), t ≥ 1.

Let T denote the geometrically distributed random variable introduced in (9.36). To
establish the existence of a weak limit for{Y r∗(T ), Ir∗(T ) : r ≥ 1} it is enough to
obtain a bound on the mean of the norm of each of these sequences of random variables.

It is assumed thatc can be extended to define a norm onR
2. Since all norms are

equivalent, we can findε > 0 such thatc(y) ≥ ε|y| for all y, where| · | denotes the
ℓ1-norm. Using the fact that the discounted cost is finite,

E[cr(Y r∗(T ))] = γhr∗γ (y0) <∞,

we obtain an upper bound onIr∗ for anyy0,

lim sup
r→∞

E[|Ir∗(T )|] = lim sup
r→∞

E[|Y r∗(T ) − y0 + µT −N(T )|]

≤ lim sup
r→∞

E[|Y r∗(T )| + |y0| + |µT | + |N(T )|]

≤ ε−1γh∞∗
γ (y0) + ε−1c∞(y0) + γ−1|µ| + E[|N(T )|] <∞.

We conclude that the associated distributions of{Y r∗(T ), Ir∗(T ) : r ≥ 1} aretight.
Let {Y ◦(T ), I◦(T )} denote any weak limit: for some sequence{ri} we have,

{Iri∗(T )} w−→ {I◦(T )}, i→ ∞.

The processes(L, Y ◦(T ), Y ∞∗(T )) are defined on a common probability space with,

Y ◦(T ) = y0 − µT + I◦(T ) +N(T ) .

Weak convergence and Proposition9.8.1imply that for any constantm <∞,

γhri∗γ (y0) ≥ E[c∞(Y ri∗(T ))]

≥ E[m ∧ c∞(Y ri∗(T ))]

→ E[m ∧ c∞(Y ◦(T ))], i→ ∞.

(9.94)
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Lettingm → ∞ we obtain from the Dominated Convergence Theorem,

lim inf
i→∞

γhri∗γ (y0) ≥ E[c∞(Y ◦(T ))],

and hence from Proposition9.8.4we conclude thatE[c∞(Y ◦(T ))] ≤ γh∞∗
γ (y0). That

is, I◦(T ) is an optimal allocation. This is only possible if the processesI◦(T ) and
I∗(T ) are identical (see Proposition9.8.3). ⊓⊔

Note that the Dominated Convergence Theorem and the final limit in (9.94) all de-
pend on bounds on moments of{Y ri∗(T )}. The verification of such bounds is carried
out in a similar setting in the next section - see in particular Lemma9.8.9.

9.8.2 Average-cost

We now consider approximations of the average-cost optimal policy in Case II*. Under
the assumptions of Case II* we obtain a uniform bound on the exit timeτ•, which leads
to stronger solidarity between the workload model and its unconstrained relaxation.
Recall thatτ• is defined in (9.82), and here we letτ+

• denote the hitting time to the
regionaboveYc∞ ,

τ+
• := inf

{
t ≥ 1 : Y (t) 6∈ Yc∞ andY2(t) ≥ m∗Y1(t)

}
, (9.95)

Although we make reference to the discounted-cost optimization problem, the
bounds obtained in the remainder of this section are independent ofγ > 0. For this
reason, the subscriptγ in the definition of the error termE(y) is omitted. It satisfies
(9.88) with {di} independent ofγ.

We letη∗ denote the optimal average cost,

η∗ := inf
(
lim sup
n→∞

1

n

n−1∑

t=0

E[c(Y (t))]
)
. (9.96)

We shall take for granted thath∗ ∈ LV2∞ exists and satisfies the ACOE.2 One repre-
sentation of the relative value functionh∗ is obtained through the vanishing discount
approach,

h∗(y) = lim inf
γ→0

(h∗γ(y) − h∗γ(0)), y ∈ Y.

As in the discounted-cost setting we seth∗(y) := ∞ onY
c, and define

h∗1(y) = E[h∗(y − µ+ L(1))], y ∈ Y. (9.97)

We have the following analog of Proposition9.8.1:

Proposition 9.8.6. The following hold under the assumptions of Theorem7.5.1:

(i) The functionsh∗ andh∗1 are each convex, and the differenceh∗ − c is a mono-
tone function onY.

2See [360] for an extension of the SPP construction to general state space Markov chains.

Copyright Cambridge University Press 2007. On-screen viewing permitted. Printing not permitted. 
http://www.cambridge.org/us/catalogue/catalogue.asp?isbn=9780521884419



Control Techniques for Complex Networks Draft copy April 22, 2007 425

(ii) The dynamic programming equation holds,

min
ι≥0

h∗1(y + ι) = h∗(y) − c(y) + η∗, y ∈ Y. (9.98)

(iii) Theh∗-myopic policy is the stationary policy with feedback law,

φ∗(y) = arg min
ι

{h∗1(y + ι) : ι ≥ 0}.
⊓⊔

As a corollary we obtain an analog of Proposition9.8.2. The switching curves∗
in the average-cost case is defined as in (9.89),

s∗(y1) := inf
{
y2 :

∂

∂y2
h∗1(y) > 0

}
. (9.99)

Proposition 9.8.7. Suppose thaty ∈ Y is given, and thaty0 := (y1, s∗(y1))
T satisfies

∂

∂y2
h∗1γ (y0) = 0.

Then, from this initial condition,φ∗2(y) = (s∗(y1) − y2)+. ⊓⊔

The main result of this section shows that the switching curve under the average
cost criterion converges to an affine policy exponentially fast iny1. The proof of Propo-
sition 9.8.8is contained in Lemmas9.8.12and9.8.13below.

Proposition 9.8.8. Under the assumptions of Theorem7.5.1in Case II*,
∣∣s∗(y1) − s∞∗ (y1)

∣∣ ≤ E(y1),

wheres∞∗ is defined in (7.59) via s∞∗ (y1) = m∗y1 − y∗2(0), and the error term is of the
formE(y1) = O(exp(−d0y1)) for somed0 > 0. ⊓⊔

We begin with a uniform bound onτ+
• . Lemma9.8.9is based on positive recur-

rence of the height process, as illustrated in Figure5.11.

Lemma 9.8.9. Suppose thatY is controlled using any stationary policyφ defined so
thatι(t) = φ(Y (t)) is zero forY (t) in a regionR satisfyingYc∞ ∩{y : y2 ≥ m∗y1} ⊂
R. In Case II* we then have, for someε0 > 0,

E
[
1{τ+

• < τ2}(eε0‖Y (τ+
• )‖ + eε0τ

+
• )

]
= E(y).

Proof. Let δ = µ− λ ∈ R
2
+, and fix a vectora ∈ R

2 satisfyingaTδ > 0, of the form

a = c+ − c− − εa1
1,

with εa > 0. This is possible in Case II*, which requires(c+ − c−)Tδ > 0. We also
have by construction, for someε′a > 0,
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aTy ≥ ε′a‖y‖, y ∈ Y
c
c∞ ∩ {y : y2 ≥ m∗y1}. (9.100)

The proof of the lemma is based on a Lyapunov drift analysis using

V (y) = eεa
Ty , y ∈ Y, (9.101)

whereε > 0 is a fixed constant. For positive constantsd0, d1 we have,

V (y) = O
(
exp(−d0y1 + d1|y2 −m∗y1|)

)
, y ∈ Y. (9.102)

That is,V (y) ≤ E(y), whereE is defined in (9.88).
Let L̃(t) = L(t) − λ. Wheneverι(t) = 0 we have,

PV (y) := E[V (Y (t+ 1)) | Y (t) = y] = V (y)e−εa
Tδ

E[exp(εaTL̃(t+ 1))].

The Mean Value Theorem gives, for someθ ∈ (0, 1),

ex = 1 + x+ 1
2x

2eθx ≤ 1 + x+ 1
2x

2e|x|, x ∈ R.

Hence the expectation is bounded as follows

E[exp(εaTL̃(t+ 1))] ≤ 1 + 1
2b0(ε),

whereb0(ε) = E[(aTL̃(t+1))2 exp(ε|aTL̃(t+1)|)]. Fixingε1 > 0 such thatb1:=b0(ε1)
is finite, we obtain for allε ∈ (0, ε1],

E[exp(εaTL̃(t+ 1))] ≤ 1 + 1
2ε

2b1 ≤ e
1
2 ε

2b1 ,

Fix ε ∈ (0,min(ε1, a
Tµ/b1)) so thatεv := εaTδ − 1

2ε
2b1 > 0. With this choice of

ε in the definition ofV , we also have, wheneverι(0) = φ(y) = 0,

PV (y) ≤ e−εvV (y). (9.103)

Consider the stochastic processM(t) = etεvV (Y (t)), t ≥ 0. If ι(t) = 0 we have,

E[M(t+1) | Y (0), . . . , Y (t)] = E[V (Y (t+1)) | Y (t)]eεv(t+1) = eεv(t+1)PV (Y (t)) ,

so that by (9.103),

E[M(t+ 1) | Y (0), . . . , Y (t)] ≤M(t) if τ+
• ∧ τ2 > t. (9.104)

Equivalently, the stopped process{M(t ∧ τ+
• ∧ τ2) : t ≥ 0} is a super martingale. We

have for anyt,
E[M(t ∧ τ+

• ∧ τ2)] ≤M(0) = V (y),

and by Fatou’s Lemma,

E[M(τ+
• ∧τ2)] = E[lim inf

t→∞
M(t∧τ+

• ∧τ2)] ≤ lim inf
t→∞

E[M(t∧τ+
• ∧τ2)] ≤M(0) = V (y).

We obviously haveE[M(τ+
• ∧ τ2)] ≥ E[M(τ+

• )1{τ+
• < τ2}], and hence by the

definition ofM andV ,

E
[
exp

(
εvτ

+
• + εaTY (τ+

• )
)
1{τ+

• < τ2}
]
≤ V (y).

This completes the proof sinceV (y) = E(y) by (9.102), andaTY (τ+
• ) ≥ ε′a‖Y (τ+

• )‖
by (9.100). ⊓⊔
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The following two results are extensions of Proposition9.7.4based on the similar-
ity between the height process recursions (7.57) and the simple inventory model (7.34).
The proof of each of these results is very similar to the proof of Proposition9.7.4.
However, note that we can enlarge the class of stopping times since the results here
concern the optimal policy.

Proposition 9.8.10. Suppose thatτ is a stopping time satisfying the following condi-
tions: it has finite mean, satisfies0 ≤ τ < τ• a.s., and alsoY ∗(t) + ε12 ∈ Y a.s. for
0 ≤ t ≤ τ and |ε| ≤ 1. Then for each initial condition the first and second derivatives
satisfy,

∂

∂y2
P∗h

∗ (y) = Ey

[ τ∑

t=1

χcH
(H∗(t)) +

∂

∂y2
P∗h

∗ (Y ∗(τ))
]

(9.105a)

∂2

∂y2
2
P∗h

∗ (y) = |c|Ey
[τ∧σ2−1∑

t=0

pLH
(H∗(t)) +

∂2

∂y2
2
P∗h

∗ (Y ∗(τ ∧ σ2))
]
(9.105b)

wherepLH
is the density forLH appearing in (7.34), |c| = c− + c+, P∗ denotes the

transition kernel under theh∗-myopic policy,σ2 = inf{t ≥ 0 : ι∗2(t) > 0}, and the
sensitivity function forH∞ is defined in (9.80).

Proof. Note that althoughτ can depend uponY (0), in the proof we fix oney ∈ Y and
fix the random variableτ = τ(y) when considering other initial conditions.

The random variableτ + 1 is also a stopping time, and hence from the dynamic
programming equations,

h∗(y) = inf E

[ τ∑

t=0

(c(Y (t)) − η∗) + h∗(Y (τ + 1)) | Y (0) = y
]
,

where the infimum is over all policies. The dynamic programming equation gives
P∗h∗ = h∗−(c−η∗) and the Markov property givesE[h∗(Y (τ+1))] = E[P∗h∗ (Y (τ))].
Consequently,

P∗h
∗ (y) = inf E

[ τ∑

t=1

(c(Y (t)) − η∗) + P∗h
∗ (Y (τ)) | Y (0) = y

]
. (9.106)

Based on this representation, replacingτ by τ ∧ σ2 we obtain, exactly as in the proof
of Proposition9.7.4,

∂

∂y2
P∗h

∗ (y) = E

[τ∧σ2∑

t=1

χcH
(H∗(t))+

∂

∂y2
P∗h

∗ (Y ∗(τ ∧σ2)) | Y (0) = y
]
, (9.107)

and also as in Proposition9.7.4we obtain (9.105b).
To complete the proof of (9.105a), on applying (9.107) it remains to show that

E

[
1{τ > σ2}

( τ∑

t=σ2+1

χcH
(H∗(t)) +

∂

∂y2
P∗h

∗ (Y ∗(τ))
)
| Y (0) = y

]
= 0.
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Y (t)

Y ∞(t)

Y ∞(τ2) y1

y2
s∗(y1)

s∞∗ (y1)

Figure 9.6: Sample paths of the two workload processes.

By the Markov property, this amounts to establishing the identity,

E

[ τ∑

t=1

χcH
(H∗(t)) +

∂

∂y2
P∗h

∗ (Y ∗(τ)) | Y (0) = y
]

= 0,

wheneverφ2(y) > 0 andτ satisfies the assumptions of the proposition.
DefineY ε(0):=y andY ε(t):=Y ∗(t)+ε12 for t ≥ 1. We restrict toε ∈ [−ε0, ε0],

with ε0 = min(1, s∗(y1) − y2) > 0, to ensure thatY ε is feasible. The identity (9.106)
implies the similar identity,

P∗h
∗ (y) = inf E

[ τ∑

t=1

c(Y ε(t)) + P∗h
∗ (Y ε(τ)) | Y (0) = y

]
,

where here the infimum is over allε ∈ [−ε0, ε0]. Sinceε = 0 is an interior minimizer
we obtain (9.105a) as the first-order necessary condition for optimality. ⊓⊔

The proof of the analogous result for the unconstrained model is identical:

Proposition 9.8.11. Suppose thatY ∞ is controlled using the optimal (affine) policy,
and thatτ is a stopping time with finite mean. Then, for each initial condition satisfying
H∞(0) ≥ −y∞∗

2 + µH ,

∂

∂y2
P∞∗h

∞∗ (y) = Ey

[ τ∑

t=1

χcH
(H∞(t)) +

∂

∂y2
h∞∗ (Y∞(τ))

]

∂2

∂y2
2
P∞∗h

∞∗ (y) = Ey

[
|c|

τ∧σ∞2 −1∑

t=0

pLH
(H∞(t)) +

∂2

∂y2
2
h∞∗ (Y∞(τ ∧ σ∞2 ))

]
,

whereσ∞2 = inf{t ≥ 0 : ι∞∗
2 (t) > 0}. ⊓⊔

Lemma 9.8.12. s∗(y1) ≤ s∞∗ (y1) + E(y1).

Proof. Suppose thaty0
1 > 0 is given with s∗(y0

1) > s∞∗ (y0
1), and letY ∗(0) =

Y∞∗(0) = y0 := (y0
1 , s∗(y

0
1))

T. We haveι∗(0) = ι∞∗(0) = 0, so that

P∗h
∗ (y) = h∗1(y), P∞∗h

∞∗ (y) = h∞∗1(y).
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On definingτ∞2 in analogy withτ2 asτ∞2 = inf{t ≥ 1 : ι2(t) > 0} we obtain the
bounds,

Y ∗
2 (t) ≥ Y∞∗

2 (t), Y ∗
1 (t) = Y∞∗

1 (t), 0 ≤ t ≤ τ∞2 ∧ τ•. (9.109)

Typical sample paths of the two processes are shown in Figure9.6.
Proposition9.8.11implies the representation,

∂

∂y2
h∞∗ 1(y0) = E

[ τ∞2∑

t=1

χcH
(H∞∗(t))

]
.

The inequality (9.109) implies thatχcH
(H∞∗(t)) ≤ χcH

(H∗(t)) for 0 ≤ t ≤ τ∞2 ∧τ•,
so that the previous identity combined with Lemma9.8.9gives,

∂

∂y2
h∞∗ 1(y0) ≤ E

[τ∞2 ∧τ•∑

t=1

χcH
(H∗(t))

]
+ E(y0)

=
∂

∂y2
h∗1(y0) − E

[ ∂

∂y2
h∗1(Y ∗(τ∞2 ∧ τ•))

]
+ E(y0) .

It follows that ∂
∂y2

h∞∗ 1(y0) ≤ E(y0) since ∂
∂y2

h∗1(y0) = 0. Applying the second
derivative formula in Proposition9.8.11we can conclude that, for some constantε0 >
0,

E(y0) ≥ ∂

∂y2
h∞∗ 1(y0) ≥ ε0 min(|y0

2 − s∞∗ (y0
1)|, 1), y0

2 > s∞∗ (y0
1) ,

which completes the proof. ⊓⊔

A lower bound is obtained using similar arguments:

Lemma 9.8.13. s∗(y1) ≥ s∞∗ (y1) − E(y1).

Proof. Suppose thaty0
1 > 0 is given withs∗(y0

1) < s∞∗ (y0
1) so that on settingy0 :=

(y0
1 , s

∞
∗ (y0

1))
T we have ∂

∂y2
h∗ 1(y0) > 0 and ∂

∂y2
h∞∗ 1(y0) = 0.

Letting Y ∗(0) = Y∞∗(0) = y0 we have, exactly as in the proof of the previous
lemma,

∂

∂y2
h∗1(y0) ≤ E

[τ2∧τ•∑

t=1

χcH
(H∞∗(t))

]
+ E(y0)

≤ ∂

∂y2
h∞∗1(y0) + E(y0) = E(y0) .

The second derivative formula in Proposition9.8.10 implies that for some constant
ε0 > 0,

∂

∂y2
h∗ 1(y0) ≥ ε0 min(|y0

2 − s∗(y
0
1)|, 1), y0

2 > max(s∞∗ (y0
1) − 1, s∗(y

0
1)) .

This combined with the previous bound completes the proof. ⊓⊔
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9.9 Notes

There is a rich literature on optimization of queueing networks based on Markov deci-
sion theory, beginning with the work of Bellman et. al. in [43, 41, 42]. Detailed treat-
ments of MDP theory can be found in the monographs [401, 417, 72, 259, 260, 51, 182],
and the excellent survey [20].

Much of the material in this chapter is adapted from the work of V. Borkar. The
near-monotone assumption for average-cost optimal control was introduced in [69] and
refined in [71]. The survey [74] is the most accessible and elegant introduction to the
convex analytic approach to MDPs on a countable state space. Theorem9.2.1is based
on results from this paper, which originates from the author’s work in [69, 71, 73].
Recent generalizations to continuous time and general state spaces are contained in
Bhatt and Borkar [64].

The literature on average cost optimal control is filled with counter-examples
showing that strong assumptions are necessary to move beyond finite state-space
MDPs. The counter-examples 1 and 2 of [416, p. 142] imply that some form of ir-
reducibility such as the reachability condition used in Theorem9.0.2is in some sense
necessary to guarantee the existence of a solution to the ACOE. That is, if irreducibil-
ity is relaxed completely, then some other strong conditions must be imposed. The
Appendix of [416] provides an example illustrating the value of the coerciveness as-
sumption to ensure that an optimal policy exists. See also [72, p. 87], [430, Chapter 7],
and the examples in [141, 71, 20, 401].

The LP approach to dynamic programming was formally introduced by Manne [349].
Some essential ideas are contained in the earlier work of Dantzig [137]. Other early
contributions are contained in [144, 271, 18]. For more recent literature on this topic
and multi-objective optimization see Altman’s monograph [9], Hernández-Lerma and
Lasserre [259, 261, 262], and Borkar’s survey [74]. Applications to scheduling and
“restless bandits” are contained in a series of papers by Bertsimas and Niño-Mora (see
[57] and its references.)

An early contribution to constrained optimization is Dubins [151], and the mono-
graph of Dubins and Savage with the intriguing titleHow to gamble if you must[152].

A value iteration algorithm for the multi-objective MDP problem was introduced
relatively recently in Chen and Blankenship [108]. To avoid randomization, the state
process is augmented as{X(t),Ψ(t) : t ≥ 0}, whereΨ(t) denotes the (relative) cost
to go for a secondary optimization problem.

The total-cost or shortest-path approach to average-cost optimization is described
in Chapter 34 of Whittle’s 2-volume monograph [496, 497]. A complete treatment of
the finite state-space case appears in [52] (see also Bertsekas’ monograph [51].) This
approach is applied in [48] to obtain a refined version of the value iteration algorithm
for average-cost optimal control. The convergence proof in [48] is based on theLV∞-
norm, following Tseng [471].

The most common technique to construct a solution to the average cost optimality
equation is thevanishing discount approach. Define for eachγ > 0 the difference
hγ(x) := h∗γ(x) − h∗γ(x

∗) whereh∗γ is defined in (9.34) andx∗ is some fixed state.
Under suitable conditionshγ converges asγ ↓ 0 to a solution to the ACOE. In [431]
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and other papers it is assumed that there is a finite-valued functionb on the state space,
and a constantb0 > 0 such that

− b0 ≤ hγ(x) ≤ b(x), (9.110)

for all statesx, and allγ sufficiently close to zero. Assuming bounds similar to (9.110)
together with some additional conditions it is known that policy iteration and value
iteration converge to yield optimal policies [259, 432]; The paper [484] uses this ap-
proach in its analysis of networks. It is shown in [407] that many common and natural
assumptions imply (9.110).

The monograph [269], based on Hordijk’s dissertation and Dynkin and Yushke-
vich [164], develops MDP theory based on connections with Lyapunov theory (or po-
tential theory) in a spirit similar to this chapter. For example, one sufficient condition
for (9.110) is the simultaneous Lyapunov condition of Hordijk [269]: for a function
V : X → R+, b < ∞, and a finite setS, the following bound is assumed to hold for
eachx ∈ X andevery stationary policy,

sup
φ

E
φ[V (X(t + 1)) | X(t) = x] ≤ V (x) − c(x) + b1S(x). (9.111)

Federgruen, Hordijk and Tijms introduce a closely related assumption in [177]. It is
assumed that under any policy the chain satisfies anx∗-irreducibility condition, and
that the value functionh‡(x) defined in (9.29) is uniformly bounded over all policies,
for any statex. The latter assumption is the keyconclusionof the uniform Lyapunov
condition (9.111).

Similar bounds are assumed in the analysis of recursive algorithms such as value
iteration. It is assumed in [93] that (9.111) holds withS = {x∗} a singleton. Under
this assumption the authors prove that value iteration converges to a solution of the
average-cost optimality equations.

The uniform bound (9.111) is not always satisfied in queueing models; Under the
restriction that all policies are non-idling, a sufficient condition is boundedness of the
stability LP described in Section8.6. Cavazos-Cadena in [92] obtained a significant
relaxation of these assumptions. In this paper convergence of value iteration is estab-
lished under the assumption that the controlled model isx∗-irreducible under any sta-
tionary policy, and that the cost satisfies the near-monotone condition of Borkar [69, 70]
(see also SectionA.3.3.)

The VIA is credited to White [490]. Similar successive approximation methods
were introduced by Bellman and Ford to solve deterministic optimal routing problems
[42, 284]. The treatment of the algorithm presented here (in particular, the emphasis
on initialization) is based on [107], following the analysis of policy iteration contained
in [356] (see also [358, 357].)

The policy iteration algorithm was first proposed by Howard in [274]. Puterman
and Brumelle showed in [402, 403] that the algorithm is equivalent to the Newton-
Raphson method.

In simple network models exact optimal policies can be constructed [501], while
if the network model is complex, then research typically focuses on characterizations
of the structure of optimal policies [43, 460, 224, 210]. Sometimes it is possible to

Copyright Cambridge University Press 2007. On-screen viewing permitted. Printing not permitted. 
http://www.cambridge.org/us/catalogue/catalogue.asp?isbn=9780521884419



Control Techniques for Complex Networks Draft copy April 22, 2007 432

construct exact optimal policies for complex networks by softening the definition of
optimality, as in for example Bertsimas and Paschalidis [59].

The use of the value iteration in Section9.6.3to deduce structural properties of an
optimal policy can be found in many papers over the past 30 years [413, 224, 484]. For
a survey see Stidham and Weber [460]. The bounds on the value functions obtained
in Proposition9.6.4are related to convexity, and a concept known asmultimodularity
[224, 225, 11, 378].

There is a large literature on existence and uniqueness of optimal policies for the
CBM model. The most general results to-date are contained in Atar and Budhiraja [26],
which also contains an extensive bibliography.

The approximations obtained in Section9.8 are based on Chen et. al. [106]. A
height process is again the focus of analysis, which in this paper takes the form of a
one-dimensional reflected Brownian motion.

Copyright Cambridge University Press 2007. On-screen viewing permitted. Printing not permitted. 
http://www.cambridge.org/us/catalogue/catalogue.asp?isbn=9780521884419



Control Techniques for Complex Networks Draft copy April 22, 2007 433

9.10 Exercises

9.1 Solve the ACOE for the single server queue with the cost functionc(x, u) = x+ru,
r ≥ 0. That is, find the functionh∗ and constantη∗ satisfying,

η∗ + h∗(x) = min
u∈U(x)

[c(x, u) + Puh
∗ (x)], x ∈ Z+.

9.2 Consider the homogeneous Klimov model described in Section5.5.1. The partial
workload processY [m] evolves as a non-idling queue for eachm ≥ 1. Conse-
quently, we can solve for eachm ≥ 1 the ACOE,

min
u∈U⋄(x)

Puh
∗
m (x) = h∗m(x) − cm(x) + η∗m, x ∈ Z

ℓ
+,

wherecm(x) = y[m] = x1 + · · · + xm, andη∗m is obtained through the Pollaczek-
Khintchine formula (3.10). Compute the solution to the ACOE for general linear
cost, based on the functions{h∗m}.

9.3 Consider a single-server queueing system with finite waiting roomx: The system
will reject an arrival if it hasx or more jobs waiting. There are three separate
job classes with different priorities labeled High (H), Medium (M), and Low (L).
Assume that the arrival process of each job class is Poisson with rate1 job per
second, and that the service time of each class is exponentially distributed with
meanµ−1 = 0.3. Obtain a discrete-time Klimov model using uniformization.
What is an optimal policy, given a linear cost function that is consistent with these
priorities? Under the optimal policy, what is the steady-state distribution ofQ(t)
andQH(t) (whereQ(t) denotes the number of customers in queue at timet, and
QH(t) denotes the number of high-priority customers)?Suggestion: Take a look
at the previous problem, and at Exercise4.10. This problem is continued in Exer-
cise11.2.

9.4 Consider a single server queue with controlled arrivals: Service times are inde-
pendent, and exponentially distributed, with meanµ−1. Arrivals come from two
Poisson sources: One is uncontrolled, with rateα◦, and the other is controlled with
rateα•ζ, where0 ≤ ζ ≤ 1. Moreover, the total waiting roomx is finite, as in the
previous problem. Any arriving customer is rejected if there arex customers in
queue. Assume thatα◦ < µ andα◦ + α• > µ.

(a) Construct a discrete-time MDP model.

(b) Suppose that there is a linear holding costc0 for each customer, and a cost
cr for rejecting any arrival. Write down the average-cost dynamic program-
ming equations, and express the optimal control in terms of the relative value
functionh∗.

(c) Can you guess the structure of an optimal policy whenx is large?

(d) Computeh∗ using MATLAB. Use value iteration, initialized withV0 = 0.
Plot the final value function after500 steps, and plot the policy obtained using
theVn-myopic policy for1 ≤ n ≤ 500.
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(e) Compute a fluid value functionJ , based on a policy for the fluid model that
you feel is consistent with a good policy for the stochastic model. UseJ to
initialize the value iteration algorithm, and compare the policy plots with (iv).

9.5 Compute using value iteration the optimal policy for the CRW communications
model constructed in Exercise6.7. To apply the algorithm you will have to truncate
the state space to obtain a finite setX⋄ (for example, for a load ofρ• = 0.9 take
|Q(t)| ≤ 5000.) Initialize your algorithm usingV0 ≡ 0, and using the functionh
defined in Exercise6.7. Compare your results as in the previous exercise, and plot
the final policy on the state spaceX⋄.

9.6 Consider the value function for the SPP to asetS:

h∗‡ (x) := inf Ex

[τS−1∑

t=0

(
c(X(t)) − η

)]
, x ∈ X⋄,

wherec is coercive andη is a constant. The functionh∗‡ solves an ACOE for a
coercive functionc‡. Obtain an expression for the functionc‡ and its average cost
under the optimal policy.Hint: Read Section9.4.3.

9.7 Corollary 9.5.2 requiresV0 ≡ 0 to establish thatlim supn→∞ n−1V ∗
n (x) ≤ η∗x.

Prove that this result continues to hold under the assumption thatV0 ∈ L
Vp
∞ with

p ≥ 2, whereVp = 1 + ‖x‖p.
9.8 Policy iteration and Newton’s method. In this exercise you will discover the relation

between policy iteration and Newton’s method for solving nonlinear equations.

The policy iteration algorithm can be extended to compute the total cost given in
(9.59):

Definition 9.10.1.Policy iteration for total cost

Given an initial stationary policyφ0, the sequence of stationary policies and value
functions{φ∗n+1, hn : n ≥ 0} are defined recursively as follows: At stagen based
on the policyφ∗n, the functionhn is constructed to solve the equation,

Pφ∗nhn = hn − c.

The next policy is then defined by,

φ∗n+1(x) ∈ arg min
u∈U⋄(x)

Puhn (x), x ∈ X⋄.

Suppose that the state space is finite,X⋄ = {1, . . . , d}, so that eachhn can be
viewed as a vector inRd. LetF : R

d → R
d be the function ofh defined by,

[F(h)]x = −h(x) + c(x) + min
u∈U⋄(x)

Puh (x), x = 1, . . . , d.
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ThenV ∗
∞ solvesF(V ∗

∞) = 0.

Newton’s method can be used to recursively compute a sequence of estimates of
the zero of the functionF . Givenhn, the next estimatehn+1 solves the linear
equation,

F(hn) + ∇F(hn) · (hn+1 − hn) = 0.

(a) Show thatF is concaveas a function ofh, in the sense thatF∗(θh1 + (1 −
θ)h0) ≥ θF∗(h1)+(1−θ)F∗(h0) pointwise for each{h0, h1} andθ ∈ [0, 1].
Hence, for anyh there exists at least oned× d matrix satisfying,

F(h + g) ≤ F(h) +Mhg, g ∈ R
d.

If F is differentiable, thenMh is the Jacobian ofF ath.

(b) Suppose thatφ is a policy satisfyingF∗(h) = h + c + Pφh. Show that
Mh = Pφ − I satisfies the bound in (a).

(c) Explain why the policy iteration algorithm is an application of Newton’s
method.

9.9 Stability of discounted-cost optimal policies. In this exercise you will consider the
CRW scheduling model withc a linear cost function.

(a) Findγ ≫ 1, a cost functionc, and a network example for which the dis-
counted cost optimal policy is transient. The tandem queue or KSRS models
are possibilities.

(b) Show that forγ > 0 sufficiently small, the discounted-cost optimal pol-
icy satisfies (V2) withV a constant multiple ofh∗γ . Hint: Recall that
h∗γ(x) = E[c(Q(T ;x)] under the optimal policy, whereT is a geometric ran-
dom variable with meanγ−1. Can you show thatE[c(Q(T ;x)] ≤ c(x)−εγ−1

for someε > 0 and all largex?

(c) Mimic the proof of Proposition9.6.4to show thath∗γ is Lipschitz continuous.
Conclude that the function functionVθ = eθh

∗
γ solves (V4) for sufficiently

smallθ > 0 providedA satisfies the exponential moment bound (8.31).
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Chapter 10

ODE methods

We remarked in the Introduction that the fluid model can be interpreted as the mean
flow for the stochastic network model as suggested by (1.7). Alternatively, the fluid
model is motivated by considering the scaled processqκ(t;x) defined in Section3.2.1
for the single server queue. In this chapter we investigate the scaled process for the
general CRW network model. Among the goals are to expand our set of tools for
verifying stability or instability of a given policy. Using similar approaches we also
obtain structural properties for the average-cost and discounted-cost value function, as
well as structure for the optimal policy.

The collection of techniques introduced in this chapter can be regarded as an ex-
tension of the ODE method used in the analysis of dynamical systems and recursive
algorithms. To illustrate the general idea, consider a discrete-time dynamical system
described by the equations,

X(t+ 1) = X(t) + f(X(t),Φ(t+ 1)) , t ≥ 0, (10.1)

whereΦ is an ergodic Markov chain on the integers with invariant measureπ, and
f : R

ℓ×Z+ → R
ℓ is continuous. The ODE method is based on the associated ordinary

differential equation,
d
dtx(t) = f(x(t)) (10.2)

wheref is the averaged function,f(x) =
∑
f(x, n)π(n), x ∈ R

ℓ. The most common
conclusion is that the stochastic model (10.1) is stable in a statistical sense provided
the ODE (10.2) is stable. Stability for the deterministic system means that state trajec-
tories converge to some fixed point from each initial condition. This of course requires
assumptions on the nonlinear models (10.1,10.2). The most common assumption is a
global Lipschitz condition on each of the functionsf andf .

In this chapter the CRW network model (8.4) plays the role of the dynamical sys-
tem (10.1), and the associated fluid model is of the general form given in(10.2). The
processΦ := (A,B) is i.i.d. under the assumptions imposed in this book.1

To relate the stochastic model and its fluid counterpart we begin with the suggestive
representation,

1The CRW model withΦ a suitably stable Markov chain can be analyzed using the methods described
in this chapter - see Exercise10.3for an example.
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Q(t) = Q(0) −BZ(t) + αt+N(t), t ≥ 0, (10.3)

whereZ is the cumulative allocation process,

Z(t) =

t∑

k=1

U(k − 1), t ≥ 1, Z(0) = 0, (10.4)

andN is constructed by rearranging terms in the CRW model via,

N(t) =

t∑

k=1

[(B(k) −B)U(k − 1) + (A(k) − α)], t ≥ 1, N(0) = 0.

The representation (10.3) was introduced in Section1.2.1in the discussion on network
modeling.

Throughout this chapter we restrict to the CRW model (8.4) under Assump-
tions (a)–(d) of Theorem8.0.2. We also relax buffer constraints to facilitate scaling,
so thatQ evolves onX⋄ = Z

ℓ
+. As in Section3.2.1, we extend the definition of(Q,Z)

to the time axisR+ by linear interpolation to form a continuous and piecewise lin-
ear function oft. We introduce a scaling parameter denotedκ > 0, and for a given
x ∈ X := R

ℓ
+ we let{x(κ) : κ > 0} denote a (deterministic) sequence of vectors in

R
ℓ
+ satisfyingκx(κ) ∈ X⋄ for eachκ, andx(κ) → x asκ → ∞. We frequently set

x(κ) = xκ with

xκ :=
1

κ
⌊κx⌋, x ∈ R

ℓ
+, κ > 0 , (10.5)

where⌊κx⌋ ∈ Z
ℓ
+ denotes the component-wise integer part of the vectorκx. The two

scaled processes are defined by,

qκ(t;x(κ)) :=
1

κ
Q(κt;κx(κ)), zκ(t;x(κ)) :=

1

κ
Z(κt;κx(κ)), t ≥ 0. (10.6)

Based on a particular version of the Strong Law of Large Numbers (see Theorem1.3.7),
we find that the scaled ‘disturbance process’ vanishes withκ,

lim
t→∞

κ−1N(κt) = 0, a.s.. (10.7)

Hence it is not surprising that the scaled processes in (10.6) are typically convergent to
apair of limiting processes(q,z) satisfying the fluid model equations,

q(t) = x+Bz(t) + αt, t ≥ 0, x ∈ X. (10.8)

The limiting process(q,z) depends of course upon the particular policy that determines
(Q,U ).

Convergence of the scaled processes is suggested in several examples considered
in earlier chapters. Proposition3.2.3 establishes convergence to a scalar version of
(10.8) for the single server queue, and this convergence is illustrated in Figure1.7. The
scaled processqκ was also used to motivate approximate models for the G/G/1 queue
(see (2.7).) The plot at left in Figure2.13illustrates convergence in the KSRS model
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under a priority policy, and convergence is suggested by the plots shown in Figure2.16
for two policies in the simple routing model.

Thefluid limit model, denotedL, is the focus of Section10.3. For a given policy,
this is defined as the set of all possible limits of the scaled processes. In the construction
of L and subsequent analysis it is helpful to isolate a single sample of the probability
space, denotedω, and emphasize the dependency on chance by appending this variable.
For example, we letQ( · ;x, ω) denote the queue length trajectory starting fromx with
a given sampleω ∈ Ω (see Section1.3.2.) Then, for fixedω the pair of functions(q,z)
belongs toL(ω) if for some sequenceκi → ∞ and some convergent sequencex(κi),

qκi(t;x(κi), ω) → q(t;x, ω), zκi(t;x(κi), ω) → z(t;x, ω), i→ ∞, (10.9)

for eacht ∈ R+, wherex = limi→∞ x(κi). The complete definition ofL requires
other technicalities that are postponed to Definition10.3.1.

Definition 10.0.2.Stability of the fluid limit model

The fluid limit modelL is said to bestableif there existsΩ0 ⊂ Ω satisfyingP{Ω0} =
1, andT0 > 0 such thatq(t) = 0 whenevert ≥ T0, ω ∈ Ω0, q ∈ L(ω) and|q(0)| = 1.

A function h : R
ℓ
+ → R+ is equivalent to a quadraticif h ∈ LV2∞ andV2 ∈ L1+h

∞ ,
whereV2 is defined in (8.27). Equivalently, for someγ ≥ 1,

− γ + γ−1|x|2 ≤ h(x) ≤ γ + γ|x|2, x ∈ R
ℓ
+. (10.10)

Recall that trajectory tracking in theL2 sense (8.47) was a condition for stability in
Theorem8.3.2 for a Discrete Review policy. Theorem10.0.1can be regarded as a
substantial generalization of this result.

Theorem 10.0.1. (Fluid-Scale Stability Implies Stochastic Stability) Suppose that
Assumptions (a)–(d) of Theorem8.0.2 hold, and that the allocation sequenceU is
defined as a stationary policy. If the fluid limit model is stable, then the controlled
network satisfies (V3) withf(x) = 1 + |x|, x ∈ X, and a Lyapunov functionV : X →
R+ that is equivalent to a quadratic.

In typical applications Theorem10.0.1provides a far simpler route to establish-
ing stability over direct Lyapunov techniques or linear programming approaches. The
construction of a solution to (V3) is based on the fluid limit model:

Proof of Theorem10.0.1. The solution to (V3) is given explicitly in Proposition10.4.1
by,

Vc(x) = E

[|x|T∑

i=0

c(Q(i;x))
]
, x ∈ X⋄, (10.11)

wherec : R
ℓ
+ → R+ is a linear cost function, andT ≥ 1 is a sufficiently large fixed

integer.
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The growth bounds follow from Lemma10.4.2which implies that,

1

κ2
Vc(κx(κ)) ≈ E

[∫ |x|T

0
c(qκ(t;x(κ))) dt

]
, x ∈ R

ℓ
+, κ > 0. (10.12)

⊓⊔

The idea behind the proof of Theorem10.0.1is that the Lyapunov functionVc
defined in (10.11) approximates a fluid value function of the form introduced inPart II
of the book:

J(x) =

∫ ∞

0
c(q(t;x)) dt, x ∈ X. (10.13)

This approximation is made precise in Lemma10.4.2. In its refinement Proposi-
tion 10.4.3it is assumed thatLx is a singleton for eachx. In this case we have,

lim
κ→∞

1

κ2
Vc(κx(κ)) = lim

N→∞
lim
κ→∞

∫ N

0
c(qκ(t;x(κ))) dt =

∫ ∞

0
c(q(t;x)) dt ,

(10.14)
with q the unique element inLx, x ∈ X.

The value function is always a Lyapunov function for the fluid model in the sense
that ddtJ(q(t)) = −c(q(t)) ≤ 0. The proof follows from the simple formula,

J(q(t)) =

∫ ∞

t
c(q(r;x)) dr = J(q(0)) −

∫ t

0
c(q(r;x)) dr.

A similar argument leads to the proof thatVc is a Lyapunov function for the CRW
model.

A partial converse is established in Section10.4.2based on the following form of
instability. The setL0 denotes the fluid limits satisfyingq(0) = 0.

Definition 10.0.3.Weak instability of the fluid limit model

The fluid limit model is said to beweakly unstableif there existsΩ0 ⊂ Ω satisfying
P{Ω0} = 1, and for eachω ∈ Ω0 there existsT0 = T0(ω) such thatq(T0) 6= 0 for
q ∈ L0(ω).

Theorem 10.0.2. (Weak Instability Implies Transience) If the fluid limit model is
weakly unstable, then the queueing network is unstable in the following sense:

lim inf
t→∞

1

t
|Q(t; 0)| > 0 a.s.

In particular, lim
t→∞

|Q(t; 0)| = ∞. ⊓⊔

On pursuing these ideas further we obtain structural results for the relative value
function in average-cost optimal control. We will see that Theorem10.0.3provides in-
tuition regarding the structure of optimal policies. For example, it implies theexistence
of switching curves resembling dynamic safety-stocks in optimal policies. The limit
(10.15) is known asfluid-scale asymptotic optimality(FSAO).
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Theorem 10.0.3. (Fluid-Scale Asymptotic Optimality of Optimal Policies) Sup-
pose thath∗ solves the ACOE (9.4a) with c a linear cost function, and thath∗ has
quadratic growth, in the sense thath∗ ∈ LV2∞ . Then, for eachx ∈ X and any sequence
{x(κ)} convergent tox,

J∗(x) = lim
κ→∞

1

κ2
h∗(κx(κ)) = lim

T→∞

(
lim
κ→∞

E

[∫ T

0
c(qκ(t;x(κ))) dt

])
, (10.15)

where the expectation at right is with respect to theh∗-myopic policy. ⊓⊔

Theorems10.0.1and10.0.2demand that we answer the question,How can one
determine if the limiting process is stable? One can develop Lyapunov theory or related
techniques for this purpose, as shown in Propositions10.4.6and 10.4.4that follow.
However, the value of these results is greatest when we take a proactive stance: How
can wedesigna policy so that the fluid limit model is stable?

It is natural to take the steps stressed repeatedly in Parts I and II of this book. First
spend some time to understand the deterministic fluid model. We have a rich collection
of techniques for constructing policies for complex networks based on this idealized
model. In particular, the GTO policy and its variants can be computed by solving a
finite dimensional linear program. Once a suitable (and stable) policy is constructed
it must be translated for application in a stochastic model or the physical system of
interest.

Discrete-review policies are best suited for this translation step. In Section10.5
we improve upon Theorem8.3.2to show how the fluid approximation (8.47) can be at-
tained using safety-stocks. This amounts to proving that the scaled processes{qκ,zκ}
converge to the pre-determined solution(q,z). The conclusions in Section10.5 are
also an important foundation for the proof of Theorem10.0.3.

Section10.7 contains some extensions of these results to the CBM model. The
value functions are defined for the fluid and CBM workload models respectively by,

J(w) :=

∫ ∞

0
c(w(t;w)) dt , (10.16)

h(w) :=

∫ ∞

0

(
E[c(W (t;w))] − η

)
dt , w ∈ W , (10.17)

wherec is a piecewise linear cost function onW, andη is its steady-state mean.

Theorem 10.0.4. Suppose that Assumptions (a)–(c) of Theorem5.3.13hold for the
deterministic workload modelw on the domainR = W. LetW denote theR-minimal
solution for the CBM model. The value functionsh and J differ by a function with
linear growth,

sup
w∈R

|h(w) − J(w)|
1 + ‖w‖ <∞.

Moreoever, the fluid limit holds, analogous to (10.15):

J(w) = lim
r→∞

κ−2h(κw), w ∈ W. (10.18)

⊓⊔
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We begin with several examples to illustrate how the fluid limit model is con-
structed, and how it can be used to evaluate a given policy.

10.1 Examples

In the first example we illustrate how to obtain insight without much effort.

Example 10.1.1.Simple re-entrant line: Fluid limits under a priority policy

Consider the simple re-entrant line under the LBFS policy. Approximations of the form
given in (4.57) can be used to characterize the fluid limit modelL. However, it is easiest
to establish a few general properties as follows.

First, if x3 > 0 then we havezκ3 (t;x(κ)) = t for eachκ > 0 and allt before the
first time thatQ3(t;κx(κ)) = 0. Hence for any(q,z) ∈ L we have ddtz3(t) = 1 when
q3(t) > 0. Similar reasoning implies the non-idleness conditions,

d+

dtz1(t)+
d+

dtz3(t) = 1 whenq1(t) + q3(t) > 0, and d+

dtz2(t) = 1 whenq2(t) > 0.

This is enough to conclude thatL coincides with the possible solutions to the fluid
model equations under the LBFS policy.

The analysis in Section2.8shows that the LBFS policy is stabilizing for the fluid
model wheneverρ• < 1. Hence the assumptions of Theorem10.0.1are satisfied, and
we conclude that this policy is regular for the CRW model.

We now illustrate the application of Theorem10.0.2in the simple routing model.

Example 10.1.2.Instability in the simple routing model

As discussed in Section2.10, and illustrated in the simulation at left in Figure6.16, the
priority policy can be destabilizing.

For the policy (6.63) the behavior of buffer2 starting withQ2(0) = 0 is described
as follows. For a geometrically distributed time with parameterαr this buffer remains
empty. The mean of this “period of starvation” isα−1

r . At the time of the first arrival, a
customer is routed to buffer two, so that this buffer can begin work. During a geomet-
rically distributed time with parameterµ2 the buffer is busy, andQ2(t) remains equal
to one since any arriving customers are routed to buffer one. The mean of this busy
period isµ−1

2 . This cycle repeats when the customer at buffer two completes service.
Consequently, we have for anyx1 > 0, with x = (x1, 0)

T,

ζ2 := lim
κ→∞

zκ2 (t;x)

t
=

{mean busy period}
{mean timeQ2 = 0 } + {mean busy period} =

µ−1
2

α−1
r + µ−1

2

,

giving ζ2 = αr/(µ2 + αr).
If x1 > 0 then we obtain using similar (and simpler) arguments that the fluid

limit satisfiesζ1 = ζ2 = 1 for 0 ≤ t < T2 := x2/µ2, andq2(t) = 0 for t > T2.
Consequently, we obtainζ2 = αr/µ2/(1 + αr/µ2) for T2 ≤ t < T1 whereT1 < ∞
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is the time at which the first buffer empties. We conclude that the first buffer never
empties ifµ1 ≤ αr andx 6= 0.

For the particular numerical values used in Figure6.16 we haveαr/µ2 = 9/5.
While q1(t) > 0 andq2(t) = 0 it follows thatζ1 = 1, ζ2 = αr/(µ2 +αr) = 9/14, and
hence

d+

dt |q(t)| = αr − (µ1ζ1 + µ2ζ2) =
9

19
− 5

19
(1 +

9

14
) > 0.

The assumptions of Theorem10.0.2are satisfied, and hence the stochastic model is
transient.

In general there may be many fluid limits for a givenx ∈ R
ℓ
+.

Example 10.1.3.KSRS model: Bifurcations under a priority policy

We have already observed in Section2.9 the emergence of a virtual station in the fluid
model for the KSRS network, characterized by the inequality constraint (2.29) on the
pair (ζ2, ζ4). We revisit here the CRW model under the same policy.

Consider the CRW model in which the service rates satisfy (2.27), controlled using
the priority policy in which buffers 2 and 4 receive strict priority at their respective
stations. A fluid-scaling of the controlled processQ leads to the fluid model already
analyzed in Section2.9. Consider the family of initial conditions{x(κ)} satisfying
κ−1x(κ) → x = 11 asκ → ∞. While buffer 1 receives service, buffer 2 will grow
due to the assumptionµ1 > µ2 imposed in (2.27). Moreover, while buffer 2 grows we
must haveQ4(t) = 0 andU3(t) = 0 due to the priority assumption.

It can be shown using these arguments that{qκ,zκ} converge to a solution(q,z)
of the fluid model equations. The solution satisfiesq1(0) = 11 because of our choice of
initial condition, and the behavior fort > 0 coincides with the fluid model controlled
using this priority policy. Applying (2.29) we conclude that the fluid limit(q,z) is
stable if and only if the virtual load conditionρv < 1 holds, withρv defined in (2.30).
Theorem10.0.1then implies that under the virtual station load condition, along with the
distributional assumptions imposed in this theorem, this priority policy is stabilizing.

If ρv > 1 then the controlled model is transient, by Theorem10.0.2. This conclu-
sion is consistent with the simulation shown in Figure2.13.

We cannot determine stability or instability of the CRW model using these methods
whenρv = 1.

Under this policy the set of fluid limitsLx(ω) contains more than one pair of
processes(q,z) for certain initial conditions. Suppose that the service rates satisfy
(2.27), and moreover the following symmetry conditions hold,

µ1 = µ3 > µ2 = µ4.

Let x = (1, 0, 1, 0)T , and define the two sequences

x1(κ) = κ−1(κ, ⌊log(κ)⌋, κ, 0)T, x2(κ) = κ−1(κ, 0, κ, ⌊log(κ))⌋T, κ ∈ Z+.

We havexi(κ) → x asκ→ ∞ for i = 1, 2.
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Consider the behavior of the network from the initial conditionQ1(0) = κx1(κ).
Fix one sample pathω such that the law of large numbers holds for the service and
arrival processes. SinceQ1

2(0) = ⌊log(κ)⌋ and buffer2 receives priority at Station 2, it
follows thatU2(t) = 1 for some time period[0, T2]. During this time period buffer four
remains empty, so thatU1(t) = 1. Sinceµ1 > µ2 it is very likely that buffer two will
grow in length until buffer one empties. Based on these observations, it can be shown
that,

lim
κ→∞

qκ(t;x1(κ)) = (1−(µ1−α1)t, (µ1−µ2)t, 1+α3t, 0)
T, 0 ≤ t ≤ (µ1−α1)

−1.

We can apply parallel arguments to establish the limit using{x2(κ)} as follows,

lim
κ→∞

qκ(t;x2(κ)) = (1+α1t, 0, 1−(µ3−α3)t, (µ3−µ4)t)
T, 0 ≤ t ≤ (µ3−α3)

−1.

Each of these limiting processes belong toLx(ω) for the givenω, and this value ofx.

Theorem10.0.3provides motivation for the introduction of unbounded switching
curves to guard against starvation of resources.

Example 10.1.4.Tandem queues: Optimal switching curve

Consider the tandem queues in the setting of Example4.5.2: We restrict to Case 2 in
whichµ1 > µ2 (i.e.ρ1 < ρ2), with cost functionc(x) = x1+3x2. The infinite-horizon
optimal solution for the fluid model is pathwise optimal. It satisfiesζ2(t) = 1 whenever
|q(t)| > 0, andζ1(t) = 0 whenq2(t) > 0.

Theorem10.0.3 tells us that an optimal policy for the CRW model has a fluid
limit model that coincides with this pathwise optimal solution. In particular, taking
x = (0, x2)

T with x2 > 0 we obtain,

lim
κ→∞

zκ(t;xκ) = (µ2/µ1, 1)
Tt, 0 < t <

x2

µ2 − α1
. (10.19)

Suppose that the optimal policy is defined by a switching curves∗ : R+ → R+ such
thatφ∗1(x) = 1 wheneverx2 ≤ s∗(x1), as is the case in the special case illustrated in
Figure4.7.2 Then the functions∗ must be unbounded: A bounded switching curve will
result in excessive starvation at Station 2, so that (10.19) is violated.

In applications to communications it is possible that the environment is observed,
and thatU(t) is chosen as a function of environmental variables such as the service
process. How does the theory change in this case?

Example 10.1.5.Klimov model: Service-aware scheduling

Consider the Klimov model with two customer classes in which the two service pro-
cesses{M1(t),M2(t)} are observed. A stochastic model is given by,

2The existence of a switching curve follows from a result of Hajek [224]
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Qi(t+ 1) = Qi(t) −Mi(t)Ui(t) +Ai(t+ 1), t ≥ 0, i = 1, 2,

where{Mi(t) : t ≥ 0} are mutually independent, i.i.d. sequences.
For example, this model describes a wireless communication tower in which two

classes of packets are waiting to be sent to one of two destinations. The channel condi-
tions are ideal for broadcast to the first destination if and only ifM1(t) = 1.

The scaled processes{qκ,zκ} are defined in (10.6), and we again expect that
under general conditions on the policy, the scaled queue length process will converge
asκ→ ∞ to a solution to the ODE,

d+

dtq = −Mζ + α, (10.20)

with M = diag(µ1, µ2). However, whenU(t) is allowed to depend uponM(t) we
find that the set of possibleζ is strictly larger than in the standard Klimov model in
whichU = {ζ : ζ ≥ 0, ζ1 + ζ2 ≤ 1}.

Let U denote the set of all possible values in the limiting ODE (10.20): ζ ∈ U if
there exists some allocation sequenceU and somet > 0 such that

lim
κ→∞

1

κ

∑

0≤i≤κt−1

M(κt+ 1)U(κt;κx(κ)) = tMζ, a.s. (10.21)

Below are policies giving five extreme points in the setU. In these definitions we are
ignoring the state space constraintQ(t) ≥ 0 since we are only attempting to identify
long-term rates asκ→ ∞.

Policy 1: U1(t) = M1(t), U2(t) = M2(t)(1−M1(t)). That is, buffer one receives
strict priority. This givesMζ1 = (µ1, (1 − µ1)µ2)

T (using independence ofM1

andM 2).

Policy 2: U1(t) = M1(t)(1 −M2(t)), U2(t) = M2(t), which by symmetry gives
Mζ2 = ((1 − µ2)µ1, µ2)

T.

Policy 3: U1(t) = 1, U2(t) = 0, givesζ3 = (1, 0)T.

Policy 4: U1(t) = 0, U2(t) = 1, givesζ4 = (0, 1)T.

Policy 5: U(t) = ζ5 = (0, 0)T.

Any convex combination of these five rates is also achievable as the limit (10.21) using
a randomized policy. Moreover, it is not hard to show that the convex hull shown at
right in Figure10.1is precisely the set of possible allocation ratesU defined as possible
limits in (10.21).

What is the load of this system? To answer this question we first express the setU

shown at right in Figure10.1as the polyhedron,

U = {ζ ∈ R
2
+ : Cζ ≤ 1},

where the new constituency matrix is defined by
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U

1

ζ1 = ,(1(1

1

1

1

− µ1) )T

ζ2 = ((1 1− µ2) , )T

Unaware Channel aware

ζ 1

ζ 2

ζ 1

ζ 2

U

Figure 10.1: The set of possible allocation rates for the standard Klimov model is
shown at left. For any positive values of{µi} this is a strict subset of the set of achiev-
able rates in the service-aware model shown at right.

C =




1 0
0 1

k0µ1 k0µ2




with k0 = [1 − (1 − µ1)(1 − µ2)]
−1.

Given this representation we can represent workload vectors using the general ap-
proach described in Chapter6, following Definition 6.1.1. There are three workload
vectors in this model,

ξ1 = (µ−1
1 , 0)T, ξ2 = (0, µ−1

2 )T, ξ3 = k0(1, 1)
T,

which coincide with the rows of the3 × 2 matrix,

Ξ = CM−1.

The vector load is given byρi := 〈ξi, α〉, i = 1, 2, 3, and the system load is the maxi-
mum,

ρ• = max ρi.

This fluid model can be stabilized if and only ifρ• < 1.
For example, in the balanced caseα1 = α2, µ1 = µ2 we have,

ρ• =
2α1

k0
=

2α1

µ1

( 1

2 − µ1

)
.

The load for the standard Klimov model, given by2α1/µ1 in the balanced case, is
strictly larger thanρ• whenα1 > 0 andµ1 < 1.

To prove the main results surveyed at the start of this chapter we first review some
particular mathematical background.

10.2 Mathematical preliminaries

10.2.1 Continuity and convergence

In analyzing the scaled processes{qκ} we will apply results concerning equicontinu-
ous functions. In the following definitions we letK denote an index set that may be
uncountably infinite. When speaking of convergence we setK equal toZ+ or R+.
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Definition 10.2.1.Uniform convergence

The following definitions apply to a family of functions{fκ}, each mappingR+ to
R
ℓ:

(i) The family of functions convergesuniformly on compacta(u.o.c.) to a function
f( · ) if for eachT > 0,

lim
κ→∞

sup
0≤t≤T

‖fκ(t) − f(t)‖ = 0.

(ii) The family of functions ispre-compact in the uniform topologyif for any sub-
sequence{κm}, there exists a further subsequence{κmn} and a functionf∞ such
thatfκmn

→ f∞ (u.o.c.) asn→ ∞.

(iii) The family is equicontinuous on compactaif for eachT > 0, ε > 0, there
existsδ > 0 such that

‖fκ(t1)−fκ(t2)‖ ≤ ε, for all t1, t2 ∈ [0, T ] s.t.|t1 − t2| ≤ δ, and allκ ∈ K.

For example, a family of differentiable functions whose derivatives are uniformly
bounded on any bounded interval is equicontinuous on compacta. The family of func-
tions{zκ} is equicontinuous on compacta since it is uniformly Lipschitz continuous:
For some constantbL <∞,

‖zκ(t1) − zκ(t2)‖ ≤ bL|t1 − t2|, t1, t2 ∈ R+.

The following result will be used to demonstrate that the fluid limit modelL is
non-empty.

Theorem 10.2.1. (Arzel̀a-Ascoli Theorem) The following are equivalent for a fam-
ily of functions{fκ( · ) : κ ∈ K} on a bounded interval[0, T ], whereK is any index
set.

(i) {fκ} is pre-compact in the uniform topology.

(ii) {fκ} is equicontinuous, and also uniformly bounded: There existsb(T ) < ∞
such that

‖fκ(t)‖ ≤ b(T ), for all t ∈ [0, T ] and allκ.
⊓⊔

In a typical application of the Arzelà-Ascoli Theorem we are given a family of
functions{fκ} that is known to converge point-wise. If the family is equicontinuous
on compacta, then necessarily the convergence is u.o.c.. The next result provides an
alternative route to establishing uniform convergence.
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Proposition 10.2.2. Suppose that a family of functions{fκ( · ) : κ ≥ 0} from R+ to
R+ satisfies the following:

(a) {fκ} is uniformly bounded on compacta,

(b) fκ(t) is a non-decreasing function oft for eachκ, and

(c) There is a continuous functionf∞( · ) such that,

lim
κ→∞

fκ(t) = f∞(t) for eacht ≥ 0.

Thenfκ → f∞ u.o.c.

Proof. The proof is by contradiction. If the convergence is not uniform, then there
existsT > 0, ε > 0, a sequence{ti} ⊂ [0, T ], and an increasing sequence{κi} ⊂ Z+

such that for eachi,
|fκi

(ti) − f∞(ti)| ≥ ε.

Without loss of generality we can assume thatti is convergent to somet∞ ∈ [0, T ],
and that the sign offκi

(ti)− f∞(ti) is either positive for alli, or negative for alli. We
henceforth assume that the former condition holds, the case wherefκi

(ti) − f∞(ti) ≤
−ε for all i is treated similarly.

We then have, sincefκi
( · ) is an increasing function of time,

fκi
(t) ≥ f∞(ti) + ε, t ∈ [ti, T ],

or equivalently,
fκi

(t) ≥ [f∞(ti) + ε]1[ti,T ](t), t ∈ R+.

Letting i→ ∞ we obtain,

f∞(t) = lim
i→∞

fκi
(t) ≥ [f∞(t∞) + ε]1(t∞,T ](t), t ∈ R+.

This contradicts continuity off∞, and completes the proof. ⊓⊔

10.2.2 Laws of large numbers

Limit theorems for stochastic processes often involve uniform convergence. Consider a
real-valued i.i.d. process{E(t) : t ≥ 0} with zero mean, define for any integerT ≥ 1,

ME(T ) =

T∑

t=1

E(t), T ≥ 1, ME(0) = 0, (10.22)

and extend the definition to arbitraryT ∈ R+ by linear interpolation. We have the
following uniform Strong Law of Large Numbers.

Theorem 10.2.3. Suppose that the i.i.d. processE = {E(t) : t ≥ 0} has zero mean.
Then, there existsΩE ⊂ Ω satisfyingP{ΩE} = 1 such that for eachω ∈ ΩE , T > 0,

lim
T→∞

sup
0≤t≤T

t−1|ME(t)| = 0.
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Proof. We write E(t) = E+(t) − E−(t) where the two terms are non-negative with
finite mean. The processME is similarly decomposed asME = ME+ − ME− , with

ME+(T ) =

T∑

t=1

E+(t), ME−(T ) =

T∑

t=1

E−(t).

By the usual LLN for i.i.d. sequences (a special case of TheoremA.5.8) we have with
probability one,

lim
κ→∞

|Mκ
E+

(t) − e+t| = lim
κ→∞

|Mκ
E−(t) − e−t| = 0, (10.23)

wheree+, e− denote the means ofE+(t), E−(t), and

Mκ
E+

(t) =
1

κ
ME+(κt), Mκ

E−(t) =
1

κ
ME−(κt), t ≥ 0, κ > 0.

Applying Proposition10.2.2we conclude that the convergence in (10.23) is u.o.c.. ⊓⊔

The processME defined in (10.22) is a martingale, as defined in Section1.3.5.
We next establish a uniform law of large numbers based on Azuma’s Inequality Theo-
rem1.3.7(ii).

Theorem 10.2.4. Suppose that{Mκ : κ ∈ Z+} is a sequence of martingales, each
satisfying the conditions of Azuma’s Inequality: For somebM <∞ independent ofκ,

|Mκ(t) −Mκ(t− 1)| ≤ bM , t ≥ 1.

Then, there existsΩM ⊂ Ω satisfyingP{ΩM} = 1, and for eachω ∈ ΩM , T > 0,

lim
κ→∞

sup
0≤t≤T

|Mκ(t)| = 0,

where the scaled martingale is defined by,

Mκ(t) =
1

κ
Mκ(κt), t ≥ 0, κ ∈ Z+.

Proof. We apply the Borel-Cantelli Lemma to the bound obtained in Azuma’s Inequal-
ity to establish point-wise convergence. Next, we argue that{Mκ : κ > 0} is equicon-
tinuous and uniformly bounded on compacta. Hence uniform convergence follows
from the Arzelà-Ascoli Theorem. ⊓⊔

10.2.3 Differential equations

The scaled process is a perturbation of a solution to the fluid model equations (10.8).
Whenz can be represented in state feedback formζ(t) = d+

dtz(t) = φ0(q(t)) we obtain
the ODE,

d+

dtq(t) = Bφ0(q(t)) + α, t ≥ 0. (10.24)
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This ODE has a unique solution for each initial condition ifφ0 is Lipschitz continuous
on R

ℓ
+ [63]. Unfortunately, continuity rarely holds in network models. This is why we

typically represent the processes using the integral form (10.8).
TheBellman-Grownwall Lemmais commonly used to establish existence of solu-

tions to ODEs, or to obtain bounds on the solution when the ODE is perturbed. A proof
can be found in [455].

Lemma 10.2.5. (Bellman-Gronwall Lemma) Suppose that the non-negative func-
tions of time{x(t), β(t), b(t) : t ≥ 0} satisfy,

x(t) ≤ b(t) +

∫ t

0
β(s)x(s) ds, 0 ≤ t ≤ T.

Then,

x(t) ≤ max
{
b(s) : s ≤ t

}
exp

(∫ t

0
β(s) ds

)
, 0 ≤ t ≤ T.

⊓⊔

10.3 Fluid limit model

We now survey properties of the fluid limit model. We first present a formal definition.

Definition 10.3.1.Fluid Limit Model

For eachx ∈ X andω ∈ Ω we letLx(ω) denote the set of all possible fluid limits,

Lx(ω) =

{
u.o.c. subsequential limits of{qκ(t;x(κ), ω), zκ(t;x(κ), ω)}
such thatx(κ) → x asκ→ ∞

}
.

Thefluid limit modelis the unionL := ∪x∈XLx.

In the following results we show that Definition10.3.1is consistent with the infor-
mal definition ofL given at the start of this chapter. In particular, Proposition10.3.1
implies that the pointwise convergence in (10.9) implies u.o.c. convergence.

10.3.1 Properties

The scaled processesqκ in (10.6) can be expressed,

qκ(t;x(κ)) = x(κ) +Bzκ(t;x(κ)) + αt+Nκ(t;x(κ)), (10.25)

whereNκ(t;x(κ)) := κ−1N(κt). We see in Proposition10.3.1thatNκ is negligible
for largeκ.

Throughout the chapter we take the setΩ0 in Definition 10.0.2to be a subset of
the setΩ0 identified in Proposition10.3.1(i).

Copyright Cambridge University Press 2007. On-screen viewing permitted. Printing not permitted. 
http://www.cambridge.org/us/catalogue/catalogue.asp?isbn=9780521884419



Control Techniques for Complex Networks Draft copy April 22, 2007 450

Proposition 10.3.1. For any policy,

(i) There existsΩ0 ⊂ Ω satisfyingP{Ω0} = 1 such that for eachω ∈ Ω0, x ∈ X,
T > 0, and any family of vectorsx(κ) → x,

lim
κ→∞

sup
0≤t≤T

‖Nκ(t;x(κ))‖ = 0.

(ii) For some constantbN (independent of the policy), anyx ∈ X, t > 0,

E[‖Nκ(t;x(κ))‖2] ≤ κ−1bN t.

Proof. We decompose the disturbanceN as the sum of two martingales,

N(t) = NA(t) +NB(t), t ∈ Z+,

where NA(t) :=

t∑

k=1

(A(k) − α), NB(t) :=

t∑

k=1

(B(k) −B)U(k − 1).
(10.26)

The scaled disturbance is decomposed similarly,Nκ(t;x(κ)) = Nκ
A(t;x(κ))+Nκ

B(t;x(κ))
for t ∈ R.

Uniform convergence of the first term is simplified since it is independent ofU :
With probability one,Nκ

A( · ;x(κ)) → 0 u.o.c. by Theorem10.2.3. Uniform con-
vergence ofNκ

B( · ;x(κ)) follows from Theorem10.2.4sinceB and U are bounded
sequences. This proves (i).

Part (ii) follows from the triangle inequality,

E[‖Nκ(t)‖2]
1
2 ≤ (tσ2

A)
1
2 + (tσ̄2

B)
1
2 ,

with σ2
A the mean of‖A(1) − α‖2, andσ̄2

B = max{E[‖(B(1) −B)u‖2] : u ∈ U}. ⊓⊔

Proposition10.3.2is a simple corollary.

Proposition 10.3.2. Suppose that for a given sampleω ∈ Ω0 and a subsequence{κi}
the convergence (10.9) holds point-wise int. Then the convergence is also u.o.c., and
hence(q,z) ∈ Lx(ω).

Proof. Proposition10.3.1along with the representation (10.25) imply that the set of
limits of {qκ} coincides with the limits of the scaled process with disturbance removed,

q0κ(t;x(κ)) := x(κ) +Bzκ(t;x(κ)) + αt, t ≥ 0 (10.27)

That is,‖qκ(t;x(κ)) − q0κ(t;x(κ))‖ = ‖Nκ(t;x(κ))‖, so that (10.9) holds u.o.c.qκ

if and only if the same holds true forq0κ.
The Arzelà-Ascoli Theorem implies that pointwise and u.o.c. convergence are

equivalent forq0κ. ⊓⊔
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Proposition10.3.1implies that with probability one, any fluid limit is a solution
to the fluid model equations. Proposition10.3.3summarizes this conclusion and other
properties ofL.

Proposition 10.3.3. The following hold for the fluid limit model under any policy:

(i) q(t) = x+Bz(t) + αt for t ≥ 0, x ∈ X, (q,z) ∈ Lx(ω), ω ∈ Ω0.

(ii) The set{Lx(ω) : |x| ≤ m} is compact in the uniform topology for anym > 0
andω ∈ Ω0.

(iii) The fluid limit model is closed under scaling: For eachr > 0:

(q(r),z(r)) ∈ Lr−1x whenever(q,z) ∈ Lx,

where

q(r)(t) = r−1q(rt), z(r)(t) = r−1z(rt), t ≥ 0. (10.28)

Proof. Part (i) follows directly from Proposition10.3.1applied to the representation
(10.25). Part (ii) follows from the Arzelà-Ascoli Theorem since each limit is a solution
to the fluid model equations (10.8).

We now prove (iii). If(q,z) ∈ Lx(ω) then (10.9) holds for somex(κ) → x and a
subsequence{κi}. We have for anyr > 0,

qκi(rt;x(κi), ω) =
1

κi
Q(κirt;κix(κi), ω)

= r
1

κ′i
Q(κ′it;κ

′
ix

′(κ′i), ω), i ≥ 1,

whereκ′i = rκi andx′(κ′i) = r−1x(κi). Consequently,

lim
i→∞

1

κ′i
Q(κ′it;κ

′
ix

′(κ′i), ω) = lim
i→∞

r−1qκi(rt;x(κi), ω) = r−1q(rt) = q(r)(t).

Moreover, sincex′(κ′i) → r−1x as i → ∞, the limit q(r) belongs to∈ Lr−1x as
claimed. ⊓⊔

The proof of the following semigroup property is similar; Its proof is left as an
exercise.

Proposition 10.3.4. Suppose that(q,z) ∈ Lx for somex ∈ X andω ∈ Ω0. Then,
for eacht1 > 0 we have(q[t1],z[t1]) ∈ Lx1, wherex1 = q(t1) and

q[t1](t) := q(t+ t1), z[t1](t) := z(t+ t1), t ≥ 0.

⊓⊔
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10.3.2 Consequences and characterizations of stability

There are many consequences of stability. From the scaling property given in Propo-
sition 10.3.3we see that if trajectoriesq ∈ L vanish fort ≥ T and initial conditions
satisfying‖x‖ ≤ 1, then they vanish for each initial condition.

Proposition 10.3.5. If the fluid limit model is stable then there existsT0 > 0 such
that for anyx ∈ X,

q(t;x) = 0, q ∈ Lx, t ≥ T0|x| , ω ∈ Ω0.

Proof. We take the valueT0 given in Definition10.0.2and apply the scaling formula
in Proposition10.3.3(iii) to obtain,

r−1q(rt; rx) = 0, q ∈ Lx, |x| = 1, t ≥ T0, r > 0.

⊓⊔

If the fluid limit model is stable then it is “uniformly stable”. Recall the definition
of {xκ} given in (10.5).

Proposition 10.3.6. Suppose that the fluid model is stable. Then it is uniformly stable
in the following two senses,

(i) Almost surely:For T ≥ T0 andω ∈ Ω0,

lim
κ→∞

sup
|x|=1

|qκ(T ;xκ, ω)| = lim
κ→∞

sup
|x|=1

|x+ zκ(T ;xκ, ω) + αT | = 0. (10.29)

(ii) In theL2 sense:For T ≥ T0,

lim
κ→∞

sup
|x|=1

E[|qκ(T ;xκ)|2] = 0. (10.30)

Proof. We prove (i) by contradiction. If this limit does not hold, then there exists
T ≥ T0, ω ∈ Ω0, ε > 0, sequences{x(i)} ⊂ {x ∈ X : |x| = 1} and{κi} ⊂ R+ such
thatκi → ∞ asi→ ∞, and for eachi,

|qκi(T ;xκi(i), ω)| ≥ ε.

Without loss of generality we can assume thatx(i) is convergent to somex ∈ X sat-
isfying |x| = 1. Moreover, taking a further subsequence if necessary, we can assume
that {qκi ,zκi : i ≥ 0} is convergent u.o.c., and necessarily the limit(q,z) lies in
Lx(ω). We have|q(T )| ≥ ε since this bound holds for eachi, which is the desired
contradiction. This proves (i).

Applying the triangle inequality,

E[|qκ(T ;xκ)|2] 1
2 ≤ E[|xκ +Bzκ(T ;xκ) + αT |2] 1

2 + E[|Nκ(T ;xκ)|2] 1
2 ,
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Proposition10.3.1gives,

lim sup
κ→∞

sup
|x|=1

E[|qκ(T ;xκ)|2] 1
2 ≤ lim sup

κ→∞
sup
|x|=1

E[|xκ +Bzκ(T ;xκ) + αT |2] 1
2 .

We also have for anyκ,

sup
|x|=1

E[|qκ(T ;xκ)|2] ≤ E

[
sup
|x|=1

|xκ +Bzκ(T ;xκ) + αT |2
]

Hence to prove (ii) it is sufficient to prove that

lim sup
κ→∞

E

[
sup
|x|=1

|xκ +Bzκ(T ;xκ) + αT |2
]

= 0. (10.31)

This follows from (i) and the Dominated Convergence Theorem. ⊓⊔

The following apparently weaker criterion is useful in establishing stability of the
fluid limit model.

Proposition 10.3.7. Suppose that there existsΩ0 ⊂ Ω satisfyingP{Ω0} = 1, and
T0 > 0 such that for eachω ∈ Ω0 andq ∈ L(ω) satisfying|q(0)| ≤ 1,

min
0≤t≤T0

|q(t)| = 0.

Then, the fluid limit modelL is stable.

Proof. Applying Proposition10.3.3we have for eachr > 0, eachx ∈ X satisfying
|x| ≤ r, andq ∈ Lr−1x,

min
0≤t≤T0

|q(r)(t)| = 0.

Equivalently,
min

0≤t≤rT0

|q(t)| = 0.

Applying the semi-group property Proposition10.3.4, it follows that for eacht1 > 0,

min
0≤t≤|q(t1)|T0

|q(t1 + t)| = 0.

Since we are working with theℓ1-norm we have|q(t1 + t)| ≤ |q(t1)| + |α|t for t > 0.
These bounds imply that once the origin is reached, the fluid limit must stay there.⊓⊔

10.4 Fluid-scale stability

We now take a closer look at the scaled processes defined in (10.6) to provide a proof
of the main results summarized at the start of this chapter.
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10.4.1 ODE criterion for regularity

Proposition10.4.1establishes that the functionVc is a solution to (V3), provided the
fluid limit model is stable, and the timeT used in its definition is sufficiently large.

Proposition 10.4.1. Suppose that the fluid limit model is stable for a given stationary
policy. Then, there existsT0 < ∞ such that the controlled network satisfies (V3) with
the Lyapunov functionVc given in (10.11) withf = 1+ 1

2c, providedT > T0. Moreover,
the functionVc is equivalent to a quadratic.

The proof is based on the approximation (10.12) which asserts that the functionVc
can be interpreted as an approximate fluid value function. This is made precise in the
following:

Lemma 10.4.2. For any policy and anyT > 0 we have,

1

κ2

κTκ∑

t=0

c(Q(t;κxκ)) =

∫ Tκ

0
c(qκ(s;xκ)) ds + Eκ, x ∈ X, (10.32)

whereT κ = κ−1⌊κT ⌋, and the random variables{Eκ} satisfy, for eachr > 0,

lim
κ→∞

sup
|x|≤r

Ex[‖Eκ‖2] = 0.

Proof. Based our convention thatQ is piecewise linear as a function oft ∈ R+, we
have for each initial conditionQ(0),

∫ κTκ

0
c(Q(t)) dt =

κTκ−1∑

t=1

1
2 [c(Q(t + 1)) + c(Q(t))]

=
κTκ∑

t=0

c(Q(t)) − 1
2 [c(Q(N)) + c(Q(0))].

(10.33)

SettingQ(0) = κxκ we also have,

1

κ2

∫ κTκ

0
c(Q(t;κxκ)) dt =

1

κ

∫ Tκ

0
c(Q(κs;κxκ)) ds

=

∫ Tκ

0
c(qκ(s;xκ)) ds

The first identity follows from the change of variablesκs = t, and the second is the
definition of the scaled process. Finally, on setting

Eκ :=
1

κ2
[c(Q(κT κ)) + c(Q(0))] =

1

κ
[c(qκ(T κ;xκ)) + c(xκ)]

the result follows from Proposition10.3.1. ⊓⊔
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Proposition10.4.3provides a refinement of Lemma10.4.2under the assumption
thatqκ is convergent a.s. for eachx ∈ R

ℓ
+.

Proposition 10.4.3. Suppose thatLx is a singleton for eachx ∈ X, so that with prob-
ability oneqκ(t;x) → q(t;x), a deterministic solution to the fluid model equations, for
eachx andt. Then,

(i) For eachx ∈ X satisfying|x| = 1,

lim
κ→∞

1

κ2
Vc(κx

κ) =

∫ T

0
c(q(t;x)) dt.

(ii) Suppose that the fluid limit model is stable, letT0 > 0 denote the time used
in Definition 10.0.2, and assume that the integerT used in the definition (10.11)
satisfiesT ≥ T0. Then the limit (10.14) holds for eachx ∈ X,

lim
κ→∞

1

κ2
Vc(κx(κ)) = lim

N→∞
lim
κ→∞

∫ N

0
c(qκ(t;x(κ))) dt =

∫ ∞

0
c(q(t;x)) dt .

Proof. On taking expectations in (10.32) we obtain,

κ−2Vc(κx
κ) = E

[∫ Tκ

0
c(qκ(s;xκ)) ds + Eκ

]
,

and hence by Lemma10.4.2,

lim
κ→∞

1

κ2
Vc(κx

κ) = lim
κ→∞

E

[∫ Tκ

0
c(qκ(s;xκ)) ds

]
=

∫ T

0
c(q(s;x)) ds.

⊓⊔

Proof of Proposition10.4.1. We have seen in Proposition10.3.6that stability of the
fluid limit model impliesL2 convergence: ForT ≥ T0,

lim
κ→∞

sup
|x|=1

E[|qκ(T ;xκ)|2] = 0. (10.34)

This result is used in the main step in the proof.
Before proceeding it is helpful to review the Markov property: Suppose thatC =

C(Q(0), Q(1), . . . ) is any random variable with finite mean. We always have,

EQ(n)[C] = E[ϑnC | Q(0), . . . , Q(n)] = E[ϑnC | Q(n)], (10.35)

whereFn := σ{Q(0), . . . , Q(n)}, n ≥ 0, andϑnC denotes the random variable,

ϑnC = C(Q(n), Q(n + 1), . . . )

We apply the Markov property withn = 1 andC =
∑|x|T

i=0 c(Q(i)) to obtain,

Vc(Q(1)) = EQ(1)

[
C
]

= E
[
ϑ1C | F1

]
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Applying the transition matrix toVc givesPVc(x) = Ex[Vc(Q(1))], so that by the
definition ofC,

PVc(x) = E
[|Q(1)|T∑

i=1

c(Q(i))
]
, Q(0) = x ∈ X⋄.

The sum within the expectation on the right hand side is almost the same as used in
the definition ofVc. However, instead of summing from0 to T |Q(0)|, we are summing
from 1 to T |Q(1)|. Consequently, we have the expression,

PVc(x) = Vc(x) − c(x) + b(x), x ∈ X⋄, (10.36)

whereb(x) :=Ex

[∑|y|T
i=|x|T+1 c(Q(i))

]
with y = Q(1); The sum within the expectation

is interpreted as negative when|x| ≥ |y|.
To complete the proof we now obtain bounds on this sum. First note that under the

assumptions of the theorem we have for some constantb0 <∞,

c(Q(t+ 1)) ≤ c(Q(t)) + (|A(t+ 1)| + 1)b0, t ≥ 1,

which gives, for anyi ∈ (|x|T, |y|T ],

c(Q(i)) ≤ c(Q(|x|T )) +




|y|T∑

t=|x|T+1

b0(|A(t)| + 1)




+

.

This combined with the inequality|y| ≤ |x| + |A(1)| gives,

|y|T∑

t=|x|T+1

c(Q(t)) ≤
(|x|+|A(1)|)T∑

t=|x|T+1

c(Q(t))

≤
(
|A(1)|)T

)(
c(Q(|x|T )) +

(|x|+|A(1)|)T∑

j=|x|T+1

b0(|A(j)| + 1)
)

(10.37)

Note thatj > 1 in the summation whenever|x|T ≥ 1 as we assume here. Hence the
expectation of the right hand side of (10.37) can be simplified by independence ofA(1)
andA(j), which gives,

E

[ |y|T∑

|x|T+1

c(Q(i))
]
≤ TE[c(Q(|x|T ))|A(1)|] +

(
|α|T

)
b0(|α| + 1).

Now, c(Q(|x|T )) and |A(1)| are dependent random variables. Applying the Cauchy
Shwartz inequality gives,

E[c(Q(|x|T ))|A(1)|]2 ≤ E[c(Q(|x|T ))2]E[|A(1)|2]
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We now consider initial conditions of the formκxκ for non-zerox ∈ R
ℓ
+. Under

the assumptions of the theorem we conclude from (10.37) and (10.34) that,

lim
κ→∞

1

κ
b(κxκ) = lim

κ→∞
1

κ
sup
|x|=1

E

[ |y|T∑

i=T |κx|+1

c(Q(i;κxκ))
]

≤ T lim
κ→∞

sup
|x|=1

√
E[c(qκ(T ;xκ))2]E[|A(1)|2] = 0.

That is, b(x) = o(|x|). This combined with (10.36) implies that Condition (V3) is
indeed satisfied: for somen0 ≥ 1, b0 <∞, we have,

DVc (x) ≤
{
−(1 + 1

2c(x)), |x| ≥ n0

b0 |x| ≤ n0.

⊓⊔

10.4.2 Converse theorems

There are many converse theorems available. We first establish Theorem10.0.2, which
asserts that the stochastic model is unstable provided the fluid limit model is ‘suffi-
ciently transient’.

Proof of Theorem10.0.2. If the fluid limit is weakly unstable, then for eachω ∈ Ω0,
there exists a timeT = T (ω) > 0 satisfyingq(T ) 6= 0. We claim that we have for
someε = ε(ω) > 0,

|q(T )| ≥ ε, for all q ∈ L0(ω).

This follows from Theorem10.3.3, which asserts thatL0(ω) is compact in the uniform
topology.

With this random variableε we have,

lim inf
κ→∞

|qκ(T ; 0)| ≥ ε(ω), ω ∈ Ω0. (10.38)

This bound is obtained exactly as in the proof of Proposition10.3.6(i): If ( 10.38) fails,
then there existsω ∈ Ω0, ε1 < ε, and a sequence{κi} such that|qκi(T ; 0)| ≤ ε1 for
eachi. Taking a convergent subsequence we can assume that{qκi} is convergent, and
the limit necessarily satisfies|qκ(T ; 0)| ≤ ε1, which is a contradiction.

This is enough to complete the proof since we have under (10.38),

ε ≤ lim inf
κ→∞

1

κ
Q(κT ; 0) = T lim inf

t→∞
1

t
Q(t; 0)

where in the second equation we used the change of variablest = κT . ⊓⊔

A true converse to Theorem10.0.1would assert that the fluid limit model is stable
whenever the stochastic model is stable. This implication is true provided one chooses
an appropriate definition of stability for the stochastic model. In the following results
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we show that the existence of a suitable Lyapunov function for the stochastic model
implies that the fluid limit model is stable.

The simplest result of this kind is based on Foster’s criterion. A Lipschitz solution
implies stability of the fluid model.

Proposition 10.4.4. Suppose that the following conditions hold:

(a) Assumptions (a)–(c) of Theorem10.0.1hold.

(b) There exists a solution to Foster’s criterion (V2) withV Lipschitz continuous
on R

ℓ
+.

Then the fluid limit model is stable.

The proof is based on the following extension of Theorem10.2.4.

Lemma 10.4.5. Suppose that for eachκ ≥ 1 the real-valued sequence{Eκ(t) : t ≥
1} is a martingale difference sequence with respect to some filtration{Ft : t ≥ 0}.
Suppose moreover that there is an i.i.d. sequenceG onR+ with finite mean that is also
adapted to{Ft : t ≥ 0}, and such that the following uniform bounds hold,

|Eκ(t)| ≤ G(t) t ≥ 1, κ ≥ 1.

Then, there existsΩM ⊂ Ω satisfyingP{ΩM} = 1, and for eachω ∈ ΩM , T > 0,

lim
κ→∞

sup
0≤t≤T

|Mκ(t)| = 0,

where the scaled martingale is defined by,

Mκ(T ) =
1

κ

κt∑

t=1

Eκ(t), t ≥ 0, κ ∈ Z+.

Proof. Define for a givenm <∞,

E ′
κ(t) := Eκ(t)1{G(t) ≤ m} − E[Eκ(t)1{G(t) ≤ m} | Ft−1], t ≥ 1.

Under the conditions of the lemma this sequence is uniformly bounded by2m, and
hence Azuma’s Inequality gives

0 = lim
κ→∞

sup
0≤t≤T

∣∣∣
1

κ

κt∑

t=1

E ′
κ(t)

∣∣∣. (10.39)

The martingale-difference property gives

E[Eκ(t)1{G(t) ≤ m} | Ft−1] = E[Eκ(t)1{G(t) > m} | Ft−1]

so that
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Eκ(t) = E ′
κ(t) + Eκ(t)1{G(t) > m} + E[Eκ(t)1{G(t) > m} | Ft−1]

This gives the uniform bound,

|Eκ(t) − E ′
κ(t)| ≤ G(t)1{G(t) > m} + E[G(t)1{G(t) > m} | Ft−1]

= G(t)1{G(t) > m} + E[G(t)1{G(t) > m}].

The limit (10.39) combined with the LLN forG then gives,

lim sup
κ→∞

sup
0≤t≤T

∣∣∣
1

κ

κt∑

t=1

Eκ(t)
∣∣∣ ≤ 2E[G(1)1{G(1) > m}].

This completes the proof sincem ≥ 1 is arbitrary andE[G(1)] <∞ by assumption.
⊓⊔

Proof of Proposition10.4.4. LetFt = σ{Q(k) : k ≤ t}, t ≥ 0, and define fort ≥ 0,
N ≥ 1,

EV (t+ 1) := V (Q(t+ 1)) − E[V (Q(t+ 1)) | Ft],

and MV (N) =
N∑

t=1

EV (t).
(10.40)

The Markov property implies thatEV (t+ 1) = V (Q(t+ 1)) − PV (Q(t)), so that we
can write Foster’s criterion as,

V (Q(t+ 1)) ≤ V (Q(t)) − 1 + b1S(Q(t)) + EV (t+ 1), t ≥ 0.

On summing overt we obtain forT ≥ 0,

V (Q(κT κ;κxκ)) ≤ V (κxκ)− κT κ + b

κTκ−1∑

t=0

1S(Q(t)) +MV (κT κ;κxκ), (10.41)

whereT κ = κ−1⌊κT ⌋, andMV (κT κ;κxκ) is defined in (10.40) with N = κT κ and
initial conditionQ(0) = κxκ.

We have the bound,

|EV (t+ 1)| ≤ |V (Q(t+ 1)) − V (Q(t))| + E[|V (Q(t+ 1)) − V (Q(t))| | Ft],

so that under the Lipschitz assumption onV we have|EV (t+ 1)| ≤ b0(1 + |A(t+ 1)|
for someb0 <∞. Lemma10.4.5implies the limit,

lim sup
κ→∞

κ−1|MV (κT κ;κxκ)| = 0. (10.42)

On dividing each side of (10.41) by κ we obtain forT ≥ 0,

Vκ(q(T
κ;xκ)) ≤ Vκ(x

κ)−T κ+bκ−1
κTκ∑

t=0

1{qκ(κ−1t;xκ) ∈ κ−1S}+κ−1MV (κT κ;κx),
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whereVκ(x) = κ−1V (κx) andκ−1S = {x : κx ∈ S}. For eachε > 0 and all
sufficiently largeκ this gives the bound,

0 ≤ Vκ(q(T
κ;xκ)) ≤ Vκ(x

κ)−T κ+b

∫ Tκ

0
1{‖qκ(t;xκ)‖ ≤ ε}+κ−1MV (κT κ;κx).

Lettingκ→ ∞ and applying (10.42) then gives for eachq ∈ Lx,

0 ≤ V∞(x) − T + b

∫ T

0
1{‖q(t;x)‖ ≤ ε}

with V∞(x) = lim supκ→∞ Vκ(x).
Sinceε > 0 is arbitrary we conclude that the conditions of Proposition10.3.7hold

with T0 = sup{V∞(x) : ‖x‖ = 1}. ⊓⊔

We can in fact obtain sharper bounds on the fluid limit model even without the
Lipschitz assumption based on a solutionh to the Poisson inequality (8.12).

Lettinghκ(x) = κ−2h(κx), κ > 0, we denote

h∞(x) := lim sup
κ→∞

hκ(x) = lim sup
κ→∞

1

κ2
h(κx), x ∈ R

ℓ
+, (10.43)

which is finite-valued providedh ∈ LV2∞ . The functionh∞ scales quadratically as
follows: For eachr > 0,

h∞(rx) = lim sup
κ→∞

1

κ2
h(κrx) = r2 lim sup

κ→∞

1

(κr)2
h(κrx) = r2h∞(x).

So thath∞ ∈ LV2∞ if and only if it is bounded on bounded subsets ofR
ℓ
+. Proposi-

tion 10.4.6imposes additional assumptions on the model to simplify discussion.

Proposition 10.4.6. Consider the network model (8.4) satisfying the following:

(a) Assumptions (a)–(d) of Theorem8.0.2hold.

(b) There exists a functionh : X → R
ℓ
+ satisfying Poisson’s inequality (8.12), and

(10.43) holds withh∞ ∈ LV2∞ .

(c) Lx is a singleton for eachx ∈ X.

Then for someT0 <∞ and eachx ∈ X,

lim
κ→∞

qκ(T ;xκ) = q(T ;x) = 0, T ≥ T0 a.s. (10.44a)
∫ ∞

0
c(q(t;x)) dt ≤ h∞(x), {q} = Lx. (10.44b)

Proof. We apply the first bound in Proposition8.1.5: Replacingr by κT κ andx with
κxκ in (8.21), and then dividing both sides of this bound byκ2 gives,
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E

[
hκ(q

κ(T ;xκ))) +

∫ T

0
c(qκ(t;xκ)) dt

]
≤ hκ(x

κ) +
1

κ
ηT,

and hence

lim sup
κ→∞

E

[
hκ(q

κ(T ;xκ))) +

∫ T

0
c(qκ(t;xκ)) dt

]
≤ h∞(x). (10.45)

Sinceqκ( · ;xκ) → q( · ;x) u.o.c. asκ→ ∞, and sinceh ≥ 0, we obtain,
∫ T

0
c(q(t;x)) dt = lim

κ→∞
E

[∫ T

0
c(qκ(t;xκ)) dt

]

≤ lim sup
κ→∞

E

[
hκ(q

κ(T ;xκ))) +

∫ T

0
c(qκ(t;xκ)) dt

]
≤ h∞(x).

This establishes the bound in (10.44b).
We now apply the semi-group property expressed in Proposition10.3.4: For each

x ∈ X, q ∈ Lx, andt1 > 0, let x1 = q(t1;x) and consider,

q[t1](t) = q(t+ t1), z[t1](t) = z(t+ t1), t ≥ 0.

Thenq[t1] is the unique element inLx1. That is,q(t + t1;x) = q[t1](t) = q(t;x1).
Consequently,

J(q(t1;x)) :=

∫ ∞

0
c(q(t;x1)) dt =

∫ ∞

0
c(q(t+ t1;x)) dt =

∫ ∞

t1

c(q(t;x)) dt,

so that
d+

dtJ(q(t;x)) = −c(q(t;x)), t ≥ 0, x ∈ X. (10.46)

Applying part (i) we have0 ≤ J ≤ h∞.
The functionh∞ has quadratic growth, which implies that for someε > 0,

J(x) ≤ h∞(x) ≤ [ε−1c(x)]2, x ∈ X.

Returning to (10.46) we obtain withG =
√
J , wheneverq(t;x) 6= 0,

d
dtG(q(t;x)) = 1

2

1√
J(q(t;x)

d
dtJ(q(t;x))

= −1
2

1√
J(q(t;x)

c(q(t;x)) ≤ −1
2ε.

Integrating, we obtain,

0 ≤ G(q(T ;x)) ≤ G(x) − 1
2εT, if q(t;x) 6= 0 for 0 ≤ t ≤ T ,

which shows thatq(T ;x) = 0 for T ≥ 2ε−1G(x). This proves the result with,

T0 = 2ε−1 max{G(x) : |x| = 1} ≤ 2ε−1 max{
√
h∞(x) : |x| = 1}.

⊓⊔
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10.5 Safety stocks and trajectory tracking

Safety-stocks were introduced in Section4.6 as a technique to avoid idleness in the
CRW scheduling model. In this section we illustrate the application of safety-stocks
to facilitate tracking a given fluid trajectory. Dynamic safety-stocks of the form intro-
duced in Section4.6.2are most easily analyzed using the methods of this chapter. We
focus on this technique here, and for simplicity we restrict to the scheduling model.

We first present a simple result based on a highly idealized setting: We are given a
policy for the fluid model in feedback formζ(t) = φ0(q(t)), whereφ0(x) ∈ U(x) for
eachx ∈ R

ℓ
+. The policy is assumed to be radially constant and Lipschitz continuous:

For some constantbL <∞,

φ0(rx) = φ0(x), r > 0, (10.47a)

‖φ0(x) − φ0(y)‖ ≤ bL‖x− y‖, ‖x‖2 + ‖y‖2 ≥ 1. (10.47b)

A randomized policy forQ is defined by,

φi(x) = φ0
i (x)1{xi ≥ 1}. (10.48)

Let q0 denote the solution to the ODEddtq
0(t;x) = φ0(q0(t;x)) with initial condition

x.
It is assumed that each buffer increases on average whenever it is small compared

to the total customer population. This is captured by an unbounded switching curve
s : R+ → R+ that defines a dynamic safety-stock. For example, we might use the
logarithmic switching curve introduced in Section4.6.2,

sθ(r) := θ log(1 + rθ−1), r ≥ 0. (10.49)

Proposition 10.5.1. Suppose that (10.47a,10.47b) are satisfied for the scheduling
model introduced in Section4.1.1, and that the following bound holds for someε > 0,
eachi, and eacht ≥ 0,

d+

dtq
0(t) ≥ ε whenq0i (t) < s(|q(t)|), (10.50)

wheres : R+ → R+ is increasing and unbounded. Then for each initial conditionx,
each sequence{x(κ)} convergent tox, and eachT > 0,

lim
κ→∞

sup
0≤t≤T

‖qκ(t;x(κ)) − q0(t;x(κ))‖ = 0 a.s.

The key step in the proof is to control the amount of time thatφi(Q(t)) 6=
φ0
i (Q(t)). Given non-negative coefficients{di : i = 1, . . . , ℓ} we let Y denote the

weighted sum,
Y (t) =

∑
diQi(t), t ≥ 0.

For example, we might setdi = 1{i ∈ Is} to represent the buffers at Stations in a
scheduling model.
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Lemma 10.5.2. Suppose that for a given policy there exists an unbounded, increasing
functions : R+ → R+, anε > 0, andt1 ≥ 1 satisfying for each initial condition, and
eacht ≥ 0,

E[Y (t+ t1) − Y (t) | Ft] ≥ ε whenY (t) ≤ s(|Q(t)|). (10.51)

Then, for each non-zerox ∈ R
ℓ
+, and sequencex(κ) → x we have,

lim
κ→∞

1

κ

κT−1∑

t=0

1{Y (t;κx(κ)) = 0} = 0 a.s., for all T < T ∗(x)

Proof. We construct a bounded functionV0 : R
ℓ
+ → R+ satisfying, for someε0, θ > 0,

DV0 (x) ≤ −ε01{y = 0} + ε−1
0 e−θs(|x|), x ∈ X⋄, y =

∑
dixi. (10.52)

This has the equivalent form,

V0(Q(t+ 1)) ≤ V0(Q(t)) − ε01{Y (t) = 0} + ε−1
0 e−θs(|Q(t)|) + EV0(t+ 1),

with EV0(t + 1) := V0(Q(t + 1)) − E[V0(Q(t + 1)) | Ft]. Summing each side overt
gives,V0(Q(κT ;κx(κ))) ≤ V0(κx(κ)) ≤

−ε0
κT−1∑

t=0

1{Y (t) = 0} + ε−1
0

κT−1∑

t=0

e−θs(|Q(t;κx(κ))|) +Mκ(T )

whereMκ(T ) = κ−1
∑κT

1 EV0(t). Applying Theorem10.2.4we can conclude that

lim sup
κ→∞

1

κ

κT−1∑

t=0

1{Y (t) = 0} ≤ ε−2
0 lim sup

κ→∞

1

κ

κT−1∑

t=0

e−θs(|Q(t;κx(κ))|) = 0.

We now establish (10.52). First supposet1 = 1 and defineV0(x) = e−θy, x ∈ R
ℓ
+,

with θ > 0 a fixed constant. We have by the Mean Value Theorem, for any∆ ∈ R,

e−θ∆ ≤ 1 − θ∆ + 1
2θ∆

2eθ∆−

where∆− = max(0,−∆). Writing Y (t+ 1) = Y (t) + ∆Y we obtain,

V0(Q(t+ 1)) ≤ V0(Q(t))
(
1 − θ∆Y + 1

2θ
2∆2

Y e
θ(∆Y )−

)

We thereby obtain for someb0 <∞, and allθ ∈ (0, 1],

E[V0(Q(t+ 1)) − V0(Q(t)) | Ft] ≤
(
−θE[Y (t+ 1) − Y (t) | Ft] + 1

2θ
2b0

)
V0(Q(t)).

If Y (t) ≤ s(|Q(t)|) then the conditional expectation on the right hand side is no less
thanε. If this condition is violated, then it is bounded below by−∆−, for some constant
∆−. Consequently,
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DV0 (Q(t)) := E[V0(Q(t+ 1)) − V0(Q(t)) | Ft]
≤

(
−θε+ 1

2θ
2b0

)
V0(Q(t))1{Y (t) ≤ s(|Q(t)|)}

+
(
θ∆− + 1

2θ
2b0

)
V0(Q(t))1

{
Y (t) > s(|Q(t)|)

}
.

Choosingθ = ε/b0 we obtain−θε+ 1
2θ

2b0 = −1
2θε = −1

2ε
2/b0. We can then apply

the bounds,
V0(Q(t))1{Y (t) ≤ s(|Q(t)|)} ≥ 1{Y (t) = 0},
V0(Q(t))1{Y (t) > s(|Q(t)|)} ≤ e−θs(|Q(t)|),

to obtain (10.52) for someε0 > 0 suitably small.
The proof fort1 > 1 is similar since we still have, for someθ, ε0 > 0,

E[exp(−θY (t+ t1)) − exp(−θY (t)) | Ft] ≤ −ε01{Y (t) = 0} + ε−1
0 e−θs(|Q(t)|)

We defineV00(x) = e−θy and

V0(x) =

t1−1∑

t=0

P tV00 (x) =

t1−1∑

t=0

Ex[exp(−θY (t))], x ∈ X⋄.

By assumption we have,

P t1V00 (x) ≤ V00(x) − ε01{y = 0} + ε−1
0 e−θs(|x|),

so thatV0 satisfies the desired bound,

PV0 (x) =

t1−1∑

t=0

P t+1V00 (x)

= V0(x) − V00(x) + P t1V00 (x)

≤ V0(x) − ε01{y = 0} + ε−1
0 e−θs(|x|).

⊓⊔

Proof of Proposition10.5.1. Under the conditions of the proposition, the bound (10.51)
holds withY (t) = Qi(t) andany i = 1, . . . , ℓ: For someε > 0, perhaps smaller than
the constant used in (10.50), an integert1 ≥ 1, and a constant̺ ∈ (0, 1),

E[Qi(t+ t1) −Qi(t) | Ft] ≥ ε whenQi(t) ≤ ̺s(|Q(t)|). (10.53)

The introduction of̺ is required since we do not know howq0i (t) behaves forq0i (t) ≥
s(|q0(t)|).

To compare the scaled processes we first note that the cumulative allocation vector
z0 can be expressed as the integral,

z0(t) =

∫ t

0
φ0(q0(s)) ds, t ≥ 0.
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The scaled cumulative allocation processzκ for the CRW model can be expressed in a
similar form. We first write,

zκ(t;x(κ)) =
1

κ

∑

0≤j≤κt−1

φ(Q(j;κx(κ))) +Nκ
φ (t),

=
1

κ

∑

0≤j≤κt−1

φ0(Q(j;κx(κ))) +Nκ
φ (t) −Dκ

z (t),

where

Dκ
z (t) :=

1

κ

∑

0≤j≤κt−1

∑

i

φ0
i (Q(j;κx(κ)))1{Qi(j;κx(κ)) = 0}1i

andNκ
φ is a scaled martingale,

Nκ
φ (t) :=

1

κ

∑

0≤j≤κt−1

(
U(j) − φ(Q(j;κx(κ)))

)
.

We thus arrive at a representation similar to (10.25),

qκ(T ;x(κ)) = x(κ) +

∫ T

0
[Bφ0(qκ(t)) + α] dt+Nκ(T )

q0(T ;x(κ)) = x(κ) +

∫ T

0
[Bφ0(q0(t)) + α] dt, T ≥ 0,

where{Nκ(t) := B[Nκ
φ (t) − Dκ

z (t)] : t ≥ 1} converges u.o.c. to zero by Proposi-
tion 10.3.1combined with Lemma10.5.2.

To apply the Bellman-Grownwall we define the processx byx(T ) = ‖qκ(T ;x(κ))−
q0(T ;x(κ))‖, T ≥ 0. Using the Lipschitz bound,

x(T ) ≤ bL‖B‖
∫ T

0
x(t) dt+ ‖Nκ(T )‖, T ≥ 0,

the Bellman-Grownwall Lemma implies the final bound,

lim
κ→∞

sup
0≤t≤T

‖qκ(t;x(κ))−q0(t;x(κ))‖

= lim
κ→∞

sup
0≤t≤T

x(t)

≤ ebL‖B‖T sup
0≤t≤T

‖Nκ(t)‖ = 0.

⊓⊔

The continuity assumption onφ0 is extremely restrictive. For example, in the GTO
policy and infinite-horizon optimal policies the feedback lawφ0 is discontinuous since
it is piecewise constant. Without the continuity assumption the Bellman-Gronwall
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Lemma is no longer available, but other concepts used in the proof of Proposition10.5.1
will prove valuable.

Consider the following tracking problem: We are given two vectorsx0, x1 ∈ X

and we seek a policy for the CRW model for which the fluid limit starting fromx0

reachesx1 in minimal time. If some components ofx0 or x1 are zero then we must
find a way to keepqκ(t) away from the boundary of the state space, but not too far.
This is achieved by satisfying (10.53) using an unbounded functions : R+ → R+ with
sub-linear growth.

We define two elements ofV,

v∗ :=
1

T ∗(x0, x1)
(x1 − x0), v+ :=

1

T ∗(0,1)
1.

That is, if d
dtq(t;x

0) ≡ v∗ thenx1 is reached in minimal time from the given initial
condition, and if ddtq(t; 0) ≡ v+ then the vector of ones is reached in minimal time
starting from the origin. The velocity vector for the CRW model is chosen as a convex
combination of the two,

v(x) := β(x)v+ + (1 − β(x))v∗, x ∈ X, (10.54)

whereβ(x) is constructed so that it is near unity wheneverx is near the boundary,

β(x) = max
1≤i≤ℓ

(s(|x|) − xi)+
s(|x|) , x ∈ X, x 6= 0. (10.55)

By construction we can findu∗, u+ contained inU(x0) andU respectively such that
the feedback lawφ0(x) = β(x)u+ + (1 − β(x))u∗ satisfiesBφ0(x) + α = v(x) for
eachx. We then choose the randomized policyφ based on thisφ0 and (10.48).

Proposition10.5.3establishes convergence:

Proposition 10.5.3. Suppose that the randomized stationary policyφ is constructed
so that (10.54) holds withβ given in (10.55). The functions : R+ → R+ is assumed
to be unbounded and concave, withs′(r) → 0 as r → ∞. Then, for any sequence
x0(κ) → x0 we haveqκ(t;x0(κ)) → x0 + v∗t for each0 ≤ t ≤ T ∗(x0, x1). The
convergence is both a.s., and inL2.

The proof is based on an extension of Lemma10.5.2.

Lemma 10.5.4. Suppose that the assumptions of Lemma10.5.2hold, where the func-
tion s satisfies the assumptions of Proposition10.5.3. Then, for each non-zerox ∈ R

ℓ
+,

sequencex(κ) → x, and̺ ∈ (0, 1) we have,

lim
κ→∞

1

κ

κT−1∑

t=0

1{Y (t;κx(κ)) ≤ ̺s(|Q(t)|)} = 0 a.s., for all T < T ∗(x)

Proof. The proof is very similar to the proof of Lemma10.5.2. We present the details
only for t1 = 1 in (10.51) since the extension to largert1 follows exactly as before.
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The idea is to sharpen the bound in (10.52): We construct a functionV0 : R
ℓ
+ →

R+ satisfying, for someε0, θ > 0,

DV0 (x) ≤ −ε01{y ≤ ̺s(|x|)}+ε−1
0 e−θ(y−̺s(|x|))1{y ≥ s(|x|)}, x ∈ X⋄, y =

∑
dixi.

(10.56)
The result will then follow from the Comparison TheoremA.4.3 as in the proof of
Lemma10.5.2.

We take,V0(x) = e−θ(y−̺s(|x|)), x ∈ R
ℓ
+, with θ > 0 a fixed constant. We have

the following bound by concavity ofs: ForQ(t) = x and∆ :=Q(t+ 1) − x,

s(|Q(t+ 1)|) ≤ s(|x|) + s′(|x|)|∆|.

Writing ε(x) = ̺s′(|x|), ∆Y = Y (t+ 1) − Y (t), andy = Y (t) we obtain,

V0(Q(t+ 1)) = e−θ(Y (t+1)−̺s(|Q(t+1)|))

≤ e−θ(y+∆Y )eθ(̺s(|x|)+ε(x)|∆|)

= V0(x)e
−θ∆Y +θε(x)|∆|

Taking expectations and applying the Mean Value Theorem as before gives, for some
constantb0 > 0 and allθ ∈ (0, 1), the following bound on the mean-driftDV0,

E[V0(Q(t+ 1)) − V0(Q(t)) | Q(t) = x] ≤ V0(x)
(
−1 + E[e−θ∆Y +θε(x)|∆|]

)

≤ V0(x)
(
−1 + e−θδY (x)+b0(θε(x)+θ2)]

)
,

whereδY (x) = E[Y (t + 1) − Y (t) | Q(t) = x]. Under the assumptions onδY we
obtain (10.56) for sufficiently smallθ > 0. ⊓⊔

Proof of Proposition10.5.3. Following the proof of Proposition10.5.1we write,

zκ(t;x(κ)) =
1

κ

∑

0≤j≤κt−1

φ(Q(j;κx(κ))) +Nκ
φ (t),

whereNκ
φ is defined as before. Lemma10.5.4implies the limit,

lim
κ→∞

1

κ

∑

0≤j≤κt−1

β(Q(j;κx(κ))) = 0.

Sinceφ(x) = β(x)u+ + (1 − β(x))u∗ for eachx, convergence ofzκ follows:

lim
κ→∞

zκ(t;x(κ)) = u∗t.

TheL2 convergence follows from Proposition10.3.1. ⊓⊔

10.6 Fluid-scale asymptotic optimality

We have seen that the fluid limit model can be used to capture stability of a policy. Here
we describe how fluid limits can be used to investigate finer properties. Our main goal
is to assemble the ingredients of the proof of Theorem10.0.3.

We begin with the simpler discounted case.

Copyright Cambridge University Press 2007. On-screen viewing permitted. Printing not permitted. 
http://www.cambridge.org/us/catalogue/catalogue.asp?isbn=9780521884419



Control Techniques for Complex Networks Draft copy April 22, 2007 468

10.6.1 Discounted cost

The value functionh∗γ defined in (9.34) can be expressed,

h∗γ(x) = γ−1 inf E[c(Q(T ;x))],

whereT is a geometrically distributed random variable with meanγ−1, independent of
Q, and the infimum is over all policies.

To formulate an analog of Theorem10.0.3for the discounted-cost optimality cri-
terion we first recall some results obtained for the single server queue in Section3.4.5.
In this simple model it was shown thath∗γ can be expressed as a perturbation of the
discounted fluid value function. The following result provides an (admittedly weak)
generalization.

Proposition 10.6.1. For eachγ > 0 andx ∈ R
ℓ
+,

lim
κ→∞

[
h∗γ(κx

κ) − J∗
γ (κx

κ)
]
≥ 0. (10.57)

If xi > 0 for eachi then this lower bound is achieved,

lim
κ→∞

[
h∗γ(κx

κ) − J∗
γ (κx

κ)
]

= 0

To prove this result we consider first the impact of scaling on the value function
for the fluid model. From the expression forJ∗

γ derived in Section3.4.5we obtain for
the single server queue,

lim
κ→∞

κ
[ 1

κ
J∗
γ (κx

κ) − γ−1c(x)
]

= −γ−2(µ− α), x ∈ R+.

Proposition10.6.2(iii) extends this result to the generalℓ-dimensional fluid model.

Proposition 10.6.2. The discounted-cost value function for the fluid model satisfies,
for eachγ > 0 andx ∈ R

ℓ
+,

(i) J∗
γ (κx) = κ2J∗

κγ(x) for κ > 0,

(ii) lim
κ→∞

1

κ
J∗
γ (κx) = γ−1c(x),

(iii) lim
κ→∞

κ
[ 1

κ
J∗
γ (κx) − γ−1c(x)

]
= γ−2 min

ζ∈U(x)
cT[Bζ + α].

Proof. WhenX = R
ℓ
+ as we assume here, then{q(t) : t ≥ 0} is a solution start-

ing from x if and only if {q(κ)(t) : t ≥ 0} is a solution starting fromκ−1x, where
(q(κ),z(κ)) are defined in (10.28) for (q,z) ∈ L.

If q∗ achieves the optimal discounted-cost from the initial conditionx ∈ R
ℓ
+ then,

J∗
γ (x) =

∫ ∞

0
e−γtc(q∗(t)) dt = κ2

∫ ∞

0
e−γκsc(q∗(κ)(s)) ds ≥ κ2J∗

κγ(κ
−1x)
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where the second equality follows from the change of variabless = κt, and the final
inequality is the definition ofJ∗

κγ . We can use identical reasoning to obtain a bound in

the reverse direction. Ifq is given, withq(κ) achievingJ∗
κγ(κ

−1x) then,

J∗
γ (x) ≤

∫ ∞

0
e−γtc(q(t)) dt = κ2

∫ ∞

0
e−γκsc(q(κ)(s)) ds = κ2J∗

κγ(κ
−1x)

Combining these two bounds proves (i).
Part (ii) follows from (i) since we can write,

κγJ∗
κγ(x) =

∫ ∞

0
κγe−κγtc(q∗(t)) dt.

Even though in generalq∗ depends uponκ, the right hand side converges toc(x) as
κ→ ∞.

To see (iii), first note that the right hand side of the claimed limit can be expressed
cT[Bζc(x) + α], whereζc(x) denotes the value ofd

+

dtz(0) whenq(0) = x under any
c-myopic policy. Let(qc,zc) denote a solution to the fluid model equations under any
myopic policy, and letJcγ denote the value function. We assume thatq is piecewise
linear, and thatζc is radially constant,

ζc(rx) = ζc(x), r > 0, x ∈ R
ℓ
+, x 6= 0.

We have by definition,
Jcγ(x) ≥ J∗

γ (x), x ∈ R
ℓ
+,

but we also havec(q∗(t;x)) ≥ c(qc(t;x)) for t ≤ T1, where

T1(x) = min( d
+

dtz
c(t;x) 6= ζc(x)).

We haveT1(κx) = κT1(x) for x 6= 0, from which we conclude that

lim
κ→∞

[
J∗
γ (κx) − γ−1κc(x)

]
= lim

κ→∞

[
Jcγ(κx) − γ−1κc(x)

]

= lim
κ→∞

∫ κT1(x)

0
e−γt(cT[Bζc(x) + α]t dt.

The right-hand side coincides with the value given at right in (iii), and the left-hand
side coincides with the left-hand side of (iii). ⊓⊔

Proof of Proposition10.6.1. We again letζc(x) denote the value ofd
+

dtz(0) when
q(0) = x under anyc-myopic policy. The valuec(x) + cT[Bζc(x) + α]t is a lower
bound onc(q(t;x)) under any policy, for anyx, t, and hence we also have for the CRW
model,

E[c(Q(t;x))] ≥ c(x) + cT[Bζc(x) + α]t.

See Proposition4.4.1 for a similar bound. The inequality (10.57) then follows from
Proposition10.6.2(iii).
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To obtain the equality whenx > 0 we consider the randomized policyφu(x)ζcu(x)1{xu ≥
1}, u ∈ {1, . . . , ℓ}, for which the value functionhγ satisfies, wheneverxi > 0 for each
i,

lim
κ→∞

κ
[ 1

κ
hγ(κx) − γ−1c(x)

]
= γ−2cT[Bζc(x) + α].

⊓⊔

In Example4.5.2we saw that optimal policies are sometimes approximated by a
static switching curve in the tandem queues. We now explain this approximation based
on a fluid limit model.

Example 10.6.1.Tandem queues: Asymptotic optimality using safety-stocks

We consider here a hedging-point policy,

φ1(x) = 1{x1 ≥ 1, x2 < x2}, x ∈ Z
2
+, (10.58)

where the thresholdx2 ≥ 1 is the safety-stock level for the second resource. In Ex-
ample4.9.1we saw that the myopic policy based on (4.98) is approximated by a static
hedging-point policy of this form, and numerical results presented in Example4.5.2
show that an optimal policy is also approximated by the policy(10.58) whenc2 > c1.
Here we apply a fluid-limit analysis to obtain an approximation of the discounted-cost
optimal policy of the form (4.98) for largex1.

Under the policy (10.58) the resulting process of buffer levels at Station 2 has
a simple description that facilitates analysis. Up until the first time that buffer one
empties, buffer two evolves as the M/M/1 queue with finite waiting roomx2 (see Ex-
ercise3.7 in Chapter3.) Its steady state distribution is geometric on{0, . . . , x2} with
parameter̺ :=µ1/µ2, and hence for any non-zero initial conditionx satisfyingx2 = 0,

Q̄2 := lim
t→∞

(
lim
κ→∞

E[Q2(t;κx(κ))]
)

=

∑x2
n=0 n̺

n

∑x2
n=0 ̺

n
.

We can also estimate the probability thatQ2(t) is non-zero: We have{U2(t) = 1} =
{Q2(t) ≥ 1} and hence,

ζ2 := lim
t→∞

(
lim
κ→∞

P{U2(t;κx(κ)) = 1}
)

=
̺x2+1 − ̺

̺x2+1 − 1
.

Moreover, sinceQ2(t+ 1)−Q2(t) = S1(t+ 1)U1(t)−S1(t+ 1)U2(t) for eacht, we
can compute the limiting value ofζ1 := P{U1(t) = 1},

0 = lim
t→∞

(
lim
κ→∞

E[Q2(t+ 1;κxκ) −Q2(t;κx
κ)]

)
= µ1ζ1 − µ2ζ2

In particular, from this initial condition the scaled process converges to the fluid limit,

lim
κ→∞

1

κ
Q1(κt;κx(κ)) = x1 − (µ2ζ2 − α1)t, lim

κ→∞
1

κ
Q2(κt;κx) = 0, (10.59)

t ≤ x1/(µ2−α1). These approximations can be applied to approximate the discounted-
cost value functionh∗γ .
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Let T denote a geometrically distributed random variable, independent ofQ, with
meanγ−1. From the foregoing we obtain the following approximations for the CRW
and the fluid model: for allx ∈ X⋄ satisfying x1

µ2−α1
≫ E[T ] = γ−1 andx2 = 0,

E[Q1(T ;x)] ≈ x1 − (µ2ζ2 − α1)γ
−1, E[Q2(T ;x)] ≈ Q̄2

E[q∗1(T ;x)] ≈ x1 − (µ2 − α1)γ
−1, E[q∗2(T ;x)] = 0.

(10.60)

We only obtain an approximation forq∗1(T ;x) since there is some small probability
thatT > x1/(µ2−α1). Based on (10.60) we now construct a static policy that approx-
imately minimizes the discounted-cost for large initial conditions.

The value functions for the CRW and fluid models can be expressed,

hγ(x) = γ−1
E[c(Q(T ;x))], J∗

γ (x) = γ−1
E[c(q∗(T ;x))],

whereT is geometric in the first instance, and exponential in the second. This gives for
initial conditions satisfying (10.60),

γhγ(x) ≈ c1[x1 + (α1 − ζ1µ1)γ
−1] + c2Q̄2.

γJ∗
γ (x) ≈ c1[x1 + (α1 − µ1)γ

−1]
(10.61)

To obtain the optimal threshold it remains to minimize over allx2,

− c1ζ1µ1γ
−1 + c2Q̄2. (10.62)

It is simplest to work with a continuous approximation. Writingβ = log(̺) gives,

Q̄2 ≈
∫ x2

0 teβt dt
∫ x2

0 eβt dt
= −β−1 + x2

eβx2

eβx2 − 1
, and ζ2 ≈ eβx2 − eβ

eβx2 − 1
.

Substituting these approximations into (10.62), the minimizerx∗2 is obtained by differ-
entiating the resulting expression with respect tox2 and setting the derivative to zero.
This results in the fixed point equation,

eβx
∗
2 − βx∗2 = 1 +

c1
c2
γ−1µ1β(eβ − 1)

Consider two cases separately, with cost parametersc1 = 1, c2 = 3 fixed:

CASE 1: µ1 < µ2 Whenµ1 < µ2 thenβ < 0. If γ > 0 is small thenx∗2 wil be large,
and we obtain the approximation,

x∗2 = |β|−1
(
1 +

c1
c2
γ−1µ1β(1 − eβ)

)

With µ1/µ2 = eβ = 10/11 this givesx∗2 ≈ 5 whenγ = 0.01, andx∗2 ≈ 21 when
γ = 0.001.

The discounted optimal policy is shown in Figure4.9. We see that these threshold
policies nearly coincide with the actual optimal policy in each case.
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CASE 2: µ1 ≥ µ2 In this caseβ > 0, and hence an alternate approximation is
required. Assuming again thatγ is small, we again conclude thatx∗2 wil be large,
which results in the approximation,

x∗2 ≈ β−1 log
(
1 +

c1
c2
γ−1µ1β(eβ − 1)

)
.

For the special case with parametersµ1/µ2 = eβ = 11/10 we obtainx∗2 ≈ 5 when
γ = 0.01 andx∗2 ≈ 13 whenγ = 0.001. The discounted optimal policies shown in
Figure4.10again show very close agreement with these asymptotic formulae.

Note that in Case 2 the thresholdx∗2 scales logarithmically withγ−1, while in
Case 1 it scales linearly. This is consistent with the characteristics of the infinite-
horizon optimal control problem for the fluid model. In Case 2 this is described by
the switching curvex2 = m∗

xx1 defined in (4.47) with m∗
x ≡ 0, while in Case 1 the

constantm∗
x is strictly positive.

10.6.2 Infinite horizon

The proof of Proposition10.6.3is identical to the proof of Proposition10.6.2(i) using
optimality of {q(r)(t) : t ≥ 0} wheneverq∗ is optimal, whereq(r) is defined in (10.28).

Proposition 10.6.3. The infinite-horizon value function for the fluid model satisfies,

J∗(κx) = κ2J∗(x) for eachx ∈ R
ℓ
+, κ > 0.

⊓⊔

Recall that Theorem10.0.3claims thatκ−2h∗(κxκ) ≈ J∗(x), which on applying
Proposition10.6.3can be written

lim
|x|→∞

h∗(x)
J∗(x)

= 1.

As a first step to proving this result, we consider the more general Poisson’s equation
(8.2) under a stationary policy.

Proposition 10.6.4. For any stationary policy, if there is a solution to Poisson’s equa-
tion h : X⋄ → R+, then for eachT > 0 andx ∈ X,

(i) lim
κ→∞

∣∣∣∣E
[ 1

κ2

(
h(κxκ) − h(κq(T κ;xκ))

)
−

∫ Tκ

0
c(qκ(s;xκ)) ds

]∣∣∣∣ = 0,

(ii) lim inf
κ→∞

1

κ2
h(κxκ) ≥ J∗(x).

Proof. The proof is based on iterating the equationPh− h− [c− η] to obtain for any
N ,

PNh (x) − h(x) = −
N−1∑

t=0

[P tc (x) − η] = −E

[N−1∑

t=0

[c(Q(t;x)) − η]
]
. (10.63)
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Combining Lemma10.4.2with (10.63) we obtain (i). Part (ii) follows from (i) using
positivity of h and the bound,

lim inf
κ→∞

E

[∫ Tκ

0
c(qκ(t;xκ)) dt

]
≥ E

[
lim inf
κ→∞

∫ Tκ

0
c(qκ(t;xκ)) dt

]

≥ inf
q

∫ T

0
c(q(t;x)) dt

where the final bound follows from Proposition10.3.1, and the infimum is over all fluid
trajectories starting fromx. The right hand side coincides withJ∗(x) for all T > 0
sufficiently large. ⊓⊔

To obtain a complementary bound onκ−2h∗(κx) we first appeal to the principle
of optimality:

Lemma 10.6.5. If h∗ solves the ACOE then for any policy and anyT ,

lim sup
κ→∞

1

κ2
h∗(κxκ) ≤ lim sup

κ→∞
E

[ 1

κ2
h∗(Q(κT κ;κxκ)) +

∫ Tκ

0
c(qκ(s;xκ)) ds

]
.

Proof. If h∗ solves the ACOE then (10.63) admits an extension to any policy as an
inequality:

E[h∗(Q(N ;x))] ≥ h∗(x) − E

[N−1∑

t=0

[c(Q(t;x)) − η∗]
]
. (10.64)

SubstitutingN = κT κ andx = κxκ we obtain the result from Lemma10.4.2. ⊓⊔

Next we apply Proposition10.5.1to conclude that the limitJ∗ is ‘almost’ achiev-
able usingsomepolicy.

Lemma 10.6.6. Under the assumptions of Theorem10.0.3, for anyε > 0 there exists
a policyφ such that for allT > 0 sufficiently large,

lim sup
κ→∞

∫ T

0
c(qκ(t;x(κ))) dt ≤ J∗(x) + ε,

lim sup
κ→∞

E

[∫ T

0
c(qκ(t;x(κ))) dt

]
≤ J∗(x) + ε,

lim sup
κ→∞

E[‖qκ(T ;x(κ))‖2] ≤ ε, |x| ≤ 1.

Proof. Fix ε0 ∈ (0, ε), and choose a piecewise linear trajectory(qε,zε) satisfying
‖qε(t) − q∗(t)‖ ≤ ε0 for all t ≥ 0. Hence there are times0 = t0 < t1 < · · · < tn and
vectors{vi} ⊂ V satisfying,

d+

dtq
ε(t) = vi, t ∈ [ti, ti+1), 1 ≤ i ≤ n− 1.

We assume moreover thatqε(t) = 0 for t ≥ tn.
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GivenQ(0) = κx(κ) we setT κ0 = 0, T κi = κ−1⌊κti⌋, 1 ≤ i ≤ n, and choose
the policy on[T κi , T

κ
i+1) so thatqκ(t;x(κ)) → qε(t) asκ → ∞ for eacht ≤ tn. It

is assumed that on this interval the policy is the randomized stationary policy defined
using (10.54,10.55). On the infinite interval[T κn ,∞) the policy reverts to any stationary
policy for which the fluid model is stable.

The desired convergence follows from Proposition10.5.3sinceε0 > 0 is arbitrary.
⊓⊔

Proof of Theorem10.0.3. Following Proposition10.6.4, to complete the proof of The-
orem 10.0.3it is sufficient to show that the solution to Poisson’s equation under the
optimal policy satisfies,

lim sup
κ→∞

1

κ2
h∗(κxκ) ≤ J∗(x), x ∈ R

ℓ
+. (10.65)

This follows by combining Lemma10.6.5and Lemma10.6.6, together with the as-
sumption thath∗ ∈ LV2∞ . ⊓⊔

We conclude this chapter with some extensions to the CBM model.

10.7 Brownian workload model

Under certain conditions on the model we saw in Section8.7 that theR-minimal solu-
tion on the domainR defined in (8.97) is ergodic, In fact,V -uniformly ergodic withV
an exponential of the scaled fluid value function. If the assumptions of Theorem8.7.3
are relaxed we don’t know if such a strong form of ergodicity holds, but we can obtain
similar results based on the fluid-scaling approach developed in this chapter.

It will be useful to introduce a scaling parameterκ ≥ 0 to investigate the impact
of variability,

W (t) = w − δt+ I(t) +
√
κN(t), W (0) = w ∈ W , (10.66)

and modify the region (5.31) as follows,

R(κ) = {w ∈ R
n
+ : 〈ni, w〉 ≥ −κβi , 1 ≤ i ≤ ℓR}, (10.67)

where the constant vectorβ ∈ R
ℓR
+ and vectors{ni} ⊂ R

n are as in (5.31).

10.7.1 Value functions

We begin with some structural properties of the value functions associated with the
fluid and CBM models. We consider two processes on the domainR(κ): The mini-
mal processW satisfying (10.66); and also the deterministic minimal solution̂w on
R(κ) defined in (5.27). When we wish to emphasize the dependency onκ and the
initial conditionw ∈ W we denote the workload processes byW (t;w, κ), w(t;w, κ),
respectively.
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Let ηκ denote the steady-state mean ofc(W (t;w, κ)). Whenκ = 1 we drop the
subscript so thatη = η1. The value functions considered in this section are defined for
the fluid and CBM workload models respectively by,

J(w;κ) :=

∫ ∞

0
c(w(t;w, κ)) dt , w ∈ W. (10.68)

h(w;κ) :=

∫ ∞

0

(
E[c(W (t;w, κ))] − ηκ

)
dt, (10.69)

wherew ∈ W andκ ≥ 0. We again suppress dependency onκ whenκ = 1. We have
also removed the ‘hats’ onJ , h, etc., to streamline the notation.

General conditions under which both the steady-state meanη is well defined are
presented in Theorem10.7.1. The proof is postponed to the end of Section10.7.2.

Theorem 10.7.1. Suppose that the following extension of Assumption (a) of Theo-
rem 5.3.13 holds: For eachκ ≥ 0, the setR(κ) has non-empty interior, satisfies
R(κ) ⊂ R

n
+, and the point-wise projection[ · ]R : R

n → R(κ) exists.
The following then hold for theR-minimal process:

(i) The scaling property holds,

h(w;κ) = κ2h(κ−1w; 1) , w ∈ R(κ) , κ > 0. (10.70)

(ii) For some constantb > 0, and allw ∈ R(κ),

−bκ2 ≤ h(w;κ) ≤ b(κ2 + ‖w‖2) .

(iii) The steady-state meanη and the relative value functionh are finite-valued,
andh solves Poisson’s equation,

Ah = −c+ ηκ. (10.71)

(iv) If h′ ∈ LV2∞ is another solution to Poisson’s equation (10.71) then there is a
constantb′ such thath′(w;κ) = h(w;κ) + b′ onR(κ).

⊓⊔

To prove the theorem we begin with some elementary scaling properties. For the
fluid model we obtain from the definitions,

Proposition 10.7.2. The following hold for the fluid model,

(i) w(t;w, κ) = κw(κ−1t;κ−1w, 1) for eacht ≥ 0, κ > 0, andw ∈ R(κ).

(ii) If ρ• < 1 we haveJ(w;κ) < ∞ for eachw ∈ W, κ > 0, and the following
scaling property holds:

J(w;κ) = κ2J(κ−1w; 1) , w ∈ R(κ) , κ > 0. (10.72)

⊓⊔
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With slightly more effort we obtain analogous scaling results for the relative value
function. The following result follows from the scaling formula for Brownian motion,

κN(κ−1t)
dist
=

√
κN(t).

Proposition 10.7.3. W (t;w, κ)
dist
= κW (κ−1t;κ−1w, 1) for eacht ≥ 0, κ > 0, and

w ∈ R(κ), where the equality is in distribution. ⊓⊔

Note that the identity (10.70) implies thatr−2h(rw; 1) = h(w; r−1) → h(w; 0).
Similarly, (10.72) implies thatr−2J(rw; 1) = J(w; r−1) → J(w; 0), asr → ∞, and
it follows thatr−2|E(rw)| → 0 asr → ∞ sinceh(w; 0) = J(w; 0). Theorem10.0.4
is a substantial strengthening of this asymptotic bound.

10.7.2 Regeneration and ergodicity

A stationary version of the workload process can be constructed using the shift-
coupling technique introduced in our analysis of the single server queue. Suppose
that the Brownian motionN is defined on the two-sided intervalR, with N(0) = 0,
and construct a processW s on R, initialized at time−s. For a given initial condition
w ∈ R, this is defined on the interval[−s,∞) with initial conditionW s(−s;w) = w,
and disturbance processN s(t) := N(t) − N(−s), t ≥ −s. Suppose that all of the
processes are initialized atw = 0. If s′ > s thenW−s(s′; 0) ≥ 0 = W−s(s; 0), and
by minimality it then follows thatW t(s′; 0) ≥ 0 = W t(s; 0) for all t ≥ −s. That
is, for any fixedt, {W s(t; 0) : s ≥ 0} is non-decreasing (component-wise) ins for
s ≥ −t. It then follows that the limit exists with probability one,

W∞(t) := lim
s→∞

W s(t; 0), −∞ < t <∞. (10.73)

Proposition10.7.3combined with Proposition5.4.2implies a weak form of stabil-
ity:

Proposition 10.7.4. Suppose that Assumption (a) of Theorem5.3.13holds. Then, the
minimal process onR with κ = 1 satisfies, for eachp ≥ 1, w ∈ W,

lim
r→∞

E[‖r−1W (rt; rw)‖p] = 0, t ≥ T ∗(w). (10.74)

Proof. From Proposition5.4.2we obtain the bound, for eacht ≥ 0, κ > 0, w ∈ W,

‖W (t;w, κ) −w(t;w, κ)‖ ≤ kR
√
κ‖N‖[0,t], (10.75)

where the norm‖ · ‖[0,t] is defined in (5.69). If t ≥ T ∗(w) thenw(t;w, κ) = 0 for
eachκ > 0. Combining the bound (10.75) with Proposition10.7.3we conclude that,
for anyp ≥ 1, t ≥ T ∗(w),

κpE[‖W (κ−1t;κ−1w)‖p] ≤ (kR
√
κ)pE[‖N‖p[0,t]].

An application of [412, Corollary 37.12] shows thatE[‖N‖p[0,t]] is finite for eacht ≥ 0,
p ≥ 1, giving (10.74). ⊓⊔

Copyright Cambridge University Press 2007. On-screen viewing permitted. Printing not permitted. 
http://www.cambridge.org/us/catalogue/catalogue.asp?isbn=9780521884419



Control Techniques for Complex Networks Draft copy April 22, 2007 477

For a given functionf : R → [1,∞), and for a pair of probability distributionsµ,
ν onB(R) we define,

‖µ− ν‖f := sup
|g|≤f

|µ(g) − ν(g)|.

DefineVp(w) = ‖w‖p + 1 for w ∈ W, and let{P t : t ≥ 0} denote the Markov
transition group forW with κ = 1.

Theorem 10.7.5. Suppose that Assumption (a) of Theorem5.3.13holds. Then, the
minimal process onR with κ = 1 satisfies

(i) The limiting processW∞ exists, and its marginal distributionπ on R is the
unique invariant measure forW .

(ii) The invariant measure has finite moments, andlim
t→∞

tp‖P t(w, · )− π( · )‖Vp =

0 for eachp ≥ 1, w ∈ W.

(iii) There is a compact setC0 ⊂ W s.t. for each integerp ≥ 0, there is a finite
constantkp satisfying,

E

[∫ τC0

0
Vp(W (t;w)) dt

]
≤ kpVp+1(w), w ∈ W, (10.76)

whereτC0 denotes the first entrance time toC0.

Proof. The proof is outside of the scope of this book, but it is not difficult to describe
the main ideas, which are very similar to the proof of Proposition10.4.1. See the Notes
section for references and background.

Define the functionVc in analogy with (10.11) via,

Vc(w) := E

[∫ |w|T

0
Vp(W (t;w)) dt

]
w ∈ W. (10.77)

This function is bounded by a fixed multiple ofVp+1(w). Moreover, on setting

C :=

∫ |w|T

0
Vp(W (t;w)) dt

we have by the Markov property (10.35), for anyr > 0,

Vc(W (r;w)) = E

[
ϑrC | Fr

]
= E

[∫ |W (r;w)|T

r
Vp(W (t;w)) dt | Fr

]

Taking expectations of each side then gives,

P rVc (w) := E[Vc(W (r;w))]

= E

[∫ |W (r;w)|T

r
Vp(W (t;w)) dt

]

= Vc(w) − E

[∫ r

0
Vp(W (t;w)) dt

]
+ E

[∫ |W (r;w)|T

|w|T
Vp(W (t;w)) dt

]
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ChooseT > 0 sufficiently large so thatκ−1W (κt;κw) → 0 for t ≥ T and|w| ≤ 1.
We can then conclude that for anyw satisfying|w| = 1,

lim
κ→∞

κ−pE
[∫ |W (r;κw)|T

κT
Vp(W (t;κw)) dt

]
= 0.

This implies a bound of the form,

P rVc (w) ≤ Vc(w) − 1
2E

[∫ r

0
Vp(W (t;w)) dt

]
+ b1S(w),

whereb < ∞ andS is a bounded subset ofW. This is precisely the sort of Lyapunov
drift condition used to establish regularity in the proof of Theorem10.0.1(with p = 1.)

⊓⊔

Proof of Theorem10.7.1. The scaling property (10.70) in (i) follows directly from
Proposition10.7.3and the formula (10.69). Without loss of generality we restrict to
κ = 1 in the remainder of the proof.

To prove (ii) note first that Theorem10.7.5(iii) implies thatW isVp-regular where
Vp(w) = ‖w‖p + 1, where the definition in continuous time is identical to the discrete
time definition given in DefinitionA.4.1 (see [366].) We can obtain the following
uniform bounds: For eachp there existskp < ∞ such that for any setS with positive
π-measure, there is a constantkS <∞ satisfying for allw,

E

[∫ τS

0
Vp(W (s;w)) ds

]
≤ kpVp+1(w) + kS . (10.78)

Specializing top = 1, it then follows from [216, Theorem 3.2] that a solutiong to
Poisson’s equation exists with quadratic growth satisfying for eachT ≥ 0,

E[g(W (T ;w))] = g(w) −
∫ T

0

(
E[c(W (t;w))] − η

)
dt.

Letting T → ∞ and applying Theorem10.7.5(ii) then givesπ(g) = g(w) − h(w),
with h defined in (10.69), so that|h| is also bounded by a quadratic function ofw.

This bound onh allows application of the Markov property to obtain the following
representation for eachT > 0,

h(W (T ;w)) =

∫ ∞

T

(
E[c(W (t;w)) | FT ] − η

)
dt.

It follows that the stochastic processMh defined below is a martingale for each initial
conditionw ∈ W,

Mh(t) := h(W (t;w)) − h(w) +

∫ t

0

[
c(W (s;w)) − η

]
ds, t ≥ 0. (10.79)

This proves (iii).
We now use the martingale property to prove (ii). LetS ⊂ R be any compact set

with non-empty interior. The optional sampling theorem implies that{Mh(t ∧ τS) :
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t ≥ 0} is a martingale, and it can be shown using Theorem10.7.5and (10.78) that it is
uniformly integrable. Consequently, we obtain the expression,

E[Mh(τS)] = E

[
h(W (τS ;w)) − h(w) +

∫ τS

0
c(W (s;w)) − η ds

]
= 0. (10.80)

On settingS = {w : c(w) ≤ η} we obtain the lower bound,h(w) ≥ infw′∈S h(w′),
completing the proof of (ii).

To prove uniqueness we note first that under the conditions of (iv) the processMh′

is again a martingale (as defined in (10.79) using the functionh′) sinceh′ ∈ LV2∞ solves
Poisson’s equation. Taking expectations gives, by the martingale property,

0 = Mh′(0) = E[Mh′(t)] = E

[
h′(W (t;w)) − h′(w) +

∫ t

0

[
c(W (s;w)) − η

]
ds

]

Letting t → ∞ and applying Theorem10.7.5 (ii) gives h(w) = h′(w) + b′ with
b′ = π(h− h′). ⊓⊔

Proof of Theorem10.0.4. We have noted thatMh is a martingale, andMJ is a mar-
tingale by Theorem8.7.1(iii). Consequently,ME := Mh − MJ is a martingale, and
can be expressed fort ≥ 0 by

ME (t) = E(W (t;w)) − E(W (0;w)) +

∫ t

0

[
bCBM(W (s;w)) − η

]
ds . (10.81)

Let C0 ⊂ W denote the compact set found in Theorem10.7.5(iii). The martingale
property forMh implies the representation (10.80), and combining (10.76) with Itô’s
formula (8.100) we obtain the analogous expression forMJ . On subtracting, we obtain
for each initial condition,

E(w) = E

[
E(W (τC0 ;w)) +

∫ τC0

0

(
bCBM(W (s;w)) − η

)
ds

]
(10.82)

To complete the proof, observe that the functionbCBM is bounded andEw[τC0 ] has linear
growth by Theorem10.7.5(iii) with p = 0. ⊓⊔
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10.8 Notes

For more on the ODE method see the monographs of Kushner and Yin [330], Ben-
veniste, Métivier and Priouret [45], or Chen [102]. See also the Notes following Chap-
ter 11. In Borkar and Meyn [75] the fluid model approach developed for networks is
extended to address stability of stochastic approximation algorithms found in reinforce-
ment learning applications, and Fort et. al. [191] show that the same ideas can be used
to address stability of MCMC algorithms.

The discussion surrounding Example10.1.5on “service-aware scheduling” is mo-
tivated by recent research at the intersection of information theory and operations re-
search. A very partial slice of this literature is included in Bhagwat et. al. [61], Shakkot-
tai and Srikant [437], Borst and Whiting [79], and Viswanath et. al. [481].

There are now numerous papers that derive stability conditions for specific network
models based on the fluid model. The references [132, 55, 101, 134, 131, 322] are
just a selected sample. Chen and Zhang [101] develop a general approach to stability
verification for priority policies.

Trajectory tracking in the focus of the thesis of Maglaras [346, 345]. Refinements
are contained in [37, 359, 135, 60, 54]. Policies for a stochastic network are devised to
track a solution to the fluid model, and convergence is established as the initial number
of jobs in the system tends to infinity. These results make use of safety-stocks in a
DR-setting similar to the development in Section10.5.

The fact that stability of the fluid limit model implies stability of the stochastic
network was established in a limited setting by Malyšev and Men′šikov in [347]. This
result was applied to the KSRS model by Rybko and Stolyar in [420]. The method was
extended to a very broad class of multiclass network models by Dai [126]. A key step
in the proof of these results is a multi-step version of Foster’s criterion introduced in
[347] for countable state space models, and generalized in [370, 367].

Converse theorems have appeared in [134, 127, 355] that show that under some-
what strong conditions, instability of the fluid model implies transience of the stochas-
tic network. A perfect converse to Theorem10.0.1cannot exist: Bramson has con-
structed an example of a stable stochastic network whose fluid model is unstable in a
sense slightly weaker than Definition10.0.3[86]. This result and counterexamples in
[197, 129] show that some additional conditions are necessary to obtain a converse.

Proposition10.3.7is a special case of a result of Stolyar [461]. Lemmas10.5.2
and10.5.4are related to bounds obtained in Fayolle et. al. [174].

The main result of [126] established positive recurrence only. Moments and rates
of convergence to stationarity of the Markovian network model were obtained in [131,
319, 359]. It is shown in [319] thatL2-stability of the fluid limit model is equivalent to
a form of regularity for the network. In particular, the conclusions of Theorem10.7.5
also hold for the CRW model provided the fluid limit model is stable:

Theorem 10.8.1. Suppose that conditions of Theorem10.0.1hold, and that the given
stationary policy is weakly non-idling. Suppose moreover thatA is a bounded se-
quence. Then,

(i) The policy is regular, with invariant measureπ.
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(ii) The invariant measure has finite moments, and for eachp ≥ 1, x ∈ X,

lim
t→∞

tp‖P t(x, · ) − π( · )‖Vp = 0,

whereVp(x) = ‖x‖p + 1, x ∈ R
ℓ
+.

(iii) For each integerp ≥ 0, there is a finite constantkp satisfying,

E

[ τ0∑

t=0

fp(Q(t))
]
≤ kpfp+1(x), x ∈ X, (10.83)

whereτ0 denotes the first entrance time to the empty state0.
⊓⊔

Theorem10.8.1 is taken from Gamarnik and Meyn [198], and it is essentially
contained in [131].

The polynomial rate of convergence in (ii) is based on results of Tuominen and
Tweedie [476] (now extended and simplified in work of Douc et. al. [147].) It is natural
to conjecture that the controlled model is geometrically ergodic under the assumptions
of Theorem10.8.1, so that the convergence in (ii) can be strengthened to geometric con-
vergence. Surprisingly, this isfalse. The paper [198] contains an example of a network
and stationary policy satisfying the conditions of Theorem10.8.1, yet the controlled
process is not geometrically ergodic.

Dupuis and Williams [162] and Ata et. al. [27] establish positive recurrence of the
CBM model under assumptions somewhat weaker than Theorem10.7.5.

Theorem10.0.3relating optimality of the CRW and fluid models is based on the
two 1997 papers [357, 357]. Refinements of this result have appeared in a series of
papers [107, 358, 359, 106, 361, 362, 363]. Much of Section10.6.1on fluid-scale
asymptotic optimality under the discounted-cost criterion is new.

The logarithmic switching curve (10.49) was introduced in [357] based on numer-
ical experiments obtained in a single example, and heuristic arguments of the form
made precise in Section10.5. A policy based on (10.49) is analysed in depth in [194]
for a pair of queues in tandem. It is found that the policy is stabilizing, and fluid-scale
asymptotically optimal. Moreover, a bound is obtained on the rate of convergence in the
limit on the right hand side in (10.15). In this example and several others it is shown
in [362] that a similar policy is asymptotically average-cost optimal, with logarithmic
regret, in the sense of (6.64). These results were generalized in [371].

Again, there are close parallels with heavy-traffic theory of stochastic networks.
Harrison in [248] argues that a safety-stockxi at bufferi should satisfy a lower bound
of the form,

xi = K log
( 1

1 − ρ•

)
, i = 1, . . . , ℓ. (10.84)

A safety-stock based policy of this form is introduced for the processor sharing model
in Bell and Williams [39]. Using large deviations bounds, among other techniques, it
is shown that a scaled version of the process converges in distribution to a reflected
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Brownian motion. Based on this result, it is argued that the policy is approximately
optimal for ρ• ≈ 1. Ata and Kumar consider discrete review policies for general
network models in [25]. They establish asymptotic optimality assuming2+ ǫmoments
on the interarrival times and processing times based on a similar policy. The main
assumption in this paper and [39] is thecomplete resource poolingcondition, meaning
that there is a single bottleneck in heavy traffic (see Definition6.2.1.)

The development of Section10.7 for the CBM model is taken from [363]. The
uniqueness result Theorem10.7.1(iv) is given in [356, Theorem A3] for a version
of the CRW model. Although stated in discrete time, Section 6 of [356] contains a
roadmap that explains how to translate to continuous time.
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10.9 Exercises

10.1 Verify using Theorem10.0.1that the priority policy, with priority to buffers1 and
3, is stabilizing for the KSRS model.

10.2 Show that all non-idling policies are in fact stabilizing for the simple re-entrant
line, under the assumptions imposed in Example8.6.1.

10.3 Obtain the fluid model for thephase-typequeue described in Exercise8.11.

10.4 The following example concerning a model for breakdown and repair is taken from
[131], following [279, 386]. A single machine is operational for a random period
of time, and then breaks down and requires service. The cycle of repair and
production repeats, where operation time has meanµ−1

+ , and the period for repair
has meanµ−1

− . This can be modeled using a priority queue as illustrated below,

α1

µ1 µ+ µ-

Shown at left is the station in operation with service rateµ2. The when the single
virtual customer at the station at right completes service, it moves to Station 1
and receives priority. This service period is interpreted as repair.

What is the distribution of the repair-time and operation-time? How would you
generalize to other distributions? Describe the fluid limit model, and discuss
implications for stability.

10.5 The following exercise is inspired by the thesis of M. Mitzenmacher,The power of
two choices in randomized load balancing[373] (see also [374, 31].)
Consider the routing model consisting ofN buffers and a single arrival stream.
For each arriving customer the router chooses two of theN buffers at random
(with a uniform distribution) and sends the customer to the buffer with the smaller
contents. Suppose that the arrival processA is i.i.d. with meanα and finite vari-
ance. The service processes are independent of each other andA, with identical
service rateµ.

(a) Construct a CRW model

(b) Conjecture the form of the fluid limit model under this policy

(c) Determine the range ofµ for which the fluid limit model in (b) is stable.

10.6 Verify the bound on the ‘time to starvation’ given in (4.69) for the KSRS model.
One approach is to consider the (conditional) immediate workload at Station2
given byV (x) = µ−1

2 x2 + µ−1
3 x3, and obtain a lower bound on the drift,

E[V (Q(t+ 1)) − V (Q(t)) | Ft] ≥ 1, if τ02 ≥ t.
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10.7 Consider the CRW model of the tandem queues satisfying (4.60), and controlled
using the hedging-point policy (10.58). Assume thatµ1 >

1
3 , and that the thresh-

oldx2 > 1 is fixed. Show using Theorem10.0.2that there existsµ•2 > (1−µ1)/2
such thatρ• = ρ2 < 1 for µ2 ∈ [µ•2, (1 − µ1)/2, yet the processQ is transient.

10.8 Suppose that the following bound holds under a stationary policy for some constant
b0 and eachx ∈ X⋄,

Ex[τ0] ≤ b0|x|, and E

[τ0−1∑

t=0

|Q(t;x)|
]
≤ b0V2(x).

Show that for a constantb1,

Ex[τ
2
0 ] ≤ b1V2(x), x ∈ X⋄.

Hint: By the Markov property,E[τ0 − t | Ft] = Ey[τ0] whenQ(t) = y andt < τ0.
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Chapter 11

Simulation & Learning

The chief motivation for performance evaluation is to compare candidate policies. For
example, many of the policies described in Chapters4 and10 depend upon static or
dynamic safety-stock parameters, and we would like to know how to choose the best
parameter values in order to optimize performance.

We have seen in Chapter8 that linear programming techniques can provide bounds
on performance for the CRW model. This approach can be successfully applied in net-
work models with many buffers and stations. However, linear programming techniques
are not flexible with respect to the operating policy. For example, in order to distin-
guish similar policies with different safety-stock levels, constraints must be introduced
in the LP specific to each safety-stock parameter. It is not clear how to introduce such
constraints in the approaches that have been developed to-date.

While not a topic of this book, there are classes of networks for which the invariant
measureπ is known. The crucial property required isreversibility, from which it fol-
lows thatπ has a product form,π(x) = π1(x1) · · · πℓ(xℓ) for x ∈ X [498, 292]. 1 Out-
side of this very special class of models the computation ofπ is essentially impossible
in large networks. We are thus led to simulation techniques to evaluate performance.

The simulation techniques surveyed in this chapter all involve a Markov chainX

on a state spaceX. Since we plan to develop simulation techniques that can be applied
in a wide class of policies, including networks controlled using a discrete-review policy
of the form introduced in Section8.3, we do not assume thatX = Q except in special
cases.

Throughout the chapter it is assumed thatX is x∗-irreducible. Recall that this
means that the statex∗ ∈ X is reachable with positive probability from each initial
condition.

Monte-Carlo and stochastic approximation

Much of this chapter concerns steady-state simulation. In particular, for a given cost
functionc : X → R+ theMonte-Carlo estimatesof the steady-state meanη := π(c) are
defined by,

1Kelly’s monograph [292] is now available on-line.
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Figure 11.1: Monte-Carlo estimates ofη := π(c) with c(x) ≡ x for the M/M/1 queue
initialized withQ(0) ∼ π, with loadρ = 0.9, and time horizonT = 105 time steps.

η(n) :=
1

n

n−1∑

t=0

c(X(t)), n ≥ 1 . (11.1)

We also consider briefly in Section11.1estimation of transient performance metrics,
such as the discounted costhγ .

If the chain isc-regular, it then follows from the Strong Law of Large Numbers
(LLN) in TheoremA.2.2 that the steady-state meanη := π(c) is finite, andη(n) → η
asn → ∞ with probability one from each initial condition. Generally, an estimator is
calledstrongly consistentor asymptotically unbiasedwhen the estimates converge to
the true value with probability one.

Monte-Carlo estimation is a special case of thestochastic approximation(SA)
algorithm of Robbins and Monro. Suppose thatG : X × R

d → R
d is a given function,

and we wish to compute a solutionθ∗ ∈ R
d to the equation,

Eπ[G(X(t), θ)] = 0. (11.2)

In applicationsG is typically expressed as a gradientG(x, θ) = ∇θg(x, θ), where
g : X × R

d → R+ is some measure of performance, andθ a parameter. In this case, a
vectorθ ∈ R

d satisfying (11.2) is a candidate minima or maxima ofEπ[g(X(t), θ)].
The SA algorithm is described by the recursion,

θ(n+ 1) = θ(n) + anG(X(n), θ(n)), n ≥ 0, θ(0) ∈ R
d , (11.3)

where{an} is called thegain sequence. Usually it is assumed non-negative, and subject
to these two conditions,

∑

n

an = ∞ and
∑

n

a2
n <∞. (11.4)

A common choice isan = 1/(n + 1). The Monte-Carlo estimates (11.1) are a special
case of the SA recursion (11.3) using this gain sequence, and with
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θ(n) = η(n), G(X(n), θ(n)) = c(X(n)) − θ(n), n ≥ 0.

We then ask,how long must we wait to obtain an accurate estimate ofη? In simu-
lation and in the ‘learning algorithms’ introduced in this chapter we obtain a sequence
of estimates{η(n)} such as (11.1), and we must decide when to stop the algorithm.
A natural stopping rule is theprobably almost correct(PAC) criterion: Given positive
constantsε, δ, this requires the existence of a fixed, deterministic valuen0 such that,

P{|η(n) − η| ≥ ε} ≤ δ, n ≥ n0. (11.5)

For example, withδ = 0.1, the interval[η(n)−ε, η(n)+ε] is a 90% confidence interval
for η whenn ≥ n0. Bounds onn0 are described in Section11.1for an i.i.d. sequence
X, and Markov models are considered in Section11.2.

The time to obtain an accurate estimate is roughly proportional to theasymptotic
variance, which under appropriate conditions can be expressed,

σ2
CLT = lim

n→∞
Eπ

[(√
n(η(n) − η)

)2
]
. (11.6)

Under these conditions the asymptotic variance is also expressed in terms of an auto-
correlation function, and in terms of a solution to Poisson’s equation forX. Some
theory is surveyed in Section11.2.1and SectionA.5.

Asymptotic bounds on the estimation error can be obtained using the Central Limit
Theorem (CLT), which provides an approximation of the form,

η(n) ≈ η +
σCLT√
n
X∞, n ≈ ∞, (11.7)

whereX∞ is a standard Gaussian random variable. This approximation is in the sense
of weak convergence: see discussion in Section1.3 and SectionA.5.4. In particular,
we obtain the following limit for eachε > 0,

lim
n→∞

P{|η(n) − η| ≥ εn−
1
2 } = P{|X∞| ≥ σ−1

CLTε}. (11.8)

Based on (11.8) we obtain theheuristic approximation,

P{|η(n) − η| ≥ ε} ≈ P{|X∞| ≥ σ−1
CLTε

√
n}.

This is a heuristic since weak convergence only implies convergence of expectations
of the formE[g(

√
n(η(n) − η))] wheng is a fixed function, independent ofn. The

probability on the left hand side cannot be expressed in this form for a fixed function
g : R → R. However, taking this approximation for granted temporarily, we arrive at
the exponential approximation,

P{|η(n) − η| ≥ ε} ≈ 2

∫ ∞

σ−1
CLTε

√
n

1√
2π
e−

1
2x

2
dx,

which would then imply,
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1

n
log

(
P{|η(n) − η| ≥ ε}

)
≈ −1

2

ε2

σ2
CLT

, n ≈ ∞. (11.9)

Unfortunately, this particular heuristic boundfails for almost any Markov chain. It is
true that the log-error probability on the left hand side of (11.9) is typically convergent,
but the limiting value is typicallynot a quadratic function ofε.

We say that the sequence of estimates{η(n) : n ≥ 1} satisfies alarge deviations
principle (LDP) with rate functionI : R → [0,∞] if the following limits hold,

lim
n→∞

1

n
log

(
P
{
η(n) ≥ r

})
= −I(r), r > η, (11.10a)

lim
n→∞

1

n
log

(
P
{
η(n) ≤ r

})
= −I(r), r < η. (11.10b)

If the LDP holds, then the two bounds (11.10a,11.10b) taken together imply,

lim
n→∞

1

n
log

(
P
{
|η(n) − η| ≥ ε

})
= −min

(
I(η + ε), I(η − ε)

)
, ε > 0.

Moreover, under the typical conditions guaranteeing the existence of LDP limits, the
rate function has the following approximation consistent with (11.9),

I(η + ε) = 1
2

ε2

σ2
CLT

+O(ε3), ε ≈ 0, (11.11)

whereσ2
CLT is the asymptotic variance associated with{η(n)}.

Simulation in networks

Simulation can be difficult in complex networks, especially when there is substantial
variability or load. In fact, significant obstacles in simulation are evident in the simplest
stochastic model considered in this book, the M/M/1 queue.

Shown in Figure11.1are simulation results for the M/M/1 queue withρ = 9/10.
The histogram shows results from20, 000 independent trials. In each trial the Monte-
Carlo estimate (11.1) was obtained withX = Q, c(x) ≡ x, and time horizonT =
105 time steps. The queue was initialized withQ(0) ∼ π so thatQ was stationary.
The vertical axis indicates the number of instances that the estimates fall within one
thousand equally spaced bins. The plot suggests that the Central Limit Theorem holds,
but the variance seen in this experiment is extremely large. Moreover, the histogram is
skewed: The right tail is heavier than anticipated by the CLT, and the left tail is lighter.

Consider now the case of exponential cost, of the formc(x) = eβx, x = 0, 1, . . . ,
whereβ > 0. Assume thateβ < ρ−1 so that the steady state mean for the queue is
finite,

η := π(c) =
∑

π(x)eβx = (1 − ρ)
∑(

ρeβ
)x

=
1 − ρ

1 − ρeβ
.

Shown in Figure11.2 are the Monte-Carlo estimates (11.1) with X = Q, using the
specific valuesβ = 0.1 andρ = 9/10, so thatη ≈ 18.7. The queue was initialized at
zero,Q(0) = 0. The runlength in this simulation extended toT = 5 × 106, yet the
estimates are significantly larger than the steady state mean over much of the run.
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Figure 11.2: Monte-Carlo estimates ofη:=π(c) with c(x) = e0.1x for the M/M/1 queue
initialized at zero, with loadρ = 0.9, and time horizonT = 5 million time steps. After
a transient period, the estimates are consistently larger than the steady-state mean of
η = (1 − ρeβ)−1(1 − ρ).

This chapter contains two explanations for the behavior seen in these experiments.
Firstly, the asymptotic variance grows extremely rapidly withρ• in most network mod-
els, of the orderσ2

CLT = O
(
(1 − ρ•)−4

)
whenc is a norm. Secondly, on examining

large-deviation asymptotics in networks we discover that simulation can be tricky even
when the load is not high. Under very general conditions, regardless of load, the two
bounds (11.10a,11.10b) hold when using the estimator (11.1) to computeη = π(c), but
I(r) ≡ 0 for r ≥ η. Consequently, simulation leads to over-estimates of the steady-
state mean, so that the sample-path behavior seen in Figure11.2is typical.

These ideas are illustrated through a detailed analysis of the single server queue in
Section11.3.

Theorem 11.0.1. Consider the single server queue (3.1) with ρ < 1 and 0 <
E[A(1)5] <∞. Then,

(i) The Central Limit Theorem holds with large asymptotic variance,

σ2
CLT = 1

2

[Var(A(1) − S(1))]3

(1 − ρ)4
+O((1 − ρ)−3).

(ii) The lower LDP (11.10b) holds withI(r) > 0 for r < η; The upper LDP
(11.10a) also holds, butI(r) = 0 for r > η.

Proof. This ‘theorem’ is necessarily informal since (i) holds for a family of models
with increasing load that is introduced in Section11.3.1.

The LDP (11.10b) follows from Theorem11.2.3, and (11.10a) with I(r) = 0 is
established in Proposition11.3.4. ⊓⊔

In Section11.4 we show how to construct improved estimators for the general
Markov chain based on thecontrol variate method. Simulation can be speeded dra-
matically through the construction of a control variate based on an approximation to
Poisson’s equation.
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Figure 11.3: Results for a simulation run of length 100,000 steps in the KSRS model
initialized atQ(0) = 0. The dashed line represents the running average cost using the
standard estimatorη(n) defined in (11.1). The solid line represents the running average
cost for the estimator (11.12).

When specialized to network models we find that the fluid value function provides
an effective approximation to Poisson’s equation leading to significant variance reduc-
tions, as well as non-trivial upper and lower LDP bounds.

Suppose that a functionψ : X → R is given with quadratic growth. In the notation
of Chapter8, we assume thatψ ∈ LV2∞ . We then denote∆ψ := Dψ, and thesmoothed
estimatoris defined by the sample-path averages,

ηsψ(n) = η(n) +
1

n

n−1∑

t=0

∆ψ(X(t)), n ≥ 1. (11.12)

The function∆ψ is called ashadow functionsince it is meant to eclipse the functionc
to be simulated. Proposition8.2.4implies thatπ(∆ψ) = π(Dψ) = 0 whenX = Q, so
that by TheoremA.5.4this is an asymptotically unbiased estimator for initial conditions
within the support ofπ.

Figure11.3shows a comparison of the standard estimator (11.1) and the smoothed
estimator for the KSRS model, with shadow function based on a fluid value function.
Details can be found in Example11.4.4. The introduction of the zero-mean term∆ψ

in the smoothed estimator (11.12) results in a100-fold reduction in variance over the
standard estimator in this experiment. We see in the figure that the fluctuations of the
standard estimator are tremendous while those of the smoothed estimator are almost
nonexistent.

Estimating a value function

The control variate method is just one of many applications of value functions intro-
duced in this book. Recall that an approximate solution to the ACOE can be used to
obtain anh-MaxWeight policy that is approximately optimal, and we have seen in Ex-
ample6.7.2how an approximation can be constructed based on a workload relaxation.

This brings us to the final topic in this chapter and in this book: The application of
Monte-Carlo methods to approximate a value function.
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To illustrate the idea, consider again the smoothed estimator to simulate a net-
work. It is likely that we have several candidate approximations to Poisson’s equation.
Suppose thatℓh functions{ψ1, . . . , ψℓh} are given, and letψ : X → R

ℓh denote the
corresponding vector-valued function. For eachθ ∈ R

ℓh we denote,

hθ = θTψ, and ∆hθ := Phθ − hθ. (11.13)

The goal then is to compute thebestestimator in this class, in the sense that the resulting
simulator using the shadow function∆hθ has minimal asymptotic variance.

This problem can be solved using a variant of temporal difference (TD) learn-
ing. These algorithms, based on SA, can be used to obtain approximate solutions to
Poisson’s equation for optimization or performance evaluation. Section11.5contains
a survey of TD learning techniques, and related algorithms for various applications
involving approximation of value functions.

Section11.5is a valuable introduction to this topic even for those readers with no
interest in simulation. Sutton and Barto write in their monograph [464], “If one had to
identify one idea as central and novel to reinforcement learning, it would undoubtedly
be temporal difference (TD) learning.” Without doubt, this is a valuable algorithmic
and conceptual tool that will find use in a growing number of applications.

We begin in Section11.1with a closer look at simulating a sequence of i.i.d. ran-
dom variables where bounds on the integern0 used in the PAC criterion (11.5) can be
obtained using a variety of methods.

11.1 Deciding when to stop

Here we describe methods for evaluating the estimates obtained when simulating an
i.i.d. process denoted{C(n) : n ≥ 0}. For example, suppose thatQ is controlled using
some policy, and we wish to estimate the finite-horizon value function,

h(x) = Ex

[T−1∑

t=0

c(Q(t))
]
, x ∈ X,

with T > 1 some fixed integer. We can then simulate an independent sequence of
realizations of the network{Qn : n ≥ 0}, all initialized withQn(0) = x, and compute,

C(n) :=
T−1∑

t=0

c(Qn(t)), n ≥ 0.

Applying the Strong Law of Large Numbers for i.i.d. sequences gives,

η(n) :=
1

n

n−1∑

t=0

C(t) → h(x), n→ ∞, a.s.

This section is devoted to evaluation of these estimates.
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11.1.1 Central Limit Theorem

Provided{C(n)} has a second moment, the Central Limit Theorem (11.8) holds for
{η(n)}, and the asymptotic variance coincides with the ordinary variance,

σ2
CLT = Var(C(0)).

For example, choosingε = 2σCLT in (11.8) gives the approximation,

P{|η(n) − η| ≥ 2σCLTn
− 1

2 } ≈ P{|X∞| ≥ 2} ≈ 0.05.

In other words, the interval[η(n)−2σCLTn
− 1

2 , η(n)+2σCLTn
− 1

2 ] is approximately equal
to a 95% confidence interval forη.

However, since the variance is rarely known it too must be estimated, typically via
Monte-Carlo,

σ2
CLT(n) :=

1

n

n−1∑

t=0

[C(t)]2 −
[ 1

n

n−1∑

t=0

C(t)
]2
.

The Strong Law of Large numbers for i.i.d. sequences then gives,

lim
n→∞

σ2
CLT(n) = E[C2(0)] − E[C(0)]2 = Var(C(0)).

Based on this result we obtain the following extension of the CLT. Proposition11.1.1
confirms that the interval[η(n)−2σCLT(n)n−

1
2 , η(n)+2σCLT(n)n−

1
2 ] is approximately

equal to a 95% confidence interval forη whenn is large.

Proposition 11.1.1. Suppose that{C(n) : n ≥ 0} is i.i.d. with a finite second mo-
ment. Then the two dimensional process{(√n(η(n)−η), σ2

CLT(n)) : n ≥ 1} converges
in distribution to(σCLTX

∞, σ2
CLT), whereX∞ has a unit-mean Gaussian distribution,

andσ2
CLT is the common variance of{C(n) : n ≥ 0}. ⊓⊔

11.1.2 Large deviations

The most common approach to obtaining PAC bounds of the form (11.5) is Chernoff ’s
bound: For anyβ > 0, r > η,

P
{
η(n) ≥ r

}
= P

{
exp(nβη(n)) ≥ exp(rnβ)

}
≤ E[exp(nβη(n))]

exp(rnβ)
. (11.14)

Chernoff’s bound is precisely Markov’s inequality applied to the random variable
exp(nβη(n)). Under our assumption that the sequence is i.i.d. we obtain from (11.14),

P
{
η(n) ≥ r

}
≤ exp

(
−n(rβ − Λ(β))

)
, n ≥ 1, β > 0, (11.15)

whereΛ denotes the log-moment generating function,

Λ(β) := log E[exp(βC(0))], β ∈ R. (11.16)

The log-moment generating function was introduced in our treatment of transient
events in the single server queue in Chapter3.
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Figure 11.4: Log moment generating function and rate function.

To obtain useful bounds based on (11.15) we assume thatΛ(β) is finite valued in
a neighborhood of the origin. Note thatΛ(0) = 0, and Jensen’s inequality gives the
lower bound,

Λ(β) ≥ log
(
exp E[βC(0)]

)
= βη, β ∈ R.

This implies thatΛ′(0) = η, and we can also obtain formulae for higher-order mo-
ments.

Proposition 11.1.2. Suppose thatΛ(β) is finite valued in a neighborhood of the ori-
gin. Then,

Λ′(0) = η, and Λ′′(0) = σ2
CLT.

⊓⊔

Returning to (11.15), the best bound is obtained on maximizing the exponent over
all β > 0. Consider,

I(r) = sup
β∈R

(
rβ − Λ(β)

)
, r ∈ R. (11.17)

The functionΛ: R → R ∪ {+∞} is convex, and the rate functionI is precisely its
convex dual. When the supremum in (11.17) is attained at someβ(r) ∈ R we then
have,

d
dβ

(
rβ − Λ(β)

)∣∣∣
β=β(r)

= 0

or r = Λ′(β(r)). Convexity ofΛ implies thatβ(r) ≥ 0 wheneverr > η. The
relationship betweenΛ andI is illustrated in Figure11.4.

Applying Chernoff’s bound (11.15) we obtain the following bounds and asymp-
totics. Part (iii) of Proposition11.1.3follows from Proposition11.1.2.

Proposition 11.1.3. Suppose thatΛ(β) is finite valued in a neighborhood of the ori-
gin, and that the varianceVar(C(0)) is non-zero and finite. Then,

(i) For eachn ≥ 1,

P
{
η(n) ≥ r

}
≤ exp(−nI(r)), r > η

P
{
η(n) ≤ r

}
≤ exp(−nI(r)), r < η.
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(ii) The LDP (11.10a,11.10b) also holds for{η(n) : n ≥ 1}.

(iii) The approximation (11.11) holds.
⊓⊔

By extending Proposition11.1.2, or through some other technique, we can fre-
quently obtain upper bounds onΛ, and then lower bounds on the rate functionI. For
example, Proposition3.6.1 and Theorem10.2.4establish bounds onΛ for bounded
independent sequences, and martingales with bounded increments.

Suppose that the following holds for someβ0 > 0 andσCLT ≥ σCLT:

Λ(β) ≤ Λ(β) := ηβ + 1
2σ

2
CLTβ

2, |β| ≤ β0. (11.18)

Proposition11.1.2implies that foranyσCLT > σCLT there existsβ0 > 0 such that (11.18)
holds. The following function ofr provides a lower bound on the rate function defined
in (11.17):

I(r) = max
|β|≤β0

(
rβ − Λ(β)

)
, r ∈ R. (11.19)

Proposition 11.1.4. We haveI(r) ≥ I(r) whenever|r − η| ≤ σ2
CLTβ0, where

I(r) := 1
2

(r − η)2

σ2
CLT

. (11.20)

Proof. When the max in (11.19) is attained atβ ∈ (−β0, β0) we must haver =

Λ
′
(β(r)) = η + σ2

CLT β, which givesI(r) ≥ I(r). ⊓⊔

We are now in a position to compare the approximate bounds obtained from the
CLT and the precise bound obtained from the LDP. Suppose thatr is fixed and we wish
to choosen ≥ 1 so that (11.5) holds withδ = 0.05:

P
{
η(n) ∈ [η − ε, η + ε]c

}
≤ 0.05. (11.21)

That is, we seek values ofn so that[η(n) − ε, η(n) + ε] is a 95% confidence interval.
Recall that the CLT implies that[η(n) − 2σCLTn

− 1
2 , η(n) + 2σCLTn

− 1
2 ] is approxi-

mately equal to a 95% confidence interval forη whenn is large. Hence ifσ2
CLT is known

we can choose2σCLTn
− 1

2 ≤ ε, or

n ≥ 4
σ2

CLT

ε2
. (11.22)

If the variance is not known, then we can modify (11.22) by introducing an appropriate
bound or estimate forσ2

CLT.
We now consider the LDP: Applying (11.20) together with Proposition11.1.3we

obtain for sufficiently smallε > 0,

P
{
η(n) ∈ [η−ε, η+ε]c

}
≤

(
exp

(
−nI(η+ε)

)
+exp

(
−nI(η−ε)

))
≤ 2 exp

(
−n1

2

ε2

σ2
CLT

)
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To ensure that the right hand side is no greater than0.05 we require,

n ≥ − log
(
0.05/2)

(
1
2

ε2

σ2
CLT

)−1
≈ 7.4

σ2
CLT

ε2
(11.23)

This gives a slightly larger value ofn then predicted in (11.22), but for n satisfying
(11.23) we areassuredthat the desired bound (11.21) holds.

11.2 Asymptotic theory for Markov models

Recall that in the previous section all of the results apply only to i.i.d. models. In
turning to Markov models we takeC(t) = c(X(t)) whereX is a Markov chain, and
c : X → R a function with finite steady-state meanη = π(c).

11.2.1 Central Limit Theorem

When{C(n) : n ≥ 0} is not i.i.d. then the asymptotic variance does not coincide with
the variance of an individualc(X(t)). Denote the auto-correlation function by,

r(j) = Eπ

[
c̃(X(i))c̃(X(i + j))

]
, i, j ≥ 0,

with c̃ := c− η. Consideration of fixedn in (11.6) gives,

Eπ

[(√
n(η(n) − η)

)2
]

=
1

n

n−1∑

i=0

n−1∑

j=0

r(j − i),

and this then leads to the following representation,

σ2
CLT =

∞∑

i=−∞
r(i) . (11.24)

However, the existence of a CLT and the validity of (11.24) require conditions on
X somewhat stronger than (V3). For network models we state a general condition
based on a Lyapunov function. Recall thatVm(x) = 1 + |x|m, x ∈ R

ℓ, form ∈ Z+.

Definition 11.2.1.CLT Drift Condition for Networks

X is a Markov chain onX ⊂ R
ℓ
+, andD denotes its generator (8.1). There exists a

functionV : R
ℓ
+ → R+ satisfyingV ∈ LV5∞ and for someb > 0,

DV ≤ −V4 + b. (11.25)

Under the CLT Drift Condition together with0-irreducibility the queue-length
processQ possesses a unique stationary distributionπ with finite fourth moment,
Eπ[|Q(0)|4] < b. The CLT Drift Condition is satisfied for the M/M/1 queue as long as
ρ := α/µ < 1: We can takeV (x) = b0x

5, with b0 a sufficiently large constant.
Recall that the irreducibility condition in Theorem11.2.1is satisfied for the CRW

scheduling model (8.24) under the assumptions of Theorem10.0.1.

Copyright Cambridge University Press 2007. On-screen viewing permitted. Printing not permitted. 
http://www.cambridge.org/us/catalogue/catalogue.asp?isbn=9780521884419



Control Techniques for Complex Networks Draft copy April 22, 2007 496

Theorem 11.2.1. Suppose thatX is a 0-irreducible Markov chain onX ⊂ Z
ℓ
+, and

that the CLT Drift Condition holds. Then, for any functionc ∈ LV1∞ ,

(i) η(n) → η almost surely, and the CLT (11.8) holds.

(ii) There exists a solution to Poisson’s equation (8.2) satisfyingh ∈ LV2∞ .

(iii) The asymptotic variance can be expressed as the limit (11.6), the infinite sum
(11.24), or

σ2
CLT = π(h2 − (Ph)2), (11.26)

with h is given in (ii).

Proof. The CLT is given as Theorem 17.2.2 in [367]. Section 17.4.3 of [367] contains
various representations of the asymptotic variance, including (11.26).

A bound on the solution to Poisson’s equation is obtained as follows: LetVc =
V 2/5 ∈ LV2∞ . An application of Jensen’s inequality gives, under (11.25),

PVc = PV 2/5 ≤ (PV )2/5 ≤ (V − V4 + b)2/5.

By concavity of the functionx2/5 we obtain,

(V − V4 + b)2/5 ≤ V 2/5 + (2/5)V −3/5
[
−V4 + b

]
,

which implies the bound,

DVc ≤ −2

5

V4

V 3/5
+ b.

We haveV 3/5 ∈ LV3∞ , which givesDVc ≤ −εV1 + b for someε > 0. It follows from
Proposition8.1.6that a solution to Poisson’s equation exists withh ∈ LVc∞.

The representation (11.24) follows from (11.26) by considering the specific solu-
tion to Poisson’s equation defined as the infinite sum,

h(x) =

∞∑

t=0

Ex[c̃(X(t))], x ∈ X.

By Poisson’s equation we have,

h2 − (Ph)2 = h2 − (h− c̃)2 = 2c̃h− c̃2.

Consequently,σ2
CLT ≤ π(|c̃h|) <∞ by (11.26) and finiteness ofπ(V4).

Moreover, by stationarity and the assumed form forh we have,

π(2c̃h− c̃2) = −E[c̃(X(0))c̃(X(0))] + 2

∞∑

t=0

E[c̃(X(0))c̃(X(t))]

= −E[c̃(X(0))c̃(X(0))] +

∞∑

t=0

E[c̃(X(0))c̃(X(t))] +

∞∑

t=0

E[c̃(X(0))c̃(X(−t))]

It follows that (11.26) implies (11.24). ⊓⊔
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11.2.2 Large deviations

There is no space here to provide a detailed presentation of sample-path limit theory
for Markov chains. Here we provide some basic theory on LDPs and some key ideas
underlying the foundations of this theory.

Introducing the log-moment generating function,

Λn,x(β) :=
1

n
log Ex[exp(nβη(n))],

we arrive at the sequence of bounds, exactly as in the i.i.d. case,

1

n
log Px

{
η(n) ≥ r

}
≤ Λn,x(β) − rβ, β > 0, n ≥ 1.

Recall that this is a parameterized bound since it depends upon the particular constant
β > 0. On infimizing over all suchβ we obtain the best possible bound. Define for
eachn, x and eachr > η,

In,x(r) = sup
β>0

(
rβ − Λn,x(β)

)

so that
1

n
log Px

{
η(n) ≥ r

}
≤ −In,x(r), n ≥ 1.

Under certain conditions on the functionc and the Markov chainX we can establish
convergence,

Λ(β) := lim
n→∞

Λn,x(β), (11.27)

where the limit is independent ofx. Under further conditions the LDP limits (11.10b,11.10b)
hold with rate function given by (11.17).

We are left with several questions. Firstly, what is the form ofΛ? When is it finite?
Exactly as in the i.i.d. case, a lower bound can be obtained using Jensen’s inequality:

Proposition 11.2.2. Suppose thatX is c-regular and that the limit (11.27) holds.
ThenΛ(β) ≥ βη.

Proof. Since the exponential is convex we have by Jensen’s inequality,

Λn,x(β) ≥ 1

n

(
Ex[nβη(n)]

)
, n ≥ 1.

The ergodic theorem in TheoremA.5.4 then implies that the right hand side converges
to βη. ⊓⊔

We can obtain a representation forΛ in analogy with the following representation
of the steady state mean for ax∗-irreducible Markov chain: Recall thatη = π(c) is the
solution to the equation,

Ex∗

[τx∗−1∑

t=0

(
c(X(t)) − η

)]
= 0.
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A similar representation holds for the log-moment generating function under general
conditions. For a givenβ ∈ R, we seek a solutionΛ ∈ R to the identity,

log Ex∗

[
exp

(τx∗−1∑

t=0

(
βc(X(t)) − Λ

))]
= 0. (11.28)

Whenc is coercive or near-monotone, (see introduction in Chapter8) then typi-
cally there is a unique real numberΛ(β) solving (11.28) for negativeβ. Theorem11.2.3
is useful for obtaining bounds on the lower error probability(11.10b). It is also a com-
ponent of our analysis of shadow functions in Section11.4.

Theorem 11.2.3. Suppose that (V3) holds withV everywhere finite, and thatc : X →
R+ satisfiesc ∈ Lf∞. Suppose moreover that the setSc(r) is finite for somer > η.
Then,

(i) The limit (11.27) holds for each initial conditionx ∈ X, andnon-positiveβ.

(ii) There existsη− < η such that the supremum in (11.17) is achieved by some
β(r) < 0 wheneverr ∈ (η−, η), and

I(r) = rβ(r) − Λ(β(r)) > 0, η− < r < η.

(iii) The LDP (11.10b) holds for each initial conditionx ∈ X and eachr ∈ (η−, η),
with rate function given in (ii).

Proof. For fixedβ < 0, the right hand side of (11.28) is an analytic function ofΛ
that is strictly negative whenΛ = 0, and diverges to+∞ asΛ ↓ −∞. It follows that
(11.28) admits a unique solutionΛ(β) < 0.

The limit (11.27) and the LDP are established in [364]. ⊓⊔

To obtain a useful limit forβ > 0 requires further assumptions. The following
result is established in [312]. Geometric ergodicity is defined in Sections8.2.3 and
A.5.3.

Proposition 11.2.4. Suppose thatX is geometrically ergodic, and thatc is a bounded
function. Then, there exists̄β > 0 such that forβ ∈ [−β̄, β̄] the equation (11.28) admits
a unique solutionΛ(β), and the limit (11.27) holds for each initial conditionx ∈ X.
Moreover, there exists̄ε > 0 such that the pair of limits (11.10b,11.10b) hold for each
ε ∈ (0, ε̄]. ⊓⊔

For the M/M/1 queue we have seen thatQ is geometrically ergodic whenρ < 1, so
that the LDP does hold for bounded functions. For a coercive function such asc(x) = x
or c(x) = eβx we obtain from Proposition11.2.3the lower LDP (11.10b). However,
the upper LDP (11.10a) does not hold for either of these functions, regardless of load:
as illustrated in Figure11.5, the moment generating function is infinite for positiveβ,
and I(r) = 0 for r > η.

These conclusions are explained in fuller detail and further developed in the next
section where we consider the CLT and LDP for the single server queue.
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11.3 The single server queue

Here we obtain bounds on the asymptotic variance and large deviation results for the
single server queue. These results are largely negative: the asymptotic variance is very
large whenρ ≈ 1, and the upper LDP (11.10a) holds withI(r) = 0 for all r ≥ η when
c is increasing and unbounded. These negative results provide motivation to search for
improved estimators in Section11.4.

The proofs in this section are unfortunately technical in appearance. They serve to
illustrate more refined applications of the moment generating function, the Comparison
Theorem, and the large deviations techniques introduced in Chapter3.

Λ(ββ)

I(r)

β

η r

∞ ∞

0

Slope  η

Figure 11.5: Log moment generating function and rate function for the CRW queue
with c(x) ≡ x. The moment generating function is infinite for positiveβ, and the rate
function is zero forr > η.

11.3.1 Asymptotic variance

We consider in Proposition11.3.1a family of models parameterized by a variableθ ∈
[0, θ0] with 0 < θ0 < 1. It is assumed thatθ = (µ− α), so thatρ < 1 for θ > 0, and
we define

mn(θ) = E[(S(1) −A(1))n]1/n

mAn(θ) = E[A(1)n]1/n, n = 1, 2, 3, 4.
(11.29)

Recall that the asymptotic variance given in Theorem11.2.1can be expressedσ2
CLT =

π(h2 − (Ph)2) = 2π(c̃h) − π(c̃2). It then follows from the formula forh in Theo-
rem3.0.1that the asymptotic variance admits the following approximation for θ ≈ 0:

σ2
CLT = 2π(J∗c̃) +O

(
(µ− α)−3

)

= θ−1
Eπ[Q(0)3 − ηQ(0)2] +O

(
θ−3

)
.

(11.30)

whereJ∗ denotes the fluid value function, and the ‘big-oh’ notation is used to repre-
sent the sum of terms whose growth rate is bounded by a constant times the term in
parentheses asθ ↓ 0. Equation (11.30) is the basis of the asymptotic formulae that
follow.

Proposition11.3.1gives an asymptotic expression for the asymptotic varianceσ2
CLT

in the single server queue withc(x) ≡ x. It is finite whenA(1) has a finite fourth
moment, but the magnitude is of order(1 − ρ)−4 for ρ ≈ 1 (equivalently,θ ≈ 0.) It
also grows dramatically with variability: of order[Var(A(1) − S(1))]3.
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The proof is based on Proposition11.3.3that follows, which provides the follow-
ing approximations for the first three moments forθ ≈ 0,2

η := Eπ[Q(0)] = 1
2

m2
2

µ− α
+O

(
1
)

Eπ[Q(0)2] = 2η2 +O
(
θ−1

)

Eπ[Q(0)3] = 6η3 +O
(
θ−2

)
.

(11.31)

Proposition 11.3.1. Consider the family of CRW models of the form (3.1), parame-
terized byθ ∈ [0, θ0]. Suppose thatµ(θ) − α(θ) = θ, m2(θ) > 0, m4(θ) < ∞ for
eachθ, and thatmn is continuous as a function ofθ on [0, θ0] for n = 1, . . . , 4. Then,
σ2

CLT(θ) <∞ for eachθ ∈ (0, θ0], and we have

lim
θ↓0

(
θ4σ2

CLT(θ)
)

= 1
2 [Var(A(1) − S(1))]3

whereVar(A(1) − S(1)) = m2
2(0).

Proof. Combining (11.30) and (11.31) gives,

σ2
CLT =

1

θ
[(6η3) − η(2η2)] +O

(
θ−3

)
.

Hence we can compute the limit:

lim
θ↓0

θ4σ2
CLT(θ) = lim

θ↓0
θ4 1

θ

(
4η3

)
= lim

θ↓0
θ3

(
4
(

1
2

m2
2(θ)

θ

)3)
= 1

2(m2
2(0))

3.

⊓⊔

To establish (11.31) we first consider the M/M/1 queue in which the moments can
be computed based on the moment generating function,

m(β) := Eπ[e
βQ(0)] =

∞∑

i=0

π(i)eβi, β ∈ R.

The functionm is called a moment generating function because we have for eachn ≥
1,

Eπ[Q(0)n] =
( dn

dβn
m(β)

)∣∣∣
β=0

.

The invariant measure is given in (3.43) by π(x) = (1 − ρ)ρx, x ≥ 0, which implies
that,

m(β) =
1 − ρ

1 − ρeβ
, β ∈ (−∞, | log(ρ)|). (11.32)

2For readers comfortable with the RBM model, observe that the second and third moments of this
continuous-time model are exactly as given in (11.31), without the correction terms.
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Proposition 11.3.2. All moments of the M/M/1 queue are finite whenρ < 1, and the
first three can be expressed,

η := Eπ[Q(0)] =
ρ

1 − ρ

Eπ[Q(0)2] = 2η2 + η

Eπ[Q(0)3] = 6η3 + 5η2 + η

(11.33)

Proof. The first moment was given previously in Equation (3.45).
Due to the simple form (11.32), the derivatives ofm are easily computed. For

example,
d

dβ
m(β) =

1 − ρ

(1 − ρeβ)2
(ρeβ)

d2

dβ2
m(β) = 2

1 − ρ

(1 − ρeβ)3
(ρeβ)2 +

1 − ρ

(1 − ρeβ)2
(ρeβ)

and the third derivative is given by a similar, though more complex expression. Evalu-
ating these three derivatives atβ = 0 gives the first three moments. ⊓⊔

We now generalize Proposition11.3.2to the CRW model via the Comparison The-
orem.

Proposition 11.3.3. Under the assumptions of Proposition11.3.1, the first three
steady-state moments are finite, and can be computed recursively as follows:

η := Eπ[Q(0)] = 1
2

σ2

µ− α
,

η2
2 := Eπ[Q(0)2] =

(
3(µ− α)

)−1(
3m2

2η + ρm3
3 + (1 − ρ)m3

A3

)

η3
3 := Eπ[Q(0)3] =

(
4(µ− α)

)−1(
6m2

2η
2
2 + 6m3

3η + ρm4
4 + (1 − ρ)m4

A4

)
(11.34)

whereσ2 is defined in (3.9).

Proof. The first moment is given in Theorem3.0.1. Recall that the proof was based
upon an application of the refined Comparison Theorem given in Proposition8.2.4.
Computation of the second and third moments is based on similar arguments.

To compute the second moment we first consider for anyt ≥ 0, x ∈ Z+, the
conditional expectation,

E[Q(t+ 1)3 | Q(t) = x, U(t) = u]

= E[x3 + 3(−S(t+ 1)u+A(t+ 1))x2

+ 3(−S(t+ 1)u+A(t+ 1))2x+ (−S(t+ 1)u+A(t+ 1))3]

= x3 − 3(µ− α)x2 + 3m2
2x+m3

3u+m3
A3(1 − u).

We havePπ{Q(0) = 0} = Pπ{U(0) = 0} = 1 − ρ by Proposition3.4.4, and hence
Proposition8.2.4gives,
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0 = −3(µ− α)η2
2 + 3m2

2η + ρm3
3 + (1 − ρ)m3

A3.

We conclude that second moment is finite, and expressed as claimed in (11.34).
The third moment is again computed through computation of the conditional ex-

pectation of one higher polynomial moment:

E[Q(t+ 1)4 | Q(t) = x, U(t) = u]

= E[x4 + 4(−S(t+ 1)u+A(t+ 1))x3 + 6(−S(t+ 1)u+A(t+ 1))2x2

+ 4(−S(t+ 1)u+A(t+ 1))3x+ (−S(t+ 1)u+A(t+ 1))4]

= x4 + 4(µ− α)x3 + 6m2
2η

2
2 + 6m3

3η + +m4
4u+m4

A4(1 − u).

Hence an expression forη3
3 again follows from Proposition8.2.4. ⊓⊔

11.3.2 Large deviations

Suppose thatQ is a stationary version of the M/M/1 queue withρ = α/µ < 1. For a
given δ > 0, and timeT0 > 0, consider the event{Q(T0) ≥ δT} whereT ≥ 1 is a
large constant. The ‘typical behavior’ ofQ given this event is illustrated in Figure3.2.

This observation generalizes in an obvious way to the single server queue (3.1)
under the assumptions of Theorem11.0.1, and this leads to the following conclusions:

Proposition 11.3.4. Consider the single server queue (3.1) with ρ < 1, 0 <
E[A(1)2] <∞, and hence the queue has finite steady-state meanη.

(i) The upper error-probability decays sub-exponentially: For eachr > η,

lim
T→∞

1

T
log P

{
η(T ) ≥ r

}
= 0. (11.35)

(ii) The following lower bound holds for the M/M/1 queue: For eachβ ∈ (0, (µ −
α)/4),

lim inf
T→∞

1

T
log P

{
η(T ) ≥ βT

}
≥ log(ρ)

√
(µ− α)β . (11.36)

Proof. We consider first the M/M/1 queue. For anyδ satisfying,

0 < 2
δ

µ− α
< 1,

the area under the ‘tent’ shown in Figure3.2 is,

Area=
δ2

µ− α
T 2.

On the eventA := {Q(t) lies above the tent for0 ≤ t ≤ T} we haveTη(T ) ≥ Area.
The probability of the eventA is of orderρδT by Proposition3.5.2:
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lim
T→∞

1

T
log P{A} = δ log(ρ),

from which we obtain the asymptotic bound,

lim
T→∞

1

T
log P

{
η(T ) ≥ δ2

µ− α
T

}
≥ δ log(ρ) .

Lettingβ = δ2/(µ− α) we obtain (ii).
To see (11.35) we apply (11.36) to obtain the following bound for any pair of

constantsr > η, β ∈ (0, (µ − α)/4),

lim inf
T→∞

1

T
log P

{
η(T ) ≥ r

}
≥ lim inf

T→∞
1

T
log P

{
η(T ) ≥ βT

}
≥ log(ρ)

√
(µ− α)β.

Lettingβ ↓ 0 completes the proof of (i) for the M/M/1 queue.
The proof of (i) for the general model is similar, based on Proposition3.5.4: Only

the geometry of the ‘tent’ changes, so that we again obtain, for someI0 > 0 and all
β > 0 sufficiently small,

lim inf
T→∞

1

T
log P

{
η(T ) ≥ βT

}
≥ −I0

√
β. (11.37)

As in the M/M/1 queue, this implies (11.35). ⊓⊔

We now turn to generalized estimators that can be designed to provide upperand
lower LDP asymptotics.

11.4 Control variates and shadow functions

We have noted that the effectiveness of the estimator (11.1) depends in part on the
magnitude of the asymptotic variance appearing in (11.7). Under the assumptions of
Theorem11.2.1the asymptotic variance is finite, and can be expressed in terms of
Poisson’s equation - see (11.26). Unfortunately, as we have seen in Section11.3.1,
the asymptotic variance typically grows very quickly with network load. These results
and the numerical results shown in Figure11.3provide ample motivation to find meth-
ods for constructing reduced-variance estimators for network models. In this section
we explain these numerical results, and introduce several techniques for constructing
effective shadow functions.

Suppose that the shadow function in the smoothed estimator (11.12) is chosen so
that∆ψ = −c′ + η′, wherec′ ≈ c andη′ is a constant satisfyingη′ = π(c′) ≈ η. Then,
the smoothed estimator can be expressed,

ηsψ(n) = η +
1

n

n−1∑

t=0

(
[c(X(t)) − c′(X(t))] − [η − η′]

)
, n ≥ 1.

If these approximations are sufficiently tight then the estimates{ηsψ(n)} will have low
variance. If in fact∆ψ = −c+ η, this means thatψ is a solution to Poisson’s equation,
and in this caseηsψ(n) = η for all n so the smoothed estimator haszeroasymptotic vari-
ance. In general, we can expect useful variance reductions using the estimatorηsψ(n)
providedψ is a sufficiently tight approximation to the solution to Poisson’s equation.
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11.4.1 Optimizing shadow functions

Whenhθ is defined in (11.13) based on theℓh functions{ψ1, . . . , ψℓh}, we letσ2
CLT(θ)

denote the asymptotic variance ofc+ ∆hθ given in (11.26).
Consider first the simpler setting in which we are given two random variablesC

andG, taking values inR andR
ℓh respectively, withE[C] = η andE[G] = 0 ∈ R

ℓh .
We have,

Var(C − θTG) = Var(C) − 2θTCov(C,G) + θTCov(G,G)θ,

and hence the gradient is given by,

∇Var(C − θTG) = 2Cov(C,G) − 2Cov(G,G)θ. (11.38)

Setting this equal to zero we obtain the optimizing parameter,

θ∗ = [Cov(G,G)]−1Cov(C,G) (11.39)

One could apply this result for the smoothed estimator usinghθ with,

C = m−1
m−1∑

t=0

c(X(t)) and G = m−1
m−1∑

t=0

∆hθ(X(t)). (11.40)

The batch meansmethod described in Section11.4.2is based on (11.38) using the
random variables defined in (11.40).

We now construct the parameter optimizing the asymptotic variance of the smoothed
estimator. The smoothed estimator is standard Monte Carlo estimation for the function
cθ = c+ ∆hθ , where∆hθ is defined in (11.13). Under the assumptions imposed below
we haveπ(∆hθ) = 0, and henceπ(cθ) = π(c) = η. Moreover, ifh solves Poisson’s
equation forc thenh− hθ solves Poisson’s equation forcθ:

D(h− hθ) = −cθ + η.

Applying the representation (11.26) then gives,

σ2
CLT(θ) = π

(
(h− hθ)2 − (Ph− Phθ)2

)
. (11.41)

We now introduce a new inner product on the space of square-integrable functions
so that we can express the optimizing value ofθ in a familiar form. For any two
functionsg1, g2 write

〈g1, g2〉CLT = π(g1g2 − (Pg1)(Pg2)).

The representation (11.41) becomes,

σ2
CLT(θ) = 〈h− hθ, h− hθ〉CLT. (11.42)

On computing the gradient ofσ2
CLT(θ) with respect toθ and setting this equal to zero we

obtain the optimal valueθ∗, exactly as in the derivation of (11.39):
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Proposition 11.4.1. Suppose thatX satisfies the conditions of Theorem11.2.1, so
that in particular (V3) holds in the form (11.25), and c ∈ LV1∞ . Suppose that{ψi :
1 ≤ i ≤ ℓh} ⊂ LV2∞ are given functions, and that the asymptotic covarianceΣψ is
invertible, where

Σψ := 〈ψ,ψ〉CLT (11.43)

That is,Σψ is theℓh × ℓh matrix whosei, jth entry is given by〈ψi, ψj〉CLT. Then, for
any functionc ∈ LV1∞ the vector,

θ∗ := Σ−1
ψ 〈ψ, h〉CLT (11.44)

is the unique valueθ∗ ∈ R
ℓh minimizing the asymptotic variance given in (11.42),

whereh ∈ LV2∞ solves Poisson’s equation forc. ⊓⊔

In the most common application of Proposition11.4.1we have a single function
ψ : X → R and re-write (11.12) as follows,

ηsψ(n) = η(n) +
θ

n

n−1∑

t=0

∆ψ(X(t)), n ≥ 1. (11.45)

The optimal valueθ∗ given in the proposition is the scalar,

θ∗ =
π(ψh− (Pψ)(Ph))

π(ψ2 − (Pψ)2)
. (11.46)

11.4.2 Batch-means method

Since the solution to Poisson’s equation is not known prior to simulation, in practice
it is necessary to estimate the optimizing parameterθ∗ given in (11.44). A procedure
based on Monte-Carlo known as thebatch-means methodcan be used to obtain an ap-
proximation. For simplicity, here we consider the scalar case (11.45). And, instead
of estimating the parameter (11.46) minimizing asymptotic variance, we estimate the
parameterθ∗ that minimizes them-step variance (introduced in (11.39).) Techniques
for estimating the asymptotic variance based on TD learning are developed in Sec-
tion 11.5.5.

Suppose thatN batches ofm observations are recorded,

{X(t) : (i− 1)m ≤ t ≤ im− 1}, 0 ≤ m ≤ N − 1,

let ηic, η
i
ψ denote the sample means for theith batch,

ηic =
1

m

im−1∑

t=(i−1)m

c(X(t)) and ηiψ =
1

m

im−1∑

t=(i−1)m

ψ(X(t)),

and letηN,mc , ηN,mψ denote the overall sample means. Define

Σψψ(n) =
1

N

N−1∑

i=0

(ηiψ − ηN,mψ )2 , Σcψ(n) =
1

N

N−1∑

i=0

(ηic − ηN,mc )(ηiψ − ηN,mψ ).

We then takeθ = Σcψ(n)/Σψψ(n) in the smoothed estimator (11.45). A similar ap-
proach can be applied whenψ is vector-valued.
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Figure 11.6: Monte-Carlo estimates ofη := π(c) with c(x) = x for x ∈ R+. The
stochastic processQ is the single server queue (11.47) with (µ−α) = −E[D(0)] = 1,
andσ2

D = 25. The uncontrolled estimator exhibits large fluctuations around its steady-
state mean. The upper and lower smoothed estimators show less variability, and the
boundη−(n) < η+(n) is maintained throughout the run.

11.4.3 Shadow functions for the single server queue

The single server queue is a useful starting point to illustrate the construction of a
shadow function for simulation.

We consider a generalization of the usual model, described as the reflected random
walk,

Q(t+ 1) = [Q(t) +D(t+ 1)]+, t ≥ 0, (11.47)

with [x]+ = max(x, 0) for x ∈ R, and the scalar sequenceD is of the formD(t) =
−S(t) + A(t), t ≥ 1, with (A,S) i.i.d. onR

2
+. It is assumed thatE[D(t)2] < ∞ and

E[D(t)] < 0. It follows that a unique invariant measureπ exists, and that the steady-
state meanη = π(c) is finite, wherec(x) ≡ x. This follows from TheoremA.2.2,
following the proof of Theorem3.0.1.

We do not assume thatE[A(t)4] < ∞, so the asymptotic variance may be infinite
(see Section11.3.) Moreover,Q may not be geometrically ergodic since we do not
assume that the distribution ofA(t) has a geometric tail.

However, the standard Monte-Carlo estimator ofη satisfies the assumptions of
Theorem11.2.3, so the LDP asymptotic (11.10b) holds. To obtain an estimator satis-
fying a two-sided LDP we introduce a shadow function. Letψ = J = 1

2(µ− α)−1x2,
the fluid value function, so that

∆J = PJ − J = −x+R(x) (11.48)

where the functionR is bounded onR+. Note that we do not know ifπ(J) <∞ since
we have not assumed thatA possesses a fourth moment. Nevertheless,π(∆J) = 0 by
Proposition8.2.4under the assumption thatm2

A2 <∞ so thatπ(c) <∞.
In the following result we consider a pair of estimators of the form (11.12) with

the two functionsψ− = θ−J , ψ+ = θ+J , whereθ+ < θ− are constants. Proposi-
tion 11.4.2follows from Theorem11.2.3.
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Figure 11.7: The plot at left shows the same simulation as shown in Figure11.6, with
the time horizon increased toT = 20, 000. The plot at right shows the two smoothed
estimators along with the uncontrolled estimator when the variance is increased to
σ2
D = 125. In each case the estimates obtained from the standard Monte-Carlo es-

timator are significantly larger than those obtained using the smoothed estimator, and
the boundη−(n) < η+(n) again holds for all largen.

Proposition 11.4.2. Consider the single server queue (11.47) with E[A(1)2] < ∞
andρ < 1. Let c(x) = x for x ∈ Z+, fix two parametersθ+ < 1 and θ− > 1, and
define the pair of estimators{η−(n), η+(n)} using the shadow functions∆ψ− , ∆ψ+ ,
respectively. Then, there exists a pair of convex functions{I−, I+} onR, and constants
η− < η < η+ such that for each initial conditionx ∈ X,

lim
n→∞

1

n
log Px

{
η+(n) ≤ r

}
= −I+(r) < 0, r ∈ (η−, η)

lim
n→∞

1

n
log Px

{
η−(n) ≥ r

}
= −I−(r) < 0, r ∈ (η, η+).

An illustration of the smoothed estimator is provided in Figure11.6. In this sim-
ulation the sequenceD was of the formD(t) = A(t) − S(t), whereA andS were
mutually independent, i.i.d. sequences. Given non-negative parametersµ,α, κ, the
marginal distributions were of the following form

P{S(t) = (1 + κ)µ} = 1 − P{S(t) = 0} = (1 + κ)−1

P{A(t) = (1 + κ)α} = 1 − P{A(t) = 0} = (1 + κ)−1

This is a worst-case model, as formalized in Proposition3.6.1.
The variance ofD(t) is σ2

D = σ2
A + σ2

S = (µ2 + α2)κ. The simulation results
shown in Figure11.6usedµ = 4, α = 3, andκ = 2, so thatµ− α = 1 andσ2

D = 25.
The control-variate parameter valuesθ− = 1.05 and θ+ = 1 were used in the

construction of{η−(n), η+(n)}. Note that this value ofθ+ violates the strict inequality
θ+ > 1 required in Proposition11.4.2.

The plot at left in Figure11.7 illustrates the simulation shown previously in Fig-
ure 11.6, with the time horizon increased toT = 20, 000. The plot at right shows
the controlled and uncontrolled estimators withκ = 5, and henceσ2

D = 125. The
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boundsη−(n) < η+(n) < η(n) hold for all largen even though all three estimators
are asymptotically unbiased.

Sections11.4.4–11.4.6provide several techniques for constructing shadow func-
tions in network models.

11.4.4 Quadratic estimator

We now turn to network models. We have seen that the solution to Poisson’s equation is
equivalent to a quadratic under general conditions - see for example Proposition8.1.6.
This is always true for the single server queue. So, it is reasonable to approximate the
solution to Poisson’s equation by a quadratic function.

We first revisit the M/M/1 queue to see what can be generalized to networks.

Example 11.4.1.Shadow functions and the M/M/1 queue

In this model the identity (11.48) holds withR(x) = 1
2(µ− α)−1(µφ(x) + α), where

φ(x) = 1(x ≥ 1). This is bounded, and hence Proposition11.2.4implies that the
smoothed estimator (11.12) usingψ = J satisfies an LDP.

Shown in Figure11.8are simulation results using this estimator under the same
conditions as in the experiment illustrated in Figure11.1, again using 20,000 indepen-
dent trials withQ(0) ∼ π, loadρ = 0.9, and time horizonT = 105 time steps. The
CLT variance is reduced by more than two orders of magnitude, and the histogram
shown here is more symmetric than seen previously in the uncontrolled estimator.

To obtain an even better estimator, note that the smoothed estimator is simply av-
eragingR(Q(t)), which amounts to estimating the mean ofφ(Q(t)) = U(t). Suppose
that we avoid estimation, and replace the average ofU(t) by its known steady-state
meanEπ[U(0)] = α/µ. The asymptotic variance of the resulting estimator iszero
since we have removed all randomness.

This ideal estimator can be expressed as the smoothed estimatorη(n)+∆h(Q(n))
in whichh is the solution to Poisson’s equation,h(x) = 1

2(µ− α)−1(x2 + x).

-40 -20 0 20 40
0

400

800

1200

1600

2000

Histogram

Q(t) + ∆J(Q(t))
1√

100,000

100,000∑

t=1

− η

Figure 11.8: Smoothed estimator for the
M/M/1 queue withc(x) ≡ x andh = J .

The solution to Poisson’s equation
used in Example11.4.1is a version of the
quadratic functionhD defined in (8.80),
withD = 1

2(µ−α)−1. To apply the results
of Section8.6 we restrict to a scheduling
model. It is assumed thatρ• < 1, and that
the policyφ is regular and non-idling.

Theorem8.5.2states thathD is a solu-
tion to Poisson’s equation for the function
defined in (8.75) and recalled here,

cD(x) = −(Bφ(x) + α)TDx, x ∈ X.

So, given anℓ × ℓ matrix D, define the
quadratic estimatoras the sample path av-

erage,
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ηshD
(n) := η(n) − θ

n

n−1∑

t=0

(
cD(Q(t)) − ηD

)
, n ≥ 1 . (11.49)

This is precisely (11.45) with ψ = hD, whereηD andhD are defined in Theorem8.5.2.
Just as in the construction of the Drift LP we consider a change of variables in-

volving products of the formUi(t)Qj(t). We define,

Gij(t) = Ui(t)Qj(t) = φi(Q(t))Qj(t), i, j ∈ {1, . . . , ℓ}, t ≥ 0,

and work with the processG = {G(t) : t ≥ 0}. This is a Markov chain since it is an
invertible function ofQ whenφ is non-idling.

LetG denote an arbitrary element ofR
ℓ2, and consider for a givenx the particular

elementG(x) with entries,
Gij(x) = φi(x)xj . (11.50)

Recall thatc(x) can be expressed as the inner productc(x) = 〈c ,G(x)〉, with c the
ℓ2 dimensional vector given in (8.93). Similarly, we can expresscD(x) as cD(x) =
〈cD, G(x)〉 for some vectorcD. From the identityG(t) = G(Q(t)), the quadratic
estimator (11.49) can be expressed,

ηshD
(n) = θηD +

1

n

n−1∑

t=0

〈c − θcD, G(t)〉, n ≥ 1 . (11.51)

Based on (11.51), the asymptotic variance of the quadratic estimator (11.49) is given
by

(c − θcD)TΣ(c − θcD), (11.52)

whereΣ is theℓ2 × ℓ2 asymptotic covariance matrix forG.
To minimize the asymptotic variance we solve a quadratic program,

min
D

‖c − cD‖2
Σ = min

D
(c − cD)TΣ(c − cD).

It is not necessary to assume copositivity ofD: the minimum is over allℓ× ℓmatrices.
Note that we have eliminatedθ sinceθcD = cθD. It is not difficult to compute the
solutionD∗ since the vectorcD ∈ R

ℓ2 depends linearly onD. However, since the co-
variance matrixΣ is unknown prior to the simulation, in practice a sub-optimal choice
may be necessary. We can instead chooseD to minimize‖c −cD‖ in some other norm:
This problem can be solved using linear programming for theL1 orL∞ norm, or using
least-squares methods if‖x‖ =

√
xTx.

Exactly as in the Drift LP, for some policies we may know thatGij(t) = 0 for
somei andj. In this case, we may modify the norm used in the minimization to ignore
the(i, j)th coefficient ofc − cD.

In summary, to estimateη:

(i) ChooseD to minimize‖c − cD‖ for some suitable norm.

(ii) Simulate the Markov chainG up until timen. (This amounts to simulatingQ
sinceG is a deterministic function ofQ.)
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(iii) Computeθ(n), an estimate ofθ∗.

(iv) Compute the estimatorηshD
(n) defined in (11.49) with θ = θ(n).

Example 11.4.2.Quadratic estimator for the simple re-entrant line

Simulation results for the simple re-entrant line operating under the FBFS (first buffer,
first-served) priority policy are given in Table11.1. In this experiment the Euclidean
norm ‖c − cD‖ was minimized to determineD - the additional information that
G31(t) ≡ 0 under the chosen policy was ignored.

Standard
ρ2 Mean Var
0.2 0.48 2.1E-4
0.4 1.26 1.4E-3
0.6 2.8 1.1E-2
0.8 6.9 0.19
0.9 14 2.0
0.95 25 13
0.99 70 99

Quadratic
Mean Var Red.
0.48 1.7E-6 120
1.26 2.7E-5 52
2.8 5.1E-4 22
6.9 2.6E-2 7.1
14 0.64 3.1
25 7.1 1.9
70 95 1.0

Fluid
Mean Var Red.
0.47 6.1E-5 3.5
1.3 4.0E-4 3.5
2.8 3.5E-3 3.1
6.9 4.3E-2 4.4
14 0.17 12
26 0.23 56
110 0.98 100

Table 11.1: Simulation Results for the Simple Re-entrant Line. The column marked
‘Red.’ lists the variance reduction obtained in each case.

In these experiments the homogeneous CRW model (4.10) was considered with
generator given in (4.62). The parameters used in these simulations were consistent
with (2.26) in the sense that Station 2 was the bottleneck, withρ2/ρ1 = 10/9. The
arrival rateα1 was chosen to give the values ofρ2 specified in the table. The simulations
were run for 100,000 time steps using 20 batches so that the batch means method
surveyed in Section11.4.2could be used to chooseθ. The experiment was repeated
200 times to obtain an estimate of the error in the estimators. The column labeled
“Red.” gives the ratio of the observed variances.

The largest variance reduction occurred in light traffic, while smaller variance re-
ductions were observed in moderately loaded systems. These variance reductions are
certainly useful, and come at very little additional computational cost, since the only
real additional computational cost in computing the estimatorηshD

(n) as opposed to
the standard estimatorη(n) is the solution of the optimization problem to chooseD.
But this problem is solved once only before the simulation begins, and takes a small
amount of time to solve relative to the computational effort devoted to the simulation.

We are more interested in the performance of these simulation estimators in mod-
erately to heavily loaded systems. The results in Table11.1suggest that the quadratic
estimator is less effective in heavy traffic. This is probably because a pure quadratic is
not able to capture the true form of the relative value function.
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In several results and examples in this book we have seen that the relative value
function is approximated by the fluid value function. In most cases the fluid value
function is piecewise quadratic rather than purely quadratic.

11.4.5 Fluid estimator

Under the conditions of Theorem11.4.3, a solutionh to Poisson’s equation is approx-
imated by the fluid value functionJ . This result then strongly motivates the use of a
fluid value function as an approximation for the solution to Poisson’s equation.

Theorem 11.4.3. Suppose that for a given non-idling policyφ the fluid model is stable
and the fluid limitLx is a singleton for eachx. Then a solutionh to Poisson’s equation
exists, and

lim sup
κ→∞

[
sup
|x|=1

∣∣∣
h(κx(κ))

J(κx)
− 1

∣∣∣
]

= 0,

where{x(κ)} is defined in (10.5), andJ is the fluid value function,

J(x) =

∫ ∞

0
c(q(t;x)) dt, q(0;x) = x.

Proof. The result and its proof are similar to Proposition10.4.3.
Under the assumptions of the theorem there is aT > 0 such that

J(x) =

∫ T

0
c(q(t)) dt, x ∈ R

ℓ
+, |x| = 1, Lx = {q}.

We shall fix such aT throughout the proof.
From Proposition10.4.1, a Lyapunov function exists that is equivalent to a quadratic

in the sense of (10.10). It follows from TheoremA.2.2 thatπ(c) < ∞ for c ∈ LV1∞ ,
and that a solution to Poisson’s equationh exists which is bounded from above by a
quadratic. Proposition8.1.6implies thath is uniformly bounded from below.

We can then take the solution to Poisson’s equation and iterate as follows:Pnh =
h− ∑n−1

i=0 P
ic̃, wherec̃(x) = c(x) − η, to give

Ex[h(Q(κT ;κx))]

κ2
=

1

κ2
h(x) − 1

κ
Ex

[[κT ]−1∑

i=0

1

κ
c(Q(i;κx(κ))

]
− Tη

κ
.

The result then follows from Lemma10.4.2. ⊓⊔

Thefluid estimatoris defined as (11.45) with ψ = J :

ηsJ(n) = η(n) +
θ

n

n−1∑

t=0

∆J(Q(t)), n ≥ 1. (11.53)

The parameterθ is again a constant that may be chosen to attempt to minimize the
variance of the fluid estimator.
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To implement the fluid estimator we need to be able to compute∆J . This may
be moderately time-consuming (computationally speaking) relative to the time taken
to simply simulate the processQ. Be that as it may, the time taken to compute∆J is
relatively insensitive to the congestion in the system.

Example 11.4.3.Fluid estimator for the simple re-entrant line

Shown at right in Table11.1is a summary of results obtained using the fluid estimator.
The best value ofθ using the batch means method was found to be close to unity in
each of the simulations, particularly at high loads where it was found to be within±5%
of unity.

Observe that for low traffic intensities, the fluid estimator yields reasonable vari-
ance reductions over the standard estimator. However, because it is more expensive to
compute than the standard estimator, these results are not particularly encouraging. But
as the system becomes more and more congested, the fluid estimator yieldssignificant
variance reductions over the standard estimator, meaning that the extra computational
effort per iteration is certainly worthwhile.

In summary, in the preceding example the quadratic estimator produces useful
variance reductions in light to moderate traffic at very little additional computational
cost. It is less effective in simulations of heavily loaded networks, but could poten-
tially provide useful variance reductions in this regime if a better choice ofD can be
employed. The fluid estimator provides modest variance reduction in light to moderate
traffic, but appears to be very effective in heavy traffic.

In complex networks the additional computational overhead in computing the fluid
estimator can be substantial. In such cases we turn to a workload relaxation to construct
an effective shadow function that is easily computed.

11.4.6 Shadow functions and workload

We first consider a special case for which we can obtain exponentially decaying er-
ror bounds in the smoothed estimator. Consider the two-dimensional CRW workload
model,

Y (t+ 1) = Y (t) − S(t+ 1)1 + S(t+ 1)ι(t) + L(t+ 1), Y (0) ∈ Z
2
+, (11.54)

whereS is a diagonal matrix sequence of the form{S(t) = diag(S1(t), S2(t)) : t ≥
1} taking values in{0, 1}2, andL is a two dimensional sequence taking values inZ

2
+.

The mean valuesµi = E[Si(1)], λi = E[Li(1)] satisfyµi > λi for i = 1, 2.
We restrict to the work-conserving policy, so that (11.54) becomes,

Y (t+ 1) = [Y (t) − S(t+ 1)1 + L(t+ 1)]+.

The Markov chainY is regular since the quadraticV (x) = 1
2‖x‖2 solves (V3).

The fluid model under the non-idling policy is expressed,

y(t) = [y − (µ− λ)t]+, t ≥ 0, y ∈ R
2
+.
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If c : R
2
+ → R+ is piecewise linear,

c(y) = max
1≤i≤ℓc

〈ci, y〉,

and if c(µ − λ) = 〈ci, µ − λ〉 for a uniquei ∈ {1, . . . , ℓc}, then the assumptions of
Proposition5.3.13hold so that the fluid value function isC1, with

Ĵ(y) =

∫ ∞

0
c(y(t)) dt, y(0) = y.

A smoothed estimator for the steady state meanη̂ of c(Y (t)) is naturally obtained
usingψ = Ĵ , giving ∆ bJ

(y) = E[Ĵ(Y (t+ 1)) − Ĵ(Y (t)) | Y (t) = y], y ∈ Z
2
+, and

η̂s
bJ
(n) =

1

n

n−1∑

t=0

[c(Y (t)) + ∆ bJ
(Y (t))], n ≥ 1. (11.55)

Proposition 11.4.4. Consider the two-dimensional CRW workload model (11.54) un-
der the non-idling policy. It is assumed thatµi > λi, i = 1, 2 and for someβ0 > 0,

E[eβ0|L(1)|] <∞.

Suppose thatc : R
2
+ → R+ is piecewise linear, and purely linear in a neighborhood

of the vectorµ − λ ∈ R
2
+. Then the smoothed estimator (11.55) satisfies the LDP

(11.10a,11.10b) with non-zero rate function: There existsε > 0 such that for any
r+ ∈ (η̂, η̂ + ε), r− ∈ (η̂ − ε, η̂),

lim
n→∞

1

n
log

(
P
{
η̂s

bJ
(n) ≥ r+

})
= −I bJ

(r+) < 0

lim
n→∞

1

n
log

(
P
{
η̂s

bJ
(n) ≤ r−

})
= −I bJ

(r−) < 0.

Proof. There are two steps to the proof: First, we show that the functionc + ∆ bJ
is uniformly boundedover all of R

2
+. Next we establish geometric ergodicity: We

establish Condition (V3) withV = Ĵ , and then Condition (V4) withVβ = exp(β
√
Ĵ)

for someβ > 0. Proposition11.2.4then implies the desired result.
The smoothed estimator is ordinary Monte-Carlo applied to the function,

c(y) + ∆ bJ(y) = E[c(Y (t)) + Ĵ(Y (t+ 1)) − Ĵ(Y (t)) | Y (t) = y] . (11.56)

To show that this is bounded overR
2
+ we first apply Proposition5.3.13to conclude that

Ĵ isC1. Moreover, the dynamic programming equation (5.50) holds in the form,

D0Ĵ = 〈∇Ĵ ,−(µ− λ)〉 = −c (11.57)

Consequently we can apply the Mean Value Theorem to obtain,

Ĵ(Y (t+ 1)) − Ĵ(Y (t)) = 〈∇Ĵ (Ȳ ), Y (t+ 1) − Y (t)〉
= 〈∇Ĵ (Y (t)), Y (t+ 1) − Y (t)〉 + 〈Ĵ (Ȳ ) −∇Ĵ (Y (t)), Y (t+ 1) − Y (t)〉
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whereȲ lies on the line connectingY (t+ 1) andY (t). Since∇Ĵ is Lipschitz contin-
uous, to establish that (11.56) is bounded it is sufficient to prove that

E[c(Y (t)) + 〈∇Ĵ (Y (t)), Y (t+ 1) − Y (t)〉 | Y (t) = y] = 0 (11.58)

The proof of this is based on the dynamic programming equation (11.57). We consider
three cases.

(i) Suppose thatyi ≥ 1 for eachi. In this caseE[Y (t + 1) − Y (t) | Y (t) = y] =
−(µ− α), and (11.58) is immediate from the dynamic programming equation.

(ii) Supposey = 0. Then∇Ĵ (y) andc(y) are each zero, so that (11.58) again holds.

(iii) Suppose thatyi = 0 for just one i. The boundary conditions in Proposi-
tion 5.3.13(iii) give in this case ∂

∂yi
Ĵ(y) = 0. This is illustrated for the KSRS workload

model in Figure5.4. Consequently, lettingi′ denote the other index, the dynamic pro-
gramming equation (11.57) gives,E[〈∇Ĵ (Y (t)), Y (t+ 1) − Y (t)〉 | Y (t) = y] =

∂

∂yi′
Ĵ(y)(−µi′ + λi′) = D0Ĵ (y) = −c(y).

Hence, (11.58) holds for ally ∈ Z
2
+ as claimed, and it follows that (11.56) is bounded

over Z
2
+.

To complete the proof we now show that (V4) holds withVβ(x) = exp(β‖x‖) for
someβ > 0, where‖ · ‖ denotes the standard Euclidean norm. The functionV0(x) =
k0‖x‖ is a Lipschitz solution to Foster’s criterion for some constantk0 > 0, and thus
the drift condition (V4) forVβ follows from PropositionA.5.7 (see also Theorem8.2.5
for a specialization to the scheduling model.) ⊓⊔

(i)  Simulation using smoothed estimator (ii)  Simulation using standard estimator
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Steady-state performance as a function of safety stocks

Figure 11.9: Estimates of the steady-state customer population in the KSRS model as
a function of 100 different safety-stock levels. Two simulation experiments are shown,
where in each case the simulation runlength consisted of200, 000 steps. The left hand
side shows the results obtained using the smoothed estimator; the right hand side shows
results with the standard estimator.
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The value of this proposition is largely motivational since our goal is to obtain
estimates of statistics for the original network, rather than its relaxation. It is not known
if Proposition11.4.4admits an extension to more general CRW models.

However, the result suggests a general approach to the construction of shadow
functions forQ, provided the policy is based on a workload relaxation. Recall that
in translating a policy from a relaxation to the original network we always attempt to
make the queue length process follow the effective state, so thatP∗(Q(t)) ≈ Q(t) for
all larget. Under the assumptions of Theorem6.6.6we haveJ(Q(t)) ≈ Ĵ(ΞQ(t)).
Hence a natural choice ofψ in (11.12) is,

ψ(x) := Ĵ(Ξx), x ∈ X. (11.59)

In the next example this technique is illustrated using the KSRS model.

Example 11.4.4.Variance reduction for the KSRS model

Consider the KSRS model introduced in Section2.9 in the setting of Example5.3.3.
We take the cost functionc equal to theℓ1 norm. We consider only Case I in

which the effective cost is monotone. Hence the optimal policy for the two-dimensional
relaxation is work-conserving. ForQ we choose the policy (4.70). This is a translation
of the work-conserving policy for the two-dimensional relaxation, based on a pair of
safety-stock levels{ws : s = 1, 2}. Our goal is to estimate the expected steady-state
number of jobs in the system as a function ofw to determine the most effective safety-
stock values.

Figure5.4shows level sets of the value function̂J . It satisfies all of the properties
used in the proof of Proposition11.4.4: It is C1, and its partial derivatives vanish on
the boundary ofR2

+. Consequently, on simulating a workload modelY based on the
smoothed estimator we are guaranteed exponential error bounds in (11.10a,11.10b).

However, our interest is in evaluating the policy (4.70). Hence, instead of simu-
lating the workload model we simulateQ using the smoothed estimator, with shadow
function given in (11.59). We take the CRW model with statistics defined in (4.68).

Observe that two translation steps are performed here: First we have constructed a
class of candidate policies forQ based on the optimal policy for the relaxation. Second,
we have translated the shadow function for the relaxation using (11.59).

Figure 11.3 shows a single sample path of the smoothed estimator with safety-
stocks fixed atw1 = w2 = 50. The variance reduction obtained in this example is
approximately two orders of magnitude.3

Shown in Figure11.9are estimates of the steady-state customer population for a
range of safety-stock parameters. The estimates were obtained as in Figure11.3, with
simulations run for a family of policies indexed by the safety-stock levelw ∈ R

2
+.

Figure11.9 (i) shows results obtained using the smoothed estimator (11.12), and (ii)
contains results obtained from the standard estimator (11.1). The variance reduction
observed is again outstanding.

3See [255] for further discussion.
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11.5 Estimating a value function

Value functions have appeared in a surprising range of contexts in this book.

(i) The usual home for value functions is within the field of optimization. In the set-
ting of this book, this means MDPs. Chapter9provides many examples, following
the introduction for the single server queue presented in Chapter3.

(ii) The stability theory for Markov chains and networks in this book is centered
around Condition (V3). This is closely related to Poisson’s inequality, which is
itself a generalization of the average-cost value function.

(iii) Theorem8.4.1contains general conditions ensuring that theh-MaxWeight policy
is stabilizing. The essence of the proof is that the functionh is an approximation
to Poisson’s equation under the assumptions of the theorem.

(iv) We have just seen how approximate solutions to Poisson’s equation can be used to
dramatically accelerate simulation.

With the exception of (i), each of these techniques is easily applied in a wide range of
settings. The basic reason for this success is that in each of these three cases we are
approximatinga value function. In the case of (iii) the functionh in theh-MaxWeight
policy is only a crude approximation to the average-cost dynamic programming equa-
tion; The simplicity of this policy is a consequence of this modest goal. In contrast, the
‘curse of dimensionality’ arises in optimization when we seek an exact solution.

In this final section of the book we consider methods to construct approximations
via simulation. Our goal is to ‘learn’ the value function based on experiments on the
network. Of course, learning brings its own curses. This is summarized in the following
remark from [350]:

A large state space presents two major issues. The most obvious one is
the storage problem, as it becomes impractical to store the value function
(or optimal action) explicitly for each state. The other is the generalization
problem, assuming that limited experience does not provide sufficient data
for each and every state.

The first issue is resolved by restricting to a parameterized family of approximate value
functions. The learning problem is then reduced to finding the best approximation
within this class.

If we are lucky, or have some insight on the structure of the value function, then
a parameterization can also resolve the second issue. For example, if it is known that
the value function is convex, then the family of approximations can be constructed to
share this property. This imposes some continuity so that if a great deal is learned about
the value function evaluated at a particular statex0, then this information is useful for
learning the value function at nearby points.

In the case of networks, there are natural parameterizations to consider based on
results from previous chapters.
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(i) The fluid value functionJ∗ is the natural starting point to approximate the solu-
tion to the average-cost value function. In the case of the single server queue,
Theorem3.0.1can be applied to conclude that the following parameterized family
includes the actual value function,

hθ(x) = θ1J
∗(x) + θ2x, x ∈ R+, θ ∈ R

2,

whereθ1 = 1 whenhθ = h∗ solves Poisson’s equation. The discussion in Sec-
tion 3.4.5suggests similar approaches to approximate the discounted-cost value
function. Example11.4.4illustrates how this approximation technique extends to
networks.

(ii) The family of all quadratic functions can be regarded as a parameterized family.
Linear programming methods were proposed in Section8.6to construct a solution
to (V3).

(iii) The perturbed value function introduced in Section4.9 is another example of a
parameterized family of functions that can potentially approximate a value func-
tion. For example, given the family of functions{h(x) = h0(x̃)} whereh0 ranges
over some class, and the perturbationx̃ defined in (4.93) depends on the parameter
θ > 0, what is the best value ofθ andh0?

Each of the parameterizations in (i)–(iii) can be used to obtain an approximate value
function for control or simulation. How then can we find the best approximation?

The evaluation criterion will depend on the context. In the case of simulation we
might choose the approximation so that the resulting asymptotic variance is minimal.
For control, the ultimate goal is to optimize performance over the class of policies con-
sidered. The algorithms described here can be used to approximate the value function
for application in approximate value iteration or policy iteration. In this case, the metric
to evaluate the approximation should reflect our goal to optimize performance.

In the remainder of this section we return to the general Markov setting in which
X denotes a Markov chain without control on a state spaceX with transition matrixP ,
and unique invariant measureπ. It isn’t necessary to assume thatX is countable, but
we do assume there is a fixed statex∗ ∈ X satisfyingπ(x∗) > 0. A functionc : X → R

is given, and our goal is to estimate a value function such as the solution to Poisson’s
equation, or the discounted-cost value function.

The basic approach to compute the best approximation is stochastic approximation
or one of its variants.

11.5.1 Stochastic approximation

There are many different kinds of value functions that we might attempt to approx-
imate. Regardless of its particular form, we assume that a parameterized family of
approximations{hθ : θ ∈ R

ℓh} is given. In the case of a linear parametrization we
suppose that we are givenℓh functions onX, denoted{ψi : 1 ≤ i ≤ ℓh}, and define

hθ(x) := θTψ(x) =

ℓh∑

i=1

θiψi(x), x ∈ X. (11.60)
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We then seek the best approximation in the given class based on a particular metric to
describe the distance betweenhθ and the value functionh of interest.

Throughout most of this section we consider theL2 error,

E(θ) = ‖h− hθ‖2
π := Eπ[|h(X(0)) − hθ(X(0))|2], (11.61)

or a relatedweightedL2-norm. On writing (11.61) as the sum,

‖h− hθ‖2
π =

∑
|h(x) − hθ(x)|2 π(x)

we see that this notion of distance penalizes the difference|h(x)−hθ(x)| more strongly
for states with larger steady-state probabilityπ(x). These states are visited more fre-
quently by the chain, and are hence ‘more important’.

This is valid motivation, but the most important reason for considering (11.61) is
the fact that we can so easily construct an algorithm to minimize the error overθ.

It is assumed thathθ is a smooth function ofθ, so that the following gradient exists
for eachx,

ψθ(x) := ∇θh
θ (x). (11.62)

The gradient is independent ofθ when the parameterization is linear so thathθ is ex-
pressed as the sum (11.60). We can formulate necessary conditions for optimality by
differentiating the error with respect toθ, and setting this equal to zero. In the case of
theL2 error (11.61) the derivative with respect toθ has the probabilistic representation,

∇θ‖hθ − h‖2
π = 2Eπ[(h

θ(X) − h(X))ψθ(X)] , (11.63)

provided one can justify exchanging the derivative and expectation. When the pa-
rameterization is linear and bothh andψ have finite second moments then (11.63) is
justified, and on setting the derivative equal to zero we obtain the optimal parameter,

θ∗ = M−1
ψ bψ, whereMψ = E[ψ(X)ψ(X)T], bψ = E[h(X)ψ(X)], (11.64)

provided the matrixMψ is invertible.
The usual steepest descent algorithm to compute a minimum of‖hθ−h‖2

π is given
by the ODE,

d
dθθ(t) = −a

2
∇θ‖hθ − hγ‖2

π

= −aEπ[(hθ(t)(X(k)) − h(X(k)))ψθ(t)(X(k))]. t ≥ 0,

(11.65)

wherea > 0 is a fixed gain. One stochastic approximation algorithm is constructed as
the approximation of (11.65),

θ(k + 1) − θ(k) = −ak[(hθ(k)(X(k)) − h(X(k)))ψθ(k)(X(k))], k ≥ 0, (11.66)

where{ak} is a positive gain sequence satisfying (11.4).
The recursion (11.66) may very well approximate the ODE (11.65), and both may

converge to the optimal valueθ∗. Unfortunately there is a fundamental problem with
either approach: the value functionh appearing on the right hand side is not available
since this is the function we wish to approximate! To obtain a practical algorithm
we must find an alternative representation for the derivative (11.63). This step is the
essential contribution of temporal difference learning.
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11.5.2 Least Squares Temporal Difference learning for discounted cost

So far we have suppressed the precise definition of the value function. To construct
a practical algorithm we are forced to be more explicit. The discounted-cost value
functionhγ defined in (9.34) is the simplest starting point.

To simplify the discussion further we begin with a linear parameterization. This
is the most common situation in practice, and in this case we can construct an effi-
cient algorithm without much trouble. The optimal parameterθ∗ has the representation
(11.64) in this case, and our goal is to obtain a sequence of matrices{M(n)} and
vectors{b(n)} such thatn−1M(n) → Mψ andn−1b(n) → bψ asn → ∞, so that
θ(n) = M(n)−1b(n) is an asymptotically consistent estimator ofθ∗.

To estimate the matrixMψ we can directly apply Monte-Carlo. Define the matrix
sequence,

M(n) = M(0) +
n−1∑

t=0

ψ(X(t))ψT(X(t)), n ≥ 1, (11.67)

where the matrixM(0) > 0 is introduced to ensure thatM(n) is invertible for eachn.
Provided the LLN holds forX we will haven−1M(n) →Mψ with probability one.

We assume that the LLN does hold. In fact, since all of the expectations here are
in steady-state, we can and will assume thatX is a stationary process, defined on the
two-sided time-interval. We also let denote byX a generic random variable distributed
according toπ.

What aboutbψ? The defintionbψ = E[h(X(0))ψ(X(0))] involves the value func-
tion h = hγ we wish to estimate, so we must find an alternate representation. For this
we rely on the definition of the value function,

hγ(x) =
∞∑

t=0

(1 + γ)−t−1
E[c(X(t)) | X(0) = x]

On multiplying each side byψ(x) we obtain,

hγ(x)ψ(x) =

∞∑

t=0

(1 + γ)−t−1
E[c(X(t))ψ(X(0)) | X(0) = x]

The vector we are attempting to estimate is precisely,

bψ = E[hγ(X)ψ(X)] =
∑

x∈X

hγ(x)ψ(x)π(x)

Multiplying both sides of the previous equation byπ(x) and summing overx shows
thatbψ is also expressed as a sum,

bψ =
∞∑

t=0

(1 + γ)−t−1
∑

x∈X

E[c(X(t))ψ(X(0)) | X(0) = x]π(x)

=
∞∑

t=0

(1 + γ)−t−1
E[c(X(t))ψ(X(0))]

(11.68)
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Each of the expectations in the sum at right involves functions that are known to us -
the cost functionc and the basis vectorψ.

The only remaining difficulty is that these expectations involve the process in the
future, which complicates the application of Monte-Carlo. Thekey stepto obtain a
practical algorithm is to apply stationarity ofX, which implies that for any integeri,

E[c(X(t))ψ(X(0))] = E[c(X(t + i))ψ(X(i))] (11.69)

In particular, we can seti = −t, so that (11.68) becomes,

bψ =

∞∑

t=0

(1 + γ)−t−1
E[c(X(0))ψ(X(−t))] (11.70)

One final transformation is needed. Assume that we have absolute integrability

∞∑

t=0

(1 + γ)−t−1
E[c(X(0))‖ψ(X(−t))‖] <∞,

so that Fubini’s Theorem can be applied to give,

bψ = E

[
c(X(0))

( ∞∑

t=0

(1 + γ)−t−1ψ(X(−t))
)]

Then, if we define for anyk the random variable,

ϕ(k) =
∞∑

t=0

(1 + γ)−t−1ψ(X(k − t))

the final expression can be expressedbψ = E[c(X(0))ϕ(0)]. In this form we can apply
Monte-Carlo: We haven−1b(n) → bψ asn→ ∞, with

b(n) = b(0) +

n−1∑

t=0

c(X(t))ϕ(t), (11.71)

and b(0) ∈ R
ℓh an arbitrary initialization. The resulting algorithm is generalized

slightly in the following formal definition.
The Matrix Inversion Lemma [221] is used to obtain a recursive algorithm that

avoids repeated inversion ofM(n). This identity is proven on multiplying each side of
(11.72) byG−1 +HKT

Lemma 11.5.1. (Matrix Inversion Lemma) Suppose thatG,H, andK are respec-
tivelym×m,m×n, andn×mmatrices. IfG and the sum(I+KTGH) are invertible,
then

(G−1 +HKT)−1 = G−GH(I +KTGH)−1KTG. (11.72)

⊓⊔
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In applying the Matrix Inversion we takeG(n) = M−1(n) andH = K =
ψ(X(n)) to obtain the formula forG(n + 1) = M−1(n+ 1) given in (11.73b).

Definition 11.5.1.LSTD Learning for Discounted Cost

For given initial conditionsG(0) > 0, b(0) ∈ R
ℓh , ϕ(0) ∈ R

ℓh , the Least-Squares TD
(LSTD) algorithm is defined by the sequence of parameter estimates,

θ(n) = G(n)b(n), (11.73a)

together with the three recursive equations,

G(n + 1) = G(n) − G(n)ψ(X(n))ψ(X(n))TG(n)

1 + ψ(X(n))TG(n)ψ(X(n))
(11.73b)

ϕ(n + 1) = (1 + γ)−1[ϕ(t) + ψ(X(n + 1))] (11.73c)

b(n+ 1) = b(n) + ϕ(n)c(X(n)) (11.73d)

The vectorϕ(k) is called aneligibility vector.

To establish convergence of LSTD it is necessary to extend the Strong Law of
Large beyond static functions ofX(t). This can be accomplished by extending the
definition ofX. Define the bivariate process,

X ′(t) = (X(t), ϕ(t)), t ≥ 0. (11.74)

This is a general state space Markov chain, but one that has attractive stability properties
providedψ is π-integrable.

Rather than develop properties of the more complex stochastic process (11.74), in
the proof of Theorem11.5.2we extend the LLN fromX to X ′ through brute-force
calculation in a very special case.

Theorem 11.5.2. (Convergence of LSTD for Discounted Cost)Suppose thatX is
an ergodic, finite state-space Markov chain, and thatMψ > 0. Then with probability
one, from each initial condition,limn→∞G(n) = M−1

ψ and limn→∞ n−1b(n) = bψ.
Hence the LSTD algorithm is convergent:

θ(n) = G(n)b(n) → θ∗ asn→ ∞.

Proof. From the Matrix Inversion Lemma we have,

nG(n) = n
(
M(0) +

n−1∑

t=0

ψ(X(t))ψT(X(t))
)−1

,

so that convergence ofnG(n) follows by the LLN forX.
We now consider the sequence{b(n)}. Based on (11.73c) we obtain,
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ϕ(t) = (1 + γ)−t−1ϕ(0) +

t∑

k=0

(1 + γ)−k−1ψ(X(t − k)) ,

so that ignoring transient terms involving the initial conditions,

lim
n→∞

1

n
b(n) = lim

n→∞
1

n

n−1∑

t=0

c(X(t))
( t∑

k=0

(1 + γ)−k−1ψ(X(t − k))
)
.

Following a change in the order of summation, the right hand side becomes

1

n

n−1∑

k=0

(1 + γ)−k−1
(n−1∑

t=k

c(X(t))ψ(X(t − k))
)

=

n−1∑

k=0

(1 + γ)−k−1n− k

n

( 1

n− k

n−k−1∑

t=0

c(X(t+ k))ψ(X(t))
)
.

For any fixedk the LLN gives,

lim
n→∞

1

n− k

n−k−1∑

t=0

c(X(t+ k))ψ(X(t)) = E[c(X(k))ψ(X(0))]

With a bit more book-keeping we obtain from this the desired conclusion,

lim
n→∞

1

n
b(n) =

∞∑

k=0

(1 + γ)−k−1
E[c(X(k))ψ(X(0))] = bψ.

⊓⊔

11.5.3 Adjoint equations and TD learning

We now consider nonlinear parameterizations and derive the standard TD algorithm for
value function approximation. This is based on transformations similar to those used in
the case of a linear parameterization. In particular, a version of the invariance equation
(11.69) is again critical.

A more compact, and perhaps more elegant construction of the algorithm is ob-
tained by casting the approximation problem in a vector space setting. The vector
space is theHilbert spacedenotedL2(π), defined as the set of real-valued functions on
X whose second moment underπ is finite. We define an inner product on this Hilbert
space that is consistent with theL2 error (11.61),

〈f, g〉π = π(fg) =
∑

f(x)g(x)π(x),

so that for any two functionsf, g ∈ L2(π), theL2 norm of their difference is expressed,

‖f − g‖2
π := 〈f − g, f − g〉π = E[(f(X) − g(X))2].
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If the state space is finite, withN states, then the functionsf andg can be viewed asN -
dimensional column vectors, andπ anN -dimensional row vector. The inner-product
is an ordinary inner-product inRN ,

〈f, g〉π = f TΠg,

whereΠ = diag(π).
Next we express the discounted-cost value function as a matrix-vector product.

For eacht, thet-step transition matrixP t is thet-fold product ofP with itself. For a
given discount rateγ > 0, the resolvent matrix is defined as the infinite sum,

Rγ =

∞∑

t=0

(1 + γ)−t−1P t.

This is actually a power-series expansion for the matrix inverse,

Rγ = [γI −D]−1 = [(1 + γ)I − P ]−1

where the generator is defined in (8.1). With the cost functionc interpreted as a column
vector we can express the value function as the producthγ = Rγc.

In this new notation, the derivative (11.63) can be expressed as the inner product,

∇θ‖hθ − hγ‖2
π = 2〈(hθ −Rγc), ψ

θ〉π. (11.75)

We now interpret the transformations performed to construct the LSTD algorithm as
the application of an adjoint operation inL2(π).

The adjoint of a realN × N matrix is simply its transpose. In the vector space
setting of this section, the adjoint of the resolventR†

γ is characterized by the set of
equations,

〈Rγf, g〉π = 〈f,R†
γg〉π, f, g ∈ L2(π). (11.76)

A sample path representation for〈Rγf, g〉π leads to a useful representation for the
adjoint. We begin with the definition,

〈Rγf, g〉π = E
[
(Rγf (X))(g(X))] = E

[( ∞∑

t=0

(1 + γ)−t−1P tf (X(0))
)
g(X(0))

]

We have by the smoothing property of the conditional expectation,

E[P tf (X(0))g(X(0))] = E
[
E[f(X(t)) | X(0)]g(X(0))

]
= E[f(X(t))g(X(0))]

and then applying (11.69) we obtain,

〈Rγf, g〉π =
∞∑

t=0

(1 + γ)−t−1
E[f(X(0))g(X(−t))].

The right hand side can be expressed〈f,R†
γg〉π, where
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R†
γg (x) =

∞∑

t=0

(1 + γ)−t−1
E[g(X(−t)) | X(0) = x], x ∈ X. (11.77)

That is, the adjointR†
γ is the ordinary resolvent for the time-reversed process{X(−t) :

t ∈ Z+}.
We now obtain an alternate expression for the derivative (11.63) based on the

equivalent form (11.75). The resolvent is invertible, withR−1
γ = (1 + γ)I −P . Hence

the differencehθ − hγ can be expressed,

hθ − hγ = hθ −Rγc = Rγ [R
−1
γ hθ − c] = Rγ [(1 + γ)hθ − Phθ − c]. (11.78)

Based on this expression, the representation (11.75), and the adjoint equation (11.76),
we obtain

1
2∇θ‖hθ − hγ‖2

π =
〈
(1 + γ)hθ − Phθ − c,R†

γψ
θ
〉
π
, (11.79)

or written as an expectation,

1
2∇θ‖hθ − hγ‖2

π = E[dθ(t)ϕθ(t)], (11.80)

wheredθ(t) := (1+γ)hθ(X(t))−hθ(X(t+1))− c(X(t)), andϕθ(t) :=R†
γψ (X(t)).

We now have sufficient motivation to construct the TD learning algorithm based
on the ODE (11.65).

Definition 11.5.2.TD Learning for Discounted Cost

The TD-algorithm constructs recursively a sequence of estimates{θ(n)} based on the
following,

(i) Temporal differencesdefined by,

d(k):=−[(1+γ)hθ(k)(X(k))−hθ(k)(X(k+1))−c(X(k))] , k ≥ 1. (11.81)

(ii) Eligibility vectors: the sequence ofℓh-dimensional vectors,

ϕ(k) =

k∑

t=0

(1 + γ)−t−1ψθ(k−t)(X(k − t)) , k ≥ 1, (11.82)

expressed recursively via,

ϕ(k + 1) = (1 + γ)−1[ϕ(k) + ψθ(k+1)(X(k + 1))], k ≥ 0, ϕ(0) = 0.

The estimates ofθ∗ are defined by,

θ(n+ 1) − θ(n) = and(n)ϕ(n + 1), n ≥ 0, (11.83)

where the non-negative gain sequence{an} satisfies (11.4).

Based on (11.80), for largek the following approximation is suggested,

E[d(k)ϕ(k + 1)] ≈ −1
2∇θ‖hθ − hγ‖2

π, θ(i) ≡ θ.

The TD algorithm is the stochastic approximation algorithm associated with the ODE
(11.65), based on this approximation.
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11.5.4 Average cost

Much of Part III of the book has concentrated on average-cost control and average-cost
performance evaluation, and most of the approximation results have focused on Pois-
son’s equation rather than the discounted-cost analog. We now generalize the results of
Sections11.5.2and11.5.3to this setting.

Recall that a solution to Poisson’s equation, also called the relative value function,
can be expressed as a SPP value function with respect to the relative costc̃ := c − η.
For a fixed statex∗ ∈ X, we take the particular form,

hc̃(x) = Ex

[σx∗∑

t=0

c̃(X(t))
]
, x ∈ X, (11.84)

whereσx∗ denotes the first hitting time tox∗.
To extend the Hilbert space framework to this setting we express the value function

as an infinite-horizon sum,

hc̃(x) =
∞∑

t=0

Ex

[
1{σx∗ ≥ t}c̃(X(t))

]
.

Next we express each term in the sum in ‘matrix-vector product’ notation. Letting
1{x∗}cP denote the matrix whose ‘row’ corresponding tox∗ has been set to zero, we
have the probabilistic interpretation, for any functiong,

1{x∗}cPg (x) = Ex

[
1{σx∗ ≥ 1}g(X(1))

]
.

With (1{x∗}cP )t thet-fold matrix product we similarly have,

(1{x∗}cP )tg (x) = Ex

[
1{σx∗ ≥ t}g(X(t))

]
.

Hence the relative value function can be expressed ashc̃ = R0c̃, where thepotential
matrix is defined for arbitrary functionsg via

R0g (x) :=
∞∑

t=0

(1{x∗}cP )tg (x), x ∈ X.

Just as in our consideration of the resolvent, the potential matrix can be expressed as a
matrix inverse

R0 =

∞∑

t=0

(1{x∗}cP )t = [I − 1{x∗}cP ]−1. (11.85)

A similar representation for the relative value function is given in (A.31).
We can follow the derivation ofR†

γ in (11.77) to express the adjoint as the potential
matrix for the time-reversed process,

R†
0g (x) = E

[ ∑

σ̃
[0]
x∗

≤t≤0

g(X(t)) | X(0) = x
]
, x ∈ X, g ∈ L2(π), (11.86)
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where for anyk,
σ̃

[k]
x∗ = max{t ≤ k : X(t) = x∗}.

Consider the error (11.61) and its gradient (11.63). In the Hilbert space notation
introduced in Section11.5.3, we obtain a representation similar to (11.75),

∇θE(θ) = 2〈(hθ − hc̃), ψ
θ〉π.

Applying the representation (11.85) we obtain, exactly as in (11.78),

hθ − hc̃ = R0[R
−1
0 hθ − c̃] = R0[h

θ − 1{x∗}cPhθ − c̃].

Hence, the first-order condition for optimality ofθ becomes,

0 = 1
2∇θE(θ) = 〈[hθ − 1{x∗}cPhθ − c̃], R†

0ψ
θ〉π.

Following the derivation of TD learning for the discounted-cost value function we
arrive at a TD learning algorithm to estimatehc̃.

Definition 11.5.3.TD Learning for Poisson’s Equation

The TD-algorithm constructs recursively a sequence of estimates{θ(k)} based on the
following,

(i) Temporal differences,

d(k) :=−
[
hθ(k)(X(k)) − 1{x∗}c(X(k))hθ(k)(X(k + 1)) −

(
c(X(k)) − η(k)

)]
.

(ii) Eligibility vectors, the sequence ofℓh-dimensional vectors,

ϕ(k) =

k∑

t=σ̃
[k]
x∗

ψθ(k−t)(X(k − t)) , k ≥ 1, (11.87)

or written recursively,

ϕ(k + 1) = 1{X(k) 6= x∗}ϕ(k) + ψθ(k+1)(X(k + 1)), k ≥ 0

(iii) Estimates{η(k)} of η are obtained using Monte-Carlo (11.1), or any other
consistent method.

Estimates{θ(n)} of the optimal parameter are then obtained using the TD recursion
(11.83).

When the parameterization is linear we can again use the Monte-Carlo estimates
(11.73a), where the definition of{b(n)} is redefined by,

b(n) =
n−1∑

t=0

(
c(X(t)) − η(n)

)
ϕ(t), n ≥ 1,
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with {ϕ(t)} generated using the recursion (11.87).
Unfortunately, neither the TD or LSTD algorithms are effective in queueing mod-

els due to the very large variance of the estimates. This will be seen in Example11.5.1,
but first we introduce a method to reduce the variance. For this we modify the norm
through the introduction of a weighting functionΩ: X → [1,∞]. Define for two func-
tionsf, g the new inner-product

〈f, g〉π,Ω =
∑(

f(x)g(x)/Ω(x)
)
π(x),

with associated weighted norm,

‖f − g‖2
π,Ω := 〈f − g, f − g〉π,Ω = E[(f(X) − g(X))2/Ω(X)]. (11.88)

We use this norm to define the error betweenhθ andhc̃ for a given parameterθ:

E(θ) = ‖hθ − hc̃‖2
π,Ω. (11.89)

As in the foregoing, we obtain a representation for the derivative ofE(θ); Setting
this equal to zero gives the first-order necessary condition for optimality ofθ. Under
general conditions (to justify taking the derivative inside the inner product) the deriva-
tive can be expressed∇θE(θ) = 2〈hθ − hc̃, ψ

θ〉π,Ω,, whereψθ is the gradient ofhθ.
For a linear parameterization this is independent ofθ, giving

1
2∇θE(θ) = 〈hθ, ψ〉π,Ω − 〈hc̃, ψ〉π,Ω

On denoting
Mψ = E[ψ(X)ψ(X)TΩ−1(X)], (11.90)

we have〈hθ, ψ〉π,Ω = Mψθ. From this expression and the definition of the adjoint we
have,

1
2∇θE(θ) = Mψθ − 〈c̃, R†

0ψ〉π,Ω
and setting this equal to zero gives the unique optimizer, provided the matrixMψ is
invertible.

To obtain an algorithm we must first interpret these inner products. Based on
(11.90), the matrixMψ can be estimated using an obvious modification of (11.67).

The inner-product〈c̃, R†
0ψ〉π,Ω plays the role of the vectorbψ that was introduced

in the construction of LSTD for discounted-cost. The adjointR†
0 is again given by

(11.86), so that the LSTD algorithm for average cost is obtained as a minor modification
of Definition 11.5.1.

Definition 11.5.4.LSTD Learning for Average Cost with State Weighting

For given initial conditionsG(0) > 0, b(0) ∈ R
ℓh , ϕ(0) ∈ R

ℓh , the sequence of
parameter estimates are defined by

θ(n) = G(n)b(n), (11.91a)

where the sequencesG andb are defined by the recursive equations,
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G(n + 1) = G(n) − G(n)ψ(X(n))ψ(X(n))TG(n)

Ω(X(n)) + ψ(X(n))TG(n)ψ(X(n))
(11.91b)

b(n+ 1) = b(n) + ϕ(n)
(
c(X(n)) − η(n)

)
(11.91c)

ϕ(n + 1) = 1{X(n) 6= x∗}ϕ(n) + ψ(X(n + 1))/Ω(X(n + 1)).(11.91d)

Example 11.5.1.LSTD for the M/M/1 queue

The solution to Poisson’s equation for the M/M/1 queue is the quadratic given in Propo-
sition 3.4.2. For arbitraryθ ∈ R

2 define,

hθ(x) = θ1x+ θ2x
2, x ∈ R+. (11.92)

Then, withθ∗1 = θ∗2 = 1
2 (µ− α)−1 this is the solution given in Proposition3.4.2.

To estimateθ∗ we first apply the LSTD algorithm withΩ ≡ 1. Observe that the
recursion (11.91b) is designed to estimate the inverse ofMψ. This involves estimating
indirectly the mean of thefourth momentof the queue-length process since,

Mψ = Mψ = E[ψ(Q)ψ(Q)T] = E

[(Q Q3

Q3 Q4

)]
.

The asymptotic variance of the standard estimator ofQ(t)4 is of order(1 − ρ)−10 (!)
Hence we can expect high variances when using the LSTD algorithm.
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Figure 11.10: LSTD estimates for the relative value function in the M/M/1 queue based
on Definition11.5.4.

Shown in Figure11.10are results from several experiments using the LSTD al-
gorithm. In one set of experiments the weighting function was set to unity, and in the
other the polynomial,

Ω(x) = (1 + (µ− α)x)p, x ≥ 0.

Several values ofp were tried in experiments; the best value ofp = 4 was chosen in
the figure.
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Consequences of the high variance are evident in Figure11.10. For loads ofρ =
0.8 or higher the estimates show high variability even after5 million iterations. The
introduction of the weighting functionsignificantlyreduces variability.

11.5.5 Optimizing shadow functions

The last performance criterion to be considered is the asymptotic variance. For sim-
plicity we restrict to linear parametrizations withhθ = θTψ.

The first step towards constructing a recursive algorithm is to obtain an expression
for the asymptotic variance in terms of the adjoint. Proposition11.5.3provides a useful
formula for the uncontrolled estimator.

Proposition 11.5.3. The asymptotic variance in (11.26) can be expressed,

σ2
CLT = π(2c̃h†c̃ − c̃2), (11.93)

whereh†c̃ :=R†
0c̃, and the adjoint is defined in (11.86).

Proof. The representation (11.26) combined with Poisson’s equation gives,

σ2
CLT = π(h2

c̃ − (Phc̃)
2) = π(h2

c̃ − (hc̃ − c̃)2) = π(2hc̃c̃− c̃2).

From the definition of the adjoint andhc̃ we haveπ(hc̃c̃) = 〈R0c̃, c̃〉π = 〈c̃, R†
0c̃〉π,

and (11.93) then follows. ⊓⊔

The value of Proposition11.5.3is that the steady-state meanπ(c̃h†c̃) is easily esti-
mated using standard Monte-Carlo sinceh†c̃c̃ can be expressed in terms of the history
of the process. Indeed, define

ϕc(k + 1) = 1{X(k) 6= x∗}ϕc(k) +
(
c(X(k + 1)) − η(k + 1)

)
, k ≥ 0,

where{η(k)} are consistent estimates ofη. Then, under general conditions,

π(c̃hc̃) = lim
k→∞

π
(
c̃(X(k))ϕc(k)

)
= lim

n→∞
1

n

n−1∑

k=0

(
c(X(k)) − η(k)

)
ϕc(k) a.s.

We now turn to shadow functions. Proposition11.4.1tells us that the optimal
parameterθ∗ is the solution to

Σψθ = 〈ψ, hc̃〉CLT , (11.94)

whereΣψ is defined in (11.43). Applying the adjoint technique once more we obtain
the following expression for theθ∗:

Proposition 11.5.4. Under the assumptions of Proposition11.4.1the optimal param-
eter (11.44) can be expressed,

θ∗ = Σ−1
ψ bψ,

where
bψ = 〈c̃, R†

0(ψ − ψ1) + ψ1〉π, (11.95)

R†
0 is defined in (11.86), andψ1 := Pψ.
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Proof. In view of (11.94), it is enough to establish that the vectorbψ defined in (11.95)
coincides with the vector〈ψ, hc̃〉CLT. Poisson’s equation forhc̃ gives,

〈ψ, hc̃〉CLT = 〈ψ, hc̃〉π − 〈Pψ,Phc̃〉π = 〈ψ, hc̃〉π − 〈ψ1, hc̃ − c̃〉π,

or 〈ψ, hc̃〉CLT = 〈ψ − ψ1, R0c̃〉π + 〈ψ1, c̃〉π. From the defining property of the adjoint,

〈ψ − ψ1, R0c̃〉π = 〈R†
0(ψ − ψ1), c̃〉π

we obtain the desired conclusion thatbψ = 〈ψ, hc̃〉CLT. ⊓⊔

To estimate the optimizerθ∗ we can separately estimateΣψ andη :=π(c) (required
to construct̃c.) It is also necessary to estimate expectations involving the two functions
R†

0ψ, andR†
0ψ

1.
The random variables{ϕ(t)} defined in (11.87) will be used for estimating expec-

tations involvingR†
0ψ, and we introduce a second sequence of eligibility vectors for

R†
0ψ

1:

ϕ1(k) =
k∑

t=σ̃
[k]
x∗

ψ1(X(k − t)) , k ≥ 1. (11.96)

We can then estimate the vectorbψ defined in (11.95) asn−1b(n) with

b(n) =

n−1∑

t=0

[(
ϕ(t) − ϕ1(t) + ψ1(X(t))

)(
c(X(t)) − η(n)

)]
(11.97)

The matrixΣψ can be estimated using standard Monte-Carlon−1Σ(n), with

Σ(n) =

n−1∑

t=0

[
ψ(X(t))ψT(X(t)) − ψ1(X(t))ψ1T

(X(t))
]
. (11.98)

Hence we obtain estimates ofθ∗ using,

θ(n) = Σ(n)−1b(n), n ≥ 1.

Once again we obtain a recursive algorithm based on the Matrix Inversion Lemma11.5.1.
Define the twoℓh× 2 matricesΨ(n) = [ψ(X(n)) | ψ1(X(n))], Ψ−(n) = [ψ(X(n)) |
−ψ1(X(n))] so that,

Ψ(n)Ψ−(n)
T
= ψ(X(n))ψ(X(n))T − ψ1(X(n))ψ1(X(n))

T
.

Then, withG(n) = Σ(n)−1, the inverseG(n + 1) = [G(n)−1 + Ψ(n)Ψ−(n)
T
]−1 is

expressed as (11.99) using the Matrix Inversion Lemma.

Definition 11.5.5.LSTD Learning for Shadow Functions

For given initial conditionsG(0) > 0, b(0) ∈ R
ℓh , ϕ(0), ϕ1(0) ∈ R

ℓh , the LSTD
algorithm is defined by the sequence of parameter estimates,
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θ(n+ 1) = G(n+ 1)b(n + 1)

G(n + 1) = G(n) −G(n)Ψ(n)[I + Ψ−(n)TG(n)Ψ(n)]−1Ψ−(n)TG(n)

b(n+ 1) = b(n) +
(
ϕ(n) − ϕ1(n) + ψ1(X(n))

)(
c(X(n)) − η(n + 1)

)

ϕ(n + 1) = 1{X(n) 6= x∗}ϕ(n) + ψ(X(n + 1))

ϕ1(n+ 1) = 1{X(n) 6= x∗}ϕ1(n) + ψ1(X(n + 1)).
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Figure 11.11: LSTD estimates for optimizing shadow functions in the M/M/1 queue
using Definition11.5.5.

Example 11.5.2.LSTD for the M/M/1 queue

Figure 11.11 shows results from the LSTD algorthim based on the basis functions
ψ1(x) ≡ x, ψ2(x) ≡ x2. The two experiments shown in the figure are typical re-
sults forρ = 0.8 and0.9.

Note that the sequence{θ(n)} is convergent in this setting, but the variance is again
high. This can be seen in the figure, and it can be shown analytically that it is even more
variable than the estimates of the meanη = ρ/(1 − ρ). Nevertheless, convergence of
{θ2(n)} to a value reasonably close toθ∗2 occurs within500, 000 iterations in each
experiment.

Convergence of{θ1(n)} is much slower. This is to be expected since the asymp-
totic variance of the smoothed estimator is less sensitive to this coefficient.
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11.6 Notes

This chapter spans several disciplines, and the topics surveyed here cover only a small
fraction of two fields, simulation and machine learning.Modern simulation and mod-
eling by Rubinstein and Melamed [419] provides a broad and accessible introduction
to simulation. Machine learning is a rapidly evolving discipline. Some of the most ele-
gant recent work has emerged from Tsitsiklis and his progeny. The monographs Sutton
and Barto [464] and Bertsekas and Tsitsiklis [53] contain introductions to this field,
and some specific papers in the area of TD learning are discussed below.

The stochastic approximation algorithm (11.3) was introduced in Robbins and
Monro’s celebrated 1951 paper [408]. One year later, Kiefer and Wolfowitz introduced
a variation intended to solve optimization problems in which the objective function
is not smooth, or the derivative is not easily computed [299]. It is remarkable that
this highly applicable methodology was developed almost fifty years before computers
became fast enough to make these algorithms widely implementable. Nevel’son and
Has’minskĭı [384] is a valuable classic text; See Kushner and Yin [330], Benveniste,
Métivier and Priouret [45], or Chen [102] for modern treatments.

A highly influential paper on simulation of Markov chains with an emphasis con-
sistent with this chapter is Hordijk et. al. [270]. In particular, an emphasis of the paper
is estimation of confidence bounds, as well as the asymptotic variance (11.6). Hei-
delberger’s thesis on related topics [251, 250] contains a kernel of the control variate
techniques based on the shadow functions described in Section11.4.

The fantastically large runlengths required for accurate simulation in queueing
models was first recognized by Whitt [492] and Asmussen [24]. For more on related
themes see the work of Glynn, Iglehart and Whitt [276, 212, 214, 492, 218], and espe-
cially the survey [215].

Section11.2.1on the CLT for Markov models is based on [216, 367]. Much of
Section11.1is adapted from the survey [252]. In particular, Proposition11.1.1is taken
from [252], following [65, Exercise 29.4] (1986 edition).

One interpretation of Proposition11.3.1is that the moments and asymptotic vari-
ance of the CRW model converge to those of an associated RBM asρ ↑ ∞, which
follows from Kingman’s original 1961 result [303]. Related results for generalized
Jackson networks are contained in [199, 89].

There are several excellent treatments of large deviations and overflow probabili-
ties for queues. See [219, 155, 446], and in particular the bookBig Queues[200].

The failure of the LDP for the single server queue as summarized in Proposi-
tion 11.3.4(as well as Theorem11.2.3) is taken from [364]. The proof presented here
based on Figure3.2 is inspired by the papers of Guillemin and Pinchon [223], and
Borovkov, Boxma, and Palmowski [78] where themost likely areaunder a tent is com-
puted in an asymptotic setting in which the area tends to infinity. This result can be
used to establish a non-zero limit in (11.37), rather than a lower bound.

A valuable reference on control variates and other variance reduction techniques
is theHandbook of Simulationby Henderson and Nelson [256]. See also Nelson [382],
Rubinstein and Melamed [419], and the survey by Glynn and Szechtman [211]. Much
of Section11.4 is based on joint work with Henderson, and his thesis [257]. The
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quadratic estimator was introduced in [254], which was inspired by Henderson’s thesis
and prior work with Glynn on control variates for the GI/G/1 queue [257, 253]. Sec-
tion 11.4.5on thefluid estimatoris adapted from [258, 255]. Theory supporting these
algorithms is contained in [364, 363, 314].

The histograms shown in Figures11.1 and 11.8 were provided as a gift from
Prof. Ken Duffy.

Veatch in [480] explores bounded perturbations of the fluid value function in ap-
proximate dynamic programming. Related techniques are considered in current re-
search to refine the fluid estimator.

Proposition11.4.1is a variant on established control variate techniques (see [333].)
The selection of an optimal control variate requires knowledge of a covariance matrix
Σ, such as given in (11.43). While it is true that this can be estimated using Monte-
Carlo or a version of TD learning, there is the danger of increased variance associated
with the additional estimation ofΣ [333]. The “loss factor” is discussed in [332, 382]
for terminating simulations, and in [340] for steady-state simulation. It is argued that
estimation should be performed “off-line” based on a large amount of data. Once an
estimate ofΣ is obtained, this is held fixed for application in subsequent simulations.

The reader is referred to the monographs [464, 53] for general background on TD
learning. More detailed treatments can be found in [474, 418, 381, 310, 49] and the
references that follow.

The Least-Squares Temporal Difference Learning algorithm (LSTD) was intro-
duced for the discounted-cost value function in Bradtke and Barto [82]. The regenera-
tion approach to average-cost TD learning in Section11.5.4is based on [310]. Methods
to constructa basis{ψi} based on observations of a Markov model are described in
[474, 350].

The TD learning algorithm is typically presented in a modified form. For exam-
ple, in the discounted-cost case the eligibility vectors defined in (11.82) are modified
through the introduction of a ‘forgetting factor’λ ∈ [0, 1],

ϕ(k + 1) = (1 + γ)−1[λϕ(k) + ψ(X(k + 1))], ϕ(0) = 0.

The resulting algorithm (11.83) is called TD(λ), where the definition of the tempo-
ral differences remain unchanged. Under general conditions, the algorithm remains
convergent to someθ(∞) ∈ R

ℓh , but it is no longer consistent. That is, in general
θ(∞) 6= θ∗, although bounds on the error‖θ(∞) − θ∗‖π as a function ofλ can be
constructed [474, 290].

The introduction ofλ is difficult to justify, given the fact that variance reduction
can be achieved through state-weighting, as in (11.88), and this approach does not
introduce bias.

Optimization of control variates in i.i.d. models is part of the original formulation
of this technique. In the Markov setting this step is substantially more difficult and
solutions are more recent. The first algorithms for this purpose were introduced in
[465, 301]. The LSTD algorithm for shadow function optimization contained in Sec-
tion 11.5.5is new, and this is the first such algorithm that is asymptotically consistent.

Revise below!! And usêηW.
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11.7 Exercises

11.1 Simulate the M/M/n queueing system described in Exercise3.9. Find the mean
time spent by a job in the queue whenα = 0.9 for the following four values:
µ = n−1, with n = 1, 2, 3, 4. Estimate a 95% confidence interval associated with
your results using the batch-means method.

11.2 Consider again the single-server queueing system introduced in Exercise9.3con-
sisting of three job classes. Estimate the mean and variance of the time spent
by each job class in the queue, together with the server utilization. Estimate the
asymptotic covariance of the vector process(QH ,QM ,QL). Estimate the frac-
tion of jobs of each job class that are rejected.

11.3 Ordinal estimation. We have seen that simulation to estimate the steady-state cost
can be difficult in a stochastic network model. Even in the single server queue the
variance of the standard estimator grows rapidly with load, and the LDP fails as
shown in Theorem11.0.1.

Comparison of policies can be relatively easy. In this exercise you will explore
this principle using the one-dimensional inventory model,

Y (t+ 1) = Y (t) − S(t+ 1) + S(t+ 1)ι(t) + L(t+ 1), t ≥ 0, Y (0) ∈ Z,

where(S,L) is an i.i.d. process,S is Bernoulli, and the marginal ofL is sup-
ported on a bounded interval inZ+ with P{L(t) > S(t)} > 0, andE[L(t)] =
λ < µ = E[S(t)].

Suppose that{φi : i = 1, 2} are two hedging point policies defined by two
integer-valued thresholds{yi : i = 1, 2},

φi(y) = max(0, yi + 1 − y).

The resulting workload processes are driven by the same sequence(S,L) and
hence satisfy,

Y 1(t+ 1) = max(Y 1(t) − S(t+ 1), y1) + L(t+ 1)

Y 2(t+ 1) = max(Y 2(t) − S(t+ 1), y2) + L(t+ 1)

Let {ηi(n) : n ≥ 1} denote the Monte-Carlo estimates of the steady-state mean
ηi = limt→∞ E[c(Y i(t))], wherec is some Lipschitz continuous cost function.

(i) Explain why the LDP fails, in the sense that for each initial condition,

lim
n→∞

1

n
log

(
P
{
ηi(n) ≥ r

})
= 0, r > ηi, i = 1, 2.

(ii) Show that there is a fixed constantb0 independent oft such that|Y 1(t) −
Y 2(t)| ≤ b0 for all t ≥ 1 wheneverY 1(0) = Y 2(0).

(iii) Show that ifη1 < η2 then the probability of error decays geometrically fast:

lim sup
n→∞

1

n
log

(
P
{
η1(n) ≥ η2(n)

})
< 0.
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Suggested approach: First, explain whyΦ(t) := (Y 1(t), Y 2(t)) defines a Markov
chain. Next, show thatΦ is geometrically ergodic. The result then follows from
Proposition11.2.4.

11.4 Simulate the model introduced in Exercise9.4 under several threshold policies.
In each of your simulations useidentical arrival and service processes, and plot
the average cost as a function of the threshold parameter. Repeat the experiment
several times, with a time window ofT = 10, 000. Do the plots give consistent
predictions of the best policy?

11.5 Consider again the queue with phase-type arrivals and service introduced in Ex-
ercise4.10. Choose a model, and simulate to obtain an approximation for the
asymptotic varianceσ2 of A(t) − S(t). For example, you can use the batch-
means method (note thatσ2 is not the ordinary variance ofA(t) − S(t).) Next,
simulate the queue to obtain an estimate of its mean. Does the formula (3.10)
provide a reasonable approximation for the mean you obtained via simulation?
Explain why it should for high load.

11.6 Simulate the model introduced in Exercise6.1using a policy based on a translation
of the optimal policy for a one-dimensional relaxation. Try a control variate of
your choosing, and experiment with variations on your policy.

11.7 Simulate the policy obtained for the ALOHA communications model in Exer-
cise6.7. You should try a control variate of your choosing, and experiment with
variations on your policy.

11.8 Estimate the moment generating functionEπ[e
βQ(t)] for a range ofβ ∈ [−1, 1] for

the M/M/1 queue using,

(i) Standard Monte-Carlo.

(ii) The smoothed estimator based on the fluid value function,

ψβ(x) =

∫ ∞

0
(eβq(t;x) − 1) dt.

Note that this function isC1 as a function ofx.

(iii) Verify that eβx + ∆ψβ
(x) is not bounded overx ≥ 0, whenψβ is given in

(ii). Find a simple modification ofψβ to make this function bounded, and
use the resulting shadow function to obtain a third set of estimates.

Compare your results using a plot of the form shown in Section11.4.3.

11.9 In this exercise you will simulate the infinite-server queue introduced in Exer-
cise3.10. Estimate the meanEπ[Q(t)], as well as the moment generating function
Eπ[e

βQ(t)] for β ∈ {±.25,±.5,±.75,±1} usingidenticalarrival and service pro-
cesses. Obtain these results using standard Monte-Carlo, and using the smoothed
estimator based on nine different fluid value functions. See if you can construct a
better shadow function, as in the previous problem.

11.10 Construct a control variate for the simple inventory model based on a fluid value
function. Try each of the functions introduced in Exercise7.6, and check to see
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if c + ∆ψ a bounded function onR. Perform a simulation with and without the
control variate and comment on the variance reduction observed.

11.11 Consider Proposition11.3.4(i): If (µ − α)/4 < β < (µ − α)/2 then the ‘tent’
is truncated at timeT . How would the bound (11.36) change in this case? What
happens ifβ > (µ− α)/2?

11.12 Suppose thatg : R+ → R+ is increasing and unbounded. Following the ideas in
Proposition11.3.4(iii), show that for eachε > 0,

lim inf
n→∞

1

n
log P{η(n) ≥ η + ε} = 0, (11.99)

whereη(n) = n−1
∑n−1

t=0 g(Q(t)).

11.13 Consider a CRW model for the tandem queues withρ• < 1 andc(x) = x1 + x2.
Is the functionc − ∆J bounded whenJ is the fluid value function? How about
c− ∆h, with h(x) = J(x̃) andx̃ defined in (4.93)?

11.14 Control variates for a queue in heavy traffic. If ρ ≈ 1 then the scaled queue
length processQ(nt;

√
nx)/

√
n for the CRW queue can be approximated by a

reflected Brownian motion starting fromx, wheren = (1 − ρ)−1. The solution
to Poisson’s equation for the RBM is precisely the fluid value functionJ(x) =
1
2x

2/(µ − α). For the CRW model an expression of the form (11.48) holds, and
hence the smoothed estimator has the form,

ηsJ(n) =
1

n

n−1∑

t=0

R(Q(t)), n ≥ 1.

In this exercise you will estimate the asymptotic variance for the{ηsJ(n)}. Each
part below concerns the CRW queue (3.1) satisfyingE[A(k)2] <∞.

(i) Verify (11.48) with R(x) = b10(x), for some constantb.

(ii) Verify that h(x) = bRx solves Poisson’s equationPh = h− R + π(R) for
some constantbR < 0, whereπ(R) = (1 − ρ)b.

(iii) Compute the asymptotic variance for the smoothed estimator using Theo-
rem11.2.1.

11.15 Nonlinear control variates.In this exercise you will consider nonlinear-control
variates for variance reduction in simulation. Suppose thatc andf are two func-
tions onX and that the meanπ(f) is known. Letη(n) andηf (n), n ≥ 1, denote
the Monte-Carlo estimates ofη = π(c) andηf = π(f), respectively. It is as-
sumed thatG : R

2 → R is a smooth function satisfyingG(r, ηf ) = r for all real
r, and the smoothed estimator is defined by,

ηsψ(n) = G(η(n), ηf (n)), n ≥ 1. (11.100)
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(i) First, let’s consider an abstraction: Suppose thatW is a two-dimensional
Gaussian random variable with covarianceΣ. Suppose that the first and
second derivatives ofG have polynomial growth. Compute the limit,

σ2
s = lim

n→∞
nVar

(
G(η2 + n−

1
2W)

)
.

whereη2 = (η, ηf )
T. Hint: Apply the Mean Value Theorem,

G(η2 +
1√
n
w) = G(η2) +

1√
n
wT∇G(η2) +

1

n
wT∇G(η2 + θn−

1
2w)w

w ∈ R
2, whereθ ∈ (0, 1).

(ii) Find an expression for the asymptotic variance of the smoothed estima-
tor (11.100) based on the asymptotic variance of the bivariate process
{c(X(t)), f(X(t)) : t ≥ 0}. Explain what assumptions onc, f are needed
whenX is i.i.d.. Any thoughts on the Markov case?

(iii) Consider the special case:X is Markov chain onZ+ with known mean
m1 = E[X], and we wish to estimatem2 = E[X2]. Construct a functionG
satisfying the required conditions, such asG(x, y) = y((m1 +1)/(1+x))2 .
Work out an expression for the asymptotic variance based on the asymptotic
variance of the bivariate process{X(t),X2(t) : t ≥ 0}.

11.16 The queue length processQ is not Markov for the model with phase-type arrival
and service. However, this does not stop us from applying the TD learning al-
gorithm. Based on the model you have considered in Exercise11.5 run one of
the algorithms introduced in Example11.5.1. Compare the function obtained to
the actual solution to Poisson’s equation for a CRW queue with identical first and
second order statistics, based on (3.11).

11.17 Consider the “Bellman error” for the discounted cost value function defined by

E[(Phθ (X) − (1 + γ)hθ(X) + c(X))2].

Show that the parameterθ∗ minimizing the error satisfies,

E[
(
Phθ (X) − (1 + γ)hθ(X) + c(X)

)(
Pψθ (X) − (1 + γ)ψθ(X)

)]
= 0.

Based on this formula, obtain an expression forθ∗ analogous to (11.64) when the
parameterization is linear. How would you use simulation to estimateθ∗?

11.18 TheL1 Bellman error is defined by,

E[|Phθ (X) − (1 + γ)hθ(X) + c(X)|].

Find an expression for the minimizingθ for a linear parametrization. How would
you use simulation to estimateθ∗?
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Appendix A

Markov Models

This appendix describes stability theory and ergodic theory for Markov chains on a
countable state space that provides foundations for the development in Part III of this
book. It is distilled from Meyn and Tweedie [367], which contains an extensive bibli-
ography (the monograph [367] is now available on-line.)

The term “chain” refers to the assumption that the time-parameter is discrete. The
Markov chains that we consider evolve on a countable state space, denotedX, with
transition law defined as follows,

P (x, y) := P{X(t+ 1) = y | X(t) = x} x, y ∈ X, t = 0, 1, . . . .

The presentation is designed to allow generalization to more complex general state
space chains as well as reflected Brownian motion models.

Since the publication of [367] there has been a great deal of progress on the theory
of geometrically ergodic Markov chains, especially in the context of Large Deviations
theory. See Kontoyiannis et. al. [312, 313, 311] and Meyn [364] for some recent results.
The website [444] also contains on-line surveys on Markov and Brownian models.

A.1 Every process is (almost) Markov

Why do we focus so much attention on Markov chain models? An easy response
is to cite the powerful analytical techniques available, such as the operator-theoretic
techniques surveyed in this appendix. A more practical reply is that most processes can
be approximated by a Markov chain.

Consider the following example:Z is a stationary stochastic process on the non-
negative integers. A Markov chain can be constructed that has the same steady-state
behavior, and similar short-term statistics. Specifically, define the probability measure
on Z+ × Z+ via,

Π(z0, z1) = P{Z(t) = z0, Z(t+ 1) = z1}, z0, z1 ∈ Z+.

Note thatΠ captures the steady-state behavior by construction. By considering the
distribution of the pair(Z(t), Z(t+ 1)) we also capture some of the dynamics ofZ.

538
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The first and second marginals ofΠ agree, and are denotedπ,

π(z0) = P{Z(t) = z0} =
∑

z1∈Z+

Π(z0, z1), z0,∈ Z+.

The transition matrix for the approximating process is defined as the ratio,

P (z0, z1) =
Π(z0, z1)

π(z0)
, z0, z1 ∈ X ,

with X = {z ∈ Z+ : π(z) > 0}.
The following simple result is established in Chorin [111], but the origins are

undoubtedly ancient. It is a component of the model reduction techniques pioneered
by Mori and Zwanzig in the area of statistical mechanics [375, 505].

Proposition A.1.1. The transition matrixP describes these aspects of the stationary
processZ:

(i) One-step dynamics:P (z0, z1) = P{Z(t+ 1) = z1 | Z(t) = z0}, z0, z1 ∈ X.

(ii) Steady-state:The probabilityπ is invariant forP ,

π(z1) =
∑

z0∈X

π(z0)P (z0, z1), z1,∈ X.

Proof. Part (i) is simply Baye’s rule

P{Z(t+ 1) = z1 | Z(t) = z0} =
P{Z(t+ 1) = z1, Z(t) = z0}

P{Z(t) = z0}
=

Π(z0, z1)

π(z0)
.

The definition ofP givesπ(z0)P (z0, z1) = Π(z0, z1), and stationarity ofZ implies
that

∑
z0
π(z0)P (z0, z1) =

∑
z0

Π(z0, z1) = π(z1), which is (ii). ⊓⊔

PropositionA.1.1 is just one approach to approximation. IfZ is not stationary, an
alternative is to redefineΠ as the limit,

Π(z0, z1) = lim
N→∞

1

N

N−1∑

t=0

P{Z(t) = z0, Z(t+ 1) = z1},

assuming this exists for eachz0, z1 ∈ Z+. Similar ideas are used in Section9.2.2
to prove that an optimal policy for a controlled Markov chain can be taken stationary
without loss of generality.

Another common technique is to add some history toZ via,

X(t) := [Z(t), Z(t− 1), . . . , Z(t− n0)],

wheren0 ∈ [1,∞] is fixed. Ifn0 = ∞ then we are including the entire history, and in
this caseX is Markov: For any possible valuex1 of X(t+ 1),

P{X(t + 1) = x1 | X(t),X(t − 1), . . . } = P{X(t+ 1) = x1 | X(t)}
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A.2 Generators and value functions

The main focus of the Appendix is performance evaluation, where performance is de-
fined in terms of a cost functionc : X → R+. For a Markov model there are several
performance criteria that are well-motivated and are also conveniently analyzed using
tools from the general theory of Markov chains:

Discounted cost For a given discount-parameterγ > 0, recall that the discounted-
cost value function is defined as the sum,

hγ(x) :=

∞∑

t=0

(1 + γ)−t−1
Ex[c(X(t))], X(0) = x ∈ X. (A.1)

Recall from (1.18) that the expectations in (A.1) can be expressed in terms of thet-step
transition matrix via,

E[c(X(t)) | X(0) = x] = P tc (x), x ∈ X, t ≥ 0.

Consequently, denoting theresolventby

Rγ =
∞∑

t=0

(1 + γ)−t−1P t, (A.2)

the value function (A.1) can be expressed as the “matrix-vector product”,

hγ(x) = Rγc (x) :=
∑

y∈X

Rγ(x, y)c(y), x ∈ X.

Based on this representation, it is not difficult to verify the following dynamic program-
ming equation. The discounted-cost value function solves

Dhγ = −c+ γhγ , (A.3)

where thegeneratorD is defined as the difference operator,

D = P − I . (A.4)

The dynamic programming equation (A.3) is a first step in the development of dynamic
programming for controlled Markov chains contained in Chapter9.

Average cost The average cost is the limit supremum of the Cesaro-averages,

ηx := lim sup
r→∞

1

r

r−1∑

t=0

Ex

[
c(X(t))

]
, X(0) = x ∈ X.

A probability measure is called invariant if it satisfies the invariance equation,
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∑

y∈X

π(x)D(x, y) = 0, x ∈ X, (A.5)

Under mild stability and irreducibility assumptions we find that the average cost coin-
cides with the spatial averageπ(c) =

∑
x′ π(x′)c(x′) for each initial condition. Under

these conditions the limit supremum in the definition of the average cost becomes a
limit, and it is also the limit of the normalized discounted cost for vanishing discount-
rate,

ηx = π(c) = lim
r→∞

1

r

r−1∑

t=0

Ex

[
c(X(t))

]
= lim

γ↓0
γhγ(x). (A.6)

In a queueing network model the followingx∗-irreducibility assumption fre-
quently holds withx∗ ∈ X taken to represent a network free of customers.

Definition A.2.1. Irreducibility

The Markov chainX is called

(i) x∗-Irreducible if x∗ ∈ X satisfies for one (and hence any)γ > 0,

Rγ(x, x
∗) > 0 for eachx ∈ X.

(ii) The chain is simply calledirreducible if it is x∗-irreducible for eachx∗ ∈ X.

(iii) A x∗-irreducible chain is calledaperiodic if there existsn0 < ∞ such that
Pn(x∗, x∗) > 0 for all n ≥ n0.

When the chain isx∗-irreducibile, we find that the most convenient sample path
representations ofη are expressed with respect to thefirst return timeτx∗ to the fixed
statex∗ ∈ X. From PropositionA.3.1 we find thatη is independent ofx within the
support ofπ, and has the form,

η = π(c) =
(
Ex∗

[
τx∗

])−1
Ex∗

[τx∗−1∑

t=0

c(X(t))
]
. (A.7)

Considering the functionc(x) = 1{x 6= x∗} gives,

Theorem A.2.1. (Kac’s Theorem) If X is x∗-irreducible then it is positive recurrent
if and only if Ex∗ [τx∗ ] < ∞. If positive recurrence holds, then lettingπ denote the
invariant measure forX, we have

π(x∗) = (Ex∗ [τx∗ ])
−1. (A.8)
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Total cost and Poisson’s equationFor a given functionc : X → R with steady state
meanη, denote the centered function byc̃ = c−η. Poisson’s equation can be expressed,

Dh = −c̃ (A.9)

The functionc is called theforcing function, and a solutionh : X → R is known as a
relative value function. Poisson’s equation can be regarded as a dynamic programming
equation; Note the similarity between (A.9) and (A.3).

Under thex∗-irreducibility assumption we have various representations of the rel-
ative value function. One formula is similar to the definition (A.6):

h(x) = lim
γ↓0

(
hγ(x) − hγ(x

∗)
)
, x ∈ X. (A.10)

Alternatively, we have a sample path representation similar to (A.7),

h(x) = Ex

[τx∗−1∑

t=0

(
c(X(t)) − η

)]
, x ∈ X. (A.11)

This appendix contains a self-contained treatment of Lyapunov criteria for stabil-
ity of Markov chains to validate formulae such as (A.11). A central result known as
theComparison Theoremis used to obtain bounds onη or any of the value functions
described above.

These stability criteria are all couched in terms of the generator forX . The most
basic criterion is known as condition (V3): for a functionV : X → R+, a function
f : X → [1,∞), a constantb <∞, and a finite setS ⊂ X,

DV (x) ≤ −f + b1S(x), x ∈ X , (V3)

or equivalently,

E[V (X(t + 1)) − V (X(t)) | X(t) = x] ≤
{
−f(x) x ∈ Sc

−f(x) + b x ∈ S.
(A.12)

Under thisLyapunov drift conditionwe obtain various ergodic theorems in SectionA.5.
The main results are summarized as follows:

Theorem A.2.2. Suppose thatX is x∗-irreducible and aperiodic, and that there ex-
ists V : X → (0,∞), f : X → [1,∞), a finite setS ⊂ X, and b < ∞ such that
Condition (V3) holds. Suppose moreover that the cost functionc : X → R+ satisfies
‖c‖f := supx∈X c(x)/f(x) ≤ 1.

Then, there exists a unique invariant measureπ satisfyingη = π(c) ≤ b, and the
following hold:

(i) Strong Law of Large Numbers: For each initial condition,
1

n

n−1∑

t=0

c(X(t)) → η

a.s. asn→ ∞.
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(ii) Mean Ergodic Theorem: For each initial condition,Ex[c(X(t))] → η as
t→ ∞.

(iii) Discounted-cost value functionhγ : Satisfies the uniform upper bound,

hγ(x) ≤ V (x) + bγ−1, x ∈ X.

(iv) Poisson’s equationh: Satisfies, for someb1 <∞,

|h(x) − h(y)| ≤ V (x) + V (y) + b1, x, y ∈ X.
⊓⊔

Proof. The Law of Large numbers is given in TheoremA.5.8, and the Mean Ergodic
Theorem is established in TheoremA.5.4 based on couplingX with a stationary ver-
sion of the chain.

The boundη ≤ b along with the bounds onh andhγ are given in TheoremA.4.5.
⊓⊔

These results are refined elsewhere in the book in the construction and analysis of
algorithms to bound or approximate performance in network models.

A.3 Equilibrium equations

In this section we consider in greater detail representations forπ andh, and begin to
discuss existence and uniqueness of solutions to equilibrium equations.

A.3.1 Representations

Solving either equation (A.5) or (A.9) amounts to a form of inversion, but there are
two difficulties. One is that the matrices to be inverted may not be finite dimensional.
The other is that these matrices arenever invertable! For example, to solve Poisson’s
equation (A.9) it appears that we must invertD. However, the functionf which is
identically equal to one satisfiesDf ≡ 0. This means that the null-space ofD is
non-trivial, which rules out invertibility.

On iterating the formulaPh = h− c̃ we obtain the sequence of identities,

P 2h = h− c̃− P c̃ =⇒ P 3h = h− c̃− P c̃− P 2c̃ =⇒ · · · .

Consequently, one might expect a solution to take the form,

h =

∞∑

i=0

P ic̃. (A.13)

When the sum converges absolutely, then this function does satisfy Poisson’s equation
(A.9).

A representation which is more generally valid is defined by a random sum. Define
the first entrance time and first return time to a statex∗ ∈ X by, respectively,

Copyright Cambridge University Press 2007. On-screen viewing permitted. Printing not permitted. 
http://www.cambridge.org/us/catalogue/catalogue.asp?isbn=9780521884419



Control Techniques for Complex Networks Draft copy April 22, 2007 544

σx∗ = min(t ≥ 0 : X(t) = x∗) τx∗ = min(t ≥ 1 : X(t) = x∗) (A.14)

PropositionA.3.1 (i) is contained in [367, Theorem 10.0.1], and (ii) is explained in
Section 17.4 of [367].

Proposition A.3.1. Letx∗ ∈ X be a given state satisfyingEx∗ [τx∗ ] <∞. Then,

(i) The probability distribution defined below is invariant:

π(x) :=
(
Ex∗

[
τx∗

])−1
Ex∗

[τx∗−1∑

t=0

1(X(t) = x)
]
, x ∈ X. (A.15)

(ii) Withπ defined in (i), suppose thatc : X → R is a function satisfyingπ(|c|) <
∞. Then, the function defined below is finite-valued onXπ := the support ofπ,

h(x) = Ex

[τx∗−1∑

t=0

c̃(X(t))
]

= Ex

[σx∗∑

t=0

c̃(X(t))
]
− c̃(x∗), x ∈ X. (A.16)

Moreover,h solves Poisson’s equation onXπ.
⊓⊔

The formulae forπ andh given in PropositionA.3.1 are perhaps the most com-
monly known representations. In this section we develop operator-theoretic representa-
tions that are truly based on matrix inversion. These representations help to simplify the
stability theory that follows, and they also extend most naturally to general state-space
Markov chains, and processes in continuous time.

Operator-theoretic representations are formulated in terms of the resolventresol-
vent matrixdefined in (A.2). In the special caseγ = 1 we omit the subscript and
write,

R(x, y) =

∞∑

t=0

2−t−1P t(x, y), x, y ∈ X. (A.17)

In this special case, the resolvent satisfiesR(x,X) :=
∑

y R(x, y) = 1, and hence it
can be interpreted as a transition matrix. In fact, it is precisely the transition matrix for
a sampled process. Suppose that{tk} is an i.i.d. process with geometric distribution
satisfyingP{tk = n} = 2−n−1 for n ≥ 0, k ≥ 1. Let {Tk : k ≥ 0} denote the
sequence of partial sums,

T0 = 0, andTk+1 = Tk + tk+1 for k ≥ 0.

Then, the sampled process,

Y (k) = X(Tk), k ≥ 0, (A.18)

is a Markov chain with transition matrixR.
Solutions to the invariance equations forY andX are closely related:
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Proposition A.3.2. For any Markov chainX onX with transition matrixP ,

(i) The resolvent equation holds,

DR = RD = DR, whereDR = R− I. (A.19)

(ii) A probability distributionπ onX is P -invariant if and only if it isR-invariant.

(iii) Suppose that an invariant measureπ exists, and thatg : X → R is given with
π(|g|) < ∞. Then, a functionh : X → R solves Poisson’s equationDh = −g̃
with g̃ := g − π(g), if and only if

DRh = −Rg̃. (A.20)

Proof. From the definition ofR we have,

PR =
∞∑

t=0

2−(t+1)P t+1 =
∞∑

t=1

2−tP t = 2R− I.

HenceDR = PR−R = R− I, proving (i).
To see (ii) we pre-multiply the resolvent equation (A.19) by π,

πDR = πDR

Obviously then,πD = 0 if and only if πDR = 0, proving (ii). The proof of (iii) is
similar. ⊓⊔

The operator-thoretic representations ofπ andh are obtained under the follow-
ing minorization condition: Suppose thats : X → R+ is a given function, andν is a
probability onX such that

R(x, y) ≥ s(x)ν(y) x, y ∈ X. (A.21)

For example, ifν denotes the probability onX which is concentrated at a singleton
x∗ ∈ X, ands denotes the function onX given bys(x) :=R(x, x∗), x ∈ X, then we do
have the desired lower bound,

R(x, y) ≥ R(x, y)1x∗(y) = s(x)ν(y) x, y ∈ X.

The inequality (A.21) is a matrix inequality that can be written compactly as,

R ≥ s⊗ ν (A.22)

whereR is viewed as a matrix, and the right hand side is the outer product of the
column vectors, and the row vectorν. From the resolvent equation and (A.22) we can
now give a roadmap for solving the invariance equation (A.5). Suppose that we already
have an invariant measureπ, so that

πR = π.
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Then, on subtractings⊗ ν we obtain,

π(R− s⊗ ν) = πR− π[s⊗ ν] = π − δν,

whereδ = π(s). Rearranging gives,

π[I − (R− s⊗ ν)] = δν. (A.23)

We can now attempt an inversion. The point is, the operatorDR := I − R is not
invertible, but by subtracting the outer products⊗ν there is some hope in constructing
an inverse. Define thepotential matrixas

G =

∞∑

n=0

(R− s⊗ ν)n . (A.24)

Under certain conditions we do haveG = [I − (R− s⊗ ν)]−1, and hence from (A.23)
we obtain the representation ofπ,

π = δ[νG]. (A.25)

We can also attempt the ‘forward direction’ to constructπ: Given a pairs, ν satis-
fying the lower bound (A.22), wedefineµ := νG. We must then answer two questions:
(i) when isµ invariant? (ii) when isµ(X) < ∞? If both are affirmative, then we do
have an invariant measure, given by

π(x) =
µ(x)

µ(X)
, x ∈ X.

We will show thatµ always exists as a finite-valued measure onX, and that it is always
subinvariant,

µ(y) ≥
∑

x∈X

µ(x)R(x, y), y ∈ X.

Invariance and finiteness both require some form ofstability for the process.
The following result shows that the formula (A.25) coincides with the representa-

tion given in (A.15) for the sampled chainY .

Proposition A.3.3. Suppose thatν = δx∗ , the point mass at some statex∗ ∈ X, and
suppose thats(x) := R(x, x∗) for x ∈ X. Then we have for each bounded function
g : X → R,

(R− s⊗ ν)ng (x) = Ex[g(Y (n))1{τYx∗ > n}], x ∈ X, n ≥ 1, (A.26)

whereτYx∗ denotes the first return time tox∗ for the chainY defined in (A.18). Conse-
quently,

Gg (x) :=

∞∑

n=0

(R− s⊗ ν)ng (x) = Ex

[τY
x∗

−1∑

t=0

g(Y (t))
]
.
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Proof. We have(R − s ⊗ ν)(x, y) = R(x, y) − R(x, x∗)1y=x∗ = R(x, y)1y 6=x∗ . Or,
in probabilistic notation,

(R − s⊗ ν)(x, y) = Px{Y (1) = y, τYx∗ > 1}, x, y ∈ X.

This establishes the formula (A.26) for n = 1. The result then extends to arbitrary
n ≥ 1 by induction. If (A.26) is true for any givenn, then(R− s⊗ ν)n+1(x, g) =

∑

y∈X

[
(R−s⊗ ν)(x, y)

][
(R− s⊗ ν)n(y, g)

]

=
∑

y∈X

Px{Y (1) = y, τYx∗ > 1}Ey[g(Y (n))1{τYx∗ > n}]

= Ex

[
1{τYx∗ > 1}E[g(Y (n+ 1))1{Y (t) 6= x∗, t = 2, . . . , n+ 1} | Y (1)]

]

= Ex

[
g(Y (n + 1))1{τYx∗ > n+ 1}

]

where the second equation follows from the induction hypothesis, and in the third equa-
tion the Markov property was applied in the form (1.19) for Y . The final equation
follows from the smoothing property of the conditional expectation. ⊓⊔

A.3.2 Communication

The following result shows that one can assume without loss of generality that the chain
is irreducible by restricting to anabsorbingsubset ofX. The setXx∗ ⊂ X defined in
PropositionA.3.4 is known as acommunicating class.

Proposition A.3.4. For eachx∗ ∈ X the set defined by

Xx∗ = {y : R(x∗, y) > 0} (A.27)

is absorbing:P (x,Xx∗) = 1 for eachx ∈ Xx∗. Consequently, ifX is x∗-irreducible
then the process may be restricted toXx∗, and the restricted process is irreducible.

Proof. We haveDR = R− I, which implies thatR = 1
2(RP + I). Consequently, for

anyx0, x1 ∈ X we obtain the lower bound,

R(x∗, x1) ≥ 1
2

∑

y∈X

R(x∗, y)P (y, x1) ≥ 1
2R(x∗, x0)P (x0, x1).

Consequently, ifx0 ∈ Xx∗ andP (x0, x1) > 0 thenx1 ∈ Xx∗. This shows thatXx∗ is
always absorbing. ⊓⊔

The resolvent equation in PropositionA.3.2 (i) can be generalized to any one of
the resolvent matrices{Rγ}:

Proposition A.3.5. Consider the family of resolvent matrices (A.2). We have the two
resolvent equations,
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(i) [γI −D]Rγ = Rγ [γI −D] = I, γ > 0.

(ii) For distinctγ1, γ2 ∈ (1,∞),

Rγ2 = Rγ1 + (γ1 − γ2)Rγ1Rγ2 = Rγ1 + (γ1 − γ2)Rγ2Rγ1 (A.28)

Proof. For anyγ > 0 we can express the resolvent as a matrix inverse,

Rγ =

∞∑

t=0

(1 + γ)−t−1P t = [γI −D]−1, x ∈ X, (A.29)

and from (A.29) we deduce (i). To see (ii) write,

[γ1I −D] − [γ2I −D] = (γ1 − γ2)I

Multiplying on the left by[γ1I −D]−1 and on the right by[γ2I −D]−1 gives,

[γ2I −D]−1 − [γ1I −D]−1 = (γ1 − γ2)[γ1I −D]−1[γ2I −D]−1

which is the first equality in (A.28). The proof of the second equality is identical.⊓⊔

When the chain isx∗-irreducible then one can solve the minorization condition
with s positive everywhere:

Lemma A.3.6. Suppose thatX is x∗-irreducible. Then there existss : X → [0, 1]
and a probability distributionν onX satisfying,

s(x) > 0 for all x ∈ X andν(y) > 0 for all y ∈ Xx∗.

Proof. Chooseγ1 = 1, γ2 ∈ (0, 1), and defines0(x) = 1x∗(x), ν0(y) = Rγ2(x
∗, y),

x, y ∈ X, so thatRγ2 ≥ s0 ⊗ ν0. From (A.28),

Rγ2 = R1 + (1 − γ2)R1Rγ2 ≥ (1 − γ2)R1[s0 ⊗ ν0].

Settings = (1 − γ2)R1s0 andν = ν0 givesR = R1 ≥ s ⊗ ν. The functions is
positive everywhere due to thex∗-irreducibility assumption, andν is positive onXx∗
sinceRγ2(x

∗, y) > 0 if and only ifR(x∗, y) > 0. ⊓⊔

The following is the key step in establishing subinvariance, and criteria for invari-
ance. Note that LemmaA.3.7 (i) only requires the minorization condition (A.22).

Lemma A.3.7. Suppose that the functions : X → [0, 1) and the probability distribu-
tion ν onX satisfy (A.22). Then,

(i) Gs (x) ≤ 1 for everyx ∈ X.

(ii) (R− s⊗ ν)G = G(R − s⊗ ν) = G− I.

(iii) If X is x∗-irreducible ands(x∗) > 0, thensupx∈XG(x, y) < ∞ for each
y ∈ X.
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Proof. ForN ≥ 0, definegN : X → R+ by

gN =

N∑

n=0

(R− s⊗ ν)ns.

We show by induction thatgN (x) ≤ 1 for everyx ∈ X andN ≥ 0. This will establish
(i) sincegN ↑ Gs, asN ↑ ∞.

For eachx we haveg0(x) = s(x) = s(x)ν(X) ≤ R(x,X) = 1, which verifies
the induction hypothesis whenN = 0. If the induction hypothesis is true for a given
N ≥ 0, then

gN+1(x) = (R− s⊗ ν)gN (x) + s(x)

≤ (R− s⊗ ν)1(x) + s(x)

= [R(x,X) − s(x)ν(X)] + s(x) = 1,

where in the last equation we have used the assumption thatν(X) = 1.
Part (ii) then follows from the definition ofG.
To prove (iii) we first apply (ii), givingGR = G − I + Gs ⊗ ν. Consequently,

from (i),
GRs = Gs − s+ ν(s)Gs ≤ 2 onX. (A.30)

Under the conditions of the lemma we haveRs (y) > 0 for everyy ∈ X, and this
completes the proof of (iii), with the explicit bound,

G(x, y) ≤ 2(Rs (y))−1 for all x, y ∈ X.

⊓⊔

It is now easy to establish subinvarance:

Proposition A.3.8. For ax∗-irreducible Markov chain, and any small pair(s, ν), the
measureµ = νG is always subinvariant. Writingp(s,ν) = νGs, we have

(i) p(s,ν) ≤ 1;

(ii) µ is invariant if and only ifp(s,ν) = 1.

(iii) µ is finite if and only ifνG (X) <∞.

Proof. Result (i) follows from LemmaA.3.7and the assumption thatν is a probability
distribution onX. The final result (iii) is just a restatement of the definition ofµ. For
(ii), write

µR =
∞∑

n=0

ν(R− s⊗ ν)nR

=

∞∑

n=0

ν(R− s⊗ ν)n+1 +

∞∑

n=0

ν(R− s⊗ ν)ns⊗ ν

= µ− ν + p(s,ν)ν ≤ µ.

⊓⊔
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It turns out that the casep(s,ν) = 1 is equivalent to a form of recurrence.

Definition A.3.1. Recurrence

A x∗-irreducible Markov chainX is called,

(i) Harris recurrent, if the return time (A.14) is finite almost-surely from each ini-
tial condition,

Px{τx∗ <∞} = 1, x ∈ X.

(ii) Positive Harris recurrent, if it is Harris recurrent, and an invariant measureπ
exists.

For a proof of the following result the reader is referred to [388]. A key step in
the proof is the application of PropositionA.3.3.

Proposition A.3.9. Under the conditions of PropositionA.3.8,

(i) p(s,ν) = 1 if and only ifPx∗{τx∗ < ∞} = 1. If either of these conditions hold
thenGs(x) = Px{τx∗ <∞} = 1 for eachx ∈ Xx∗ .

(ii) µ(X) <∞ if and only ifEx∗ [τx∗ ] <∞. ⊓⊔

To solve Poisson’s equation (A.9) we again apply PropositionA.3.2. First note that
the solutionh is not unique since we can always add a constant to obtain a new solution
to (A.9). This gives us some flexibility:assumethatν(h) = 0, so that(R− s⊗ ν)h =
Rh. This combined with the formulaRh = h − Rf + η given in (A.20) leads to a
familiar looking identity,

[I − (R− s⊗ ν)]h = Rc̃.

Provided the inversion can be justified, this leads to the representation

h = [I − (R− s⊗ ν)]−1Rc̃ = GRc̃. (A.31)

Based on this we define thefundamental matrix,

Z :=GR(I − 1 ⊗ π), (A.32)

so that the function in (A.31) can be expressedh = Zc.

Proposition A.3.10. Suppose thatµ(X) <∞. If c : X → R is any function satisfying
µ(|c|) < ∞ then the functionh = Zc is finite valued on the support ofν and solves
Poisson’s equation.
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Proof. We haveµ(|c̃|) = ν(GR|c̃|), which shows thatν(GR|c̃|) < ∞. It follows that
h is finite valued a.e.[ν]. Note also from the representation ofµ,

ν(h) = ν(GRc̃) = µ(Rc̃) = µ(c̃) = 0.

To see thath solves Poisson’s equation we write,

Rh = (R− s⊗ ν)h = (R− s⊗ ν)GRc̃ = GRc̃−Rc̃,

where the last equation follows from LemmaA.3.7 (ii). We conclude thath solves the
version of Poisson’s equation (A.20) for the resolvent with forcing functionRc, and
PropositionA.3.2 then implies thath is a solution forP with forcing functionc. ⊓⊔

A.3.3 Near-monotone functions

A function c : X → R is callednear-monotoneif the sublevel set,Sc(r) := {x : c(x) ≤
r} is finite for eachr < supx∈X c(x). In applications the functionc is typically a cost
function, and hence the near monotone assumption is the natural condition that large
states have relatively high cost.

The functionc = 1{x∗}c is near monotone sinceSc(r) consists of the singleton
{x∗} for r ∈ [0, 1), and it is empty forr < 0. A solution to Poisson’s equation with
this forcing function can be constructed based on the sample path formula (A.16),

h(x) = Ex

[τx∗−1∑

t=0

1{x∗}c(X(t)) − π({x∗}c)
]

= (1 − π({x∗}c)Ex[τx∗ ] − 1x∗(x) = π(x∗)Ex[σx∗ ]

(A.33)

The last equality follows from the formulaπ(x∗)Ex∗ [τx∗ ] = 1 (see (A.15)) and the
definitionσx∗ = 0 whenX(0) = x∗.

The fact thath is bounded from below is a special case of the following general
result.

Proposition A.3.11. Suppose thatc is near monotone withη = π(c) <∞. Then,

(i) The relative value functionh given in (A.31) is uniformly bounded from be-
low, finite-valued onXx∗ , and solves Poisson’s equation on the possibly larger set
Xh = {x ∈ X : h(x) <∞}.

(ii) Suppose there exists a non-negative valued function satisfyingg(x) < ∞ for
somex ∈ Xx∗, and the Poisson inequality,

Dg (x) ≤ −c(x) + η, x ∈ X. (A.34)

Theng(x) = h(x) + ν(g) for x ∈ Xx∗, whereh is given in (A.31). Consequently,
g solves Poisson’s equation onXx∗ .
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Proof. Note that ifη = supx∈X c(x) thenc(x) ≡ η on Xx∗, so we may takeh ≡ 1 to
solve Poisson’s equation.

We henceforth assume thatη < supx∈X c(x), and defineS = {x ∈ X : c(x) ≤ η}.
This set is finite sincec is near-monotone. We have the obvious boundc̃(x) ≥ −η1S(x)
for x ∈ X, and hence

h(x) ≥ −ηGR1S (x), x ∈ X.

LemmaA.3.7and (A.30) imply thatGR1S is a bounded function onX. This completes
the proof thath is bounded from below, and PropositionA.3.10establishes Poisson’s
equation.

To prove (ii) we maintain the notation used in PropositionA.3.10. On applying
LemmaA.3.6 we can assume without loss of generality that the pair(s, ν) used in the
definition ofG are non-zero onXx∗ . Note first of all that by the resolvent equation,

Rg − g = RDg ≤ −Rc̃.
We thus have the bound,

(R− s⊗ ν)g ≤ g −Rc̃− ν(g)s,

and hence for eachn ≥ 1,

0 ≤ (R − s⊗ ν)ng ≤ g −
n−1∑

i=0

(R− s⊗ ν)iRc̃− ν(g)
n−1∑

i=0

(R − s⊗ ν)is.

On lettingn ↑ ∞ this gives,

g ≥ GRc̃+ ν(g)Gs = h+ ν(g)h0,

whereh0 :=Gs. The functionh0 is identically one onXx∗ by PropositionA.3.9, which
implies thatg − ν(g) ≥ h onXx∗ . Moreover, using the fact thatν(h) = 0,

ν(g − ν(g) − h) = ν(g − ν(g)) − ν(h) = 0.

Henceg − ν(g) − h = 0 a.e.[ν], and this implies thatg − ν(g) − h = 0 on Xx∗ as
claimed. ⊓⊔

Bounds on the potential matrixG are obtained in the following section to obtain
criteria for the existence of an invariant measure as well as explicit bounds on the
relative value function.

A.4 Criteria for stability

To compute the invariant measureπ it is necessary to compute the mean random sum
(A.15), or invert a matrix, such as through an infinite sum as in (A.24). To verify the
existenceof an invariant measure is typically far easier.

In this section we describe Foster’s criterion to test for the existence of an invari-
ant measure, and several variations on this approach which are collectively called the
Foster-Lyapunov criteriafor stability. Each of these stability conditions can be inter-
preted as a relaxation of the Poissoninequality(A.34).
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X(t)

(x, V (x))

V (X(t))

Figure A.1:V (X(t)) is decreasing outside of the setS.

A.4.1 Foster’s criterion

Foster’s criterion is the simplest of the “Foster-Lyapunov” drift conditions for stability.
It requires that for a non-negative valued functionV on X, a finite setS ⊂ X, and
b <∞,

DV (x) ≤ −1 + b1S(x), x ∈ X. (V2)

This is precisely Condition (V3) (introduced at the start of this chapter) usingf ≡ 1.
The construction of theLyapunov functionV is illustrated using the M/M/1 queue in
Section3.3.

The existence of a solution to (V2) is equivalent to positive recurrence. This is
summarized in the following.

Theorem A.4.1. (Foster’s Criterion) The following are equivalent for ax∗-irreducible
Markov chain

(i) An invariant measureπ exists.

(ii) There is a finite setS ⊂ X such thatEx[τS ] <∞ for x ∈ S.

(iii) There existsV : X → (0,∞], finite at somex0 ∈ X, a finite setS ⊂ X, and
b <∞ such that Foster’s Criterion (V2) holds.

If (iii) holds then there existsbx∗ <∞ such that

Ex[τx∗ ] ≤ V (x) + bx∗ , x ∈ X.

Proof. We just prove the implication (iii)=⇒ (i). The remaining implications may be
found in [367, Chapter 11].
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Take any pair(s, ν) positive onXx∗ and satisfyingR ≥ s ⊗ ν. On applying
PropositionA.3.8 it is enough to shown thatµ(X) <∞ with µ = νG.

Letting f ≡ 1 we have under (V2)DV ≤ −f + b1S , and on applyingR to both
sides of this inequality we obtain using the resolvent equation (A.19), (R − I)V =
RDV ≤ −Rf + bR1S , or on rearranging terms,

RV ≤ V −Rf + bR1S . (A.35)

From (A.35) we have(R−s⊗ν)V ≤ V −Rf+g, whereg :=bR1S . On iterating
this inequality we obtain,

(R− s⊗ ν)2V ≤ (R − s⊗ ν)(V −Rf + g)

≤ V −Rf + g

−(R− s⊗ ν)Rf

+(R− s⊗ ν)g.

By induction we obtain for eachn ≥ 1,

0 ≤ (R − s⊗ ν)nV ≤ V −
n−1∑

i=0

(R− s⊗ ν)iRf +
n−1∑

i=0

(R− s⊗ ν)ig .

Rearranging terms then gives,

n−1∑

i=0

(R− s⊗ ν)iRf ≤ V +

n−1∑

i=0

(R− s⊗ ν)ig,

and thus from the definition (A.24) we obtain the bound,

GRf ≤ V +Gg. (A.36)

To obtain a bound on the final term in (A.36) recall thatg := bR1S. From its
definition we have,

GR = G[R − s⊗ ν] +G[s⊗ ν] = G− I + (Gs) ⊗ ν,

which shows that
Gg = bGR1S ≤ b[G1S + ν(S)Gs].

This is uniformly bounded overX by LemmaA.3.7. Sincef ≡ 1 the bound (A.36)
implies thatGRf (x) = G(x,X) ≤ V (x) + b1, x ∈ X, with b1 an upper bound onGg.

Integrating both sides of the bound (A.36) with respect toν gives,

µ(X) =
∑

x∈X

ν(x)G(x,X) ≤ ν(V ) + ν(g).

The minorization and the drift inequality (A.35) give

sν(V ) = (s⊗ ν)(V ) ≤ RV ≤ V − 1 + g,
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which establishes finiteness ofν(V ), and the bound,

ν(V ) ≤ inf
x∈X

V (x) − 1 + g(x)

s(x)
.

⊓⊔

The following result illustrates the geometric considerations that may be required
in the construction of a Lyapunov function, based on the relationship between the gra-
dient∇V (x), and thedrift vector field∆: X → R

ℓ defined by

∆(x) := E[X(t+ 1) −X(t) | X(t) = x], x ∈ X. (A.37)

This geometry is illustrated in FigureA.1 based on the following proposition.

Proposition A.4.2. Consider a Markov chain onX ⊂ Z
ℓ
+, and a C1 function

V : R
ℓ → R+ satisfying the following conditions:

(a) The chain is skip-free in the mean, in the sense that

bX := sup
x∈X

E[‖X(t + 1) −X(t)‖ | X(t) = x] <∞;

(b) There existsε0 > 0, b0 <∞, such that,

〈∆(y),∇V (x)〉 ≤ −(1 + ε0) + b0(1 + ‖x‖)−1‖x− y‖, x, y ∈ X. (A.38)

Then the functionV solves Foster’s criterion (V2).

Proof. This is an application of the Mean Value Theorem which asserts that there exists
a stateX̄ ∈ R

ℓ on the line segment connectingX(t) andX(t+ 1) with,

V (X(t+ 1)) = V (X(t)) + 〈∇V (X̄), (X(t + 1) −X(t))〉,

from which the following bound follows:

V (X(t+ 1)) ≤ V (X(t)) − (1 + ε0) + b0(1 + ‖X(t)‖)−1‖X(t+ 1) −X(t)‖

Under the skip-free assumption this shows that

DV (x) = E[V (X(t+1)−V (X(t)) | X(t) = x] ≤ −(1+ε0)+b0(1+‖x‖)−1bX , ‖x‖ ≥ n0.

Hence Foster’s Criterion is satisfied with the finite set,S = {x ∈ X : (1+‖x‖)−1bX ≥
ε0}. ⊓⊔
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A.4.2 Criteria for finite moments

We now turn to the issue of performance bounds based on the discounted-cost defined in
(A.2) or the average costη = π(c) for a cost functionc : X → R+. We also introduce
martingale methods to obtain performance bounds. We let{Ft : t ≥ 0} denote the
filtration, or history generated by the chain,

Ft := σ{X(0), . . . ,X(t)}, t ≥ 0.

Recall that a random variableτ taking values inZ+ is called astopping timeif for each
t ≥ 0,

{τ = t} ∈ Ft.
That is, by observing the processX on the time interval[0, t] it is possible to determine
whether or notτ = t.

The Comparison Theorem is the most common approach to obtaining bounds on
expectations involving stopping times.

Theorem A.4.3. (Comparison Theorem) Suppose that the non-negative functions
V, f, g satisfy the bound,

DV ≤ −f + g. x ∈ X. (A.39)

Then for eachx ∈ X and any stopping timeτ we have

Ex

[τ−1∑

t=0

f(X(t))
]
≤ V (x) + Ex

[τ−1∑

t=0

g(X(t))
]
.

Proof. DefineM(0) = V (X(0)), and forn ≥ 1,

M(n) = V (X(n)) +

n−1∑

t=0

(f(X(t)) − g(X(t))).

The assumed inequality can be expressed,

E[V (X(t + 1)) | Ft] ≤ V (X(t)) − f(X(t)) + g(X(t)), t ≥ 0,

which shows that the stochastic processM is asuper-martingale,

E[M(n + 1) | Fn] ≤M(n), n ≥ 0.

Define forN ≥ 1,

τN = min{t ≤ τ : t+ V (X(t)) + f(X(t)) + g(X(t)) ≥ N}.

This is also a stopping time. The processM is uniformly bounded below by−N2

on the time-interval(0, . . . , τN − 1), and it then follows from the super-martingale
property that
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E[M(τN )] ≤ E[M(0)] = V (x), N ≥ 1.

From the definition ofM we thus obtain the desired conclusion withτ replaced by
τN : For each initial conditionX(0) = x,

Ex

[τN−1∑

t=0

f(X(t))
]
≤ V (x) + Ex

[τN−1∑

t=0

g(X(t))
]
.

The result then follows from the Monotone Convergence Theorem since we have
τN ↑ τ asN → ∞. ⊓⊔

In view of the Comparison Theorem, to boundπ(c) we search for a solution to (V3)
or (A.39) with |c| ≤ f . The existence of a solution to either of these drift inequalities
is closely related to the following stability condition,

Definition A.4.1. Regularity

Suppose thatX is a x∗-irreducible Markov chain, and thatc : X → R+ is a given
function. The chain is calledc-regular if the following cost over ay-cycle is finite for
each initial conditionx ∈ X, and eachy ∈ Xx∗:

Ex

[τy−1∑

t=0

c(X(t))
]
<∞.

Proposition A.4.4. Suppose that the functionc : X → R satisfiesc(x) ≥ 1 outside of
some finite set. Then,

(i) If X is c-regular then it is positive Harris recurrent andπ(c) <∞.

(ii) Conversely, ifπ(c) < ∞ then the chain restricted to the support ofπ is c-
regular.

Proof. The result follows from [367, Theorem 14.0.1]. To prove (i) observe thatX is
Harris recurrent sincePx{τx∗ <∞} = 1 for all x ∈ X when the chain isc-regular. We
have positivity andπ(c) <∞ based on the representation (A.15). ⊓⊔

Criteria forc-regularity will be established through operator manipulations similar
to those used in the proof of TheoremA.4.1 based on the following refinement of
Foster’s Criterion: For a non-negative valued functionV on X, a finite setS ⊂ X,
b <∞, and a functionf : X → [1,∞),

DV (x) ≤ −f(x) + b1S(x), x ∈ X. (V3)

The functionf is interpreted as a bounding function. In TheoremA.4.5 we consider
π(c) for functionsc bounded byf in the sense that,

‖c‖f := sup
x∈X

|c(x)|
f(x)

<∞. (A.40)
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Theorem A.4.5. Suppose thatX is x∗-irreducible, and that there existsV : X →
(0,∞), f : X → [1,∞), a finite setS ⊂ X, andb < ∞ such that (V3) holds. Then for
any functionc : X → R+ satisfying‖c‖f ≤ 1,

(i) The average cost satisfies the uniform bound,

ηx = π(c) ≤ b <∞, x ∈ X.

(ii) The discounted-cost value function satisfies the following uniform bound, for
any given discount parameterγ > 0,

hγ(x) ≤ V (x) + bγ−1, x ∈ X.

(iii) There exists a solution to Poisson’s equation satisfying, for someb1 <∞,

h(x) ≤ V (x) + b1, x ∈ X.

Proof. Observe that (ii) and the definition (A.6) imply (i).
To prove (ii) we apply the resolvent equation,

PRγ = RγP = (1 + γ)Rγ − I. (A.41)

Equation (A.41) is a restatement of Equation (A.29). Consequently, under (V3),

(1 + γ)RγV − V = RγPV ≤ Rγ [V − f + b1S ].

Rearranging terms givesRγf + γRγV ≤ V + bRγ1S. This establishes (ii) since
Rγ1S (x) ≤ Rγ(x,X) ≤ γ−1 for x ∈ X.

We now prove (iii). Recall that the measureµ = νG is finite and invariant since
we may apply TheoremA.4.1when the chain isx∗-irreducible. We shall prove that the
functionh = GRc̃ given in (A.31) satisfies the desired upper bound.

The proof of the implication (iii)=⇒ (i) in TheoremA.4.1 was based upon the
bound (A.36),

GRf ≤ V +Gg,

whereg := bR1S. Although it was assumed there thatf ≡ 1, the same steps lead to
this bound for generalf ≥ 1 under (V3). Consequently, since0 ≤ c ≤ f ,

GRc̃ ≤ GRf ≤ V +Gg.

Part (iii) follows from this bound and LemmaA.3.7with b1 := supGg (x) <∞. ⊓⊔

PropositionA.4.2can be extended to provide the following criterion for finite mo-
ments in a skip-free Markov chain:

Proposition A.4.6. Consider a Markov chain onX ⊂ R
ℓ, and a C1 function

V : R
ℓ → R+ satisfying the following conditions:
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(i) The chain is skip-free in mean-square:

bX2 := sup
x∈X

E[‖X(t + 1) −X(t)‖2 | X(t) = x] <∞;

(ii) There existsb0 <∞ such that,

〈∆(y),∇V (x)〉 ≤ −‖x‖ + b0‖x− y‖2, x, y ∈ X. (A.42)

Then the functionV solves (V3) withf(x) = 1 + 1
2‖x‖. ⊓⊔

A.4.3 State-dependent drift

In this section we consider consequences of state-dependent drift conditions of the form

∑

y∈X

Pn(x)(x, y)V (y) ≤ g[V (x), n(x)], x ∈ Sc, (A.43)

wheren(x) is a function fromX to Z+, g is a function depending on which type of
stability we seek to establish, andS is a finite set.

The functionn(x) here provides the state-dependence of the drift conditions, since
from anyx we must waitn(x) steps for the drift to be negative.

In order to develop results in this framework we work with a sampled chainX̂.
Usingn(x) we define the new transition law{P̂ (x,A)} by

P̂ (x,A) = Pn(x)(x,A), x ∈ X, A ⊂ X, (A.44)

and letX̂ denote a Markov chain with this transition law. This Markov chain can be
constructed explicitly as follows. The timen(x) is a (trivial) stopping time. Let{nk}
denote its iterates: That is, along any sample path,n0 = 0, n1 = n(x) and

nk+1 = nk + n(X(nk)).

Then it follows from the strong Markov property that

X̂(k) = X(nk), k ≥ 0 (A.45)

is a Markov chain with transition laŵP .
Let F̂k = Fnk

be theσ-field generated by the events “beforenk”: that is,

F̂k := {A : A ∩ {nk ≤ n} ∈ Fn, n ≥ 0}.

We let τ̂S denote the first return time toS for the chain̂X. The timenk and the event
{τ̂S ≥ k} areF̂k−1-measurable for anyS ⊂ X.

The integernτ̂S is a particular time at which the original chain visits the setS.
Minimality implies the bound,

nτ̂S ≥ τS. (A.46)
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By adding the lengths of the sampling timesnk along a sample path for the sampled
chain, the timenτ̂S can be expressed as the sum,

nτ̂S =

τ̂S−1∑

k=0

n(X̂(k)). (A.47)

These relations enable us to first apply the drift condition (A.43) to bound the index at
which X̂ reachesS, and thereby bound the hitting time for the original chain.

We prove here a state-dependent criterion for positive recurrence. Generalizations
are described in the Notes section in Chapter10, and Theorem10.0.1contains strength-
ened conclusions for the CRW network model.

Theorem A.4.7. Suppose thatX is a x∗-irreducible chain onX, and letn(x) be a
function fromX to Z+. The chain is positive Harris recurrent if there exists some finite
setS, a functionV : X → R+, and a finite constantb satisfying

∑

y∈X

Pn(x)(x, y)V (y) ≤ V (x) − n(x) + b1S(x), x ∈ X (A.48)

in which case for allx
Ex[τS ] ≤ V (x) + b. (A.49)

Proof. The state-dependent drift criterion for positive recurrence is a direct conse-
quence of thef -regularity results of TheoremA.4.3, which tell us that without any
irreducibility or other conditions onX, if f is a non-negative function and

∑

y∈X

P (x, y)V (y) ≤ V (x) − f(x) + b1S(x), x ∈ X (A.50)

for some setS then for eachx ∈ X

Ex

[τS−1∑

t=0

f(X(t))
]
≤ V (x) + b. (A.51)

We now apply this result to the chain̂X defined in (A.45). From (A.48) we can
use (A.51) for X̂, with f(x) taken asn(x), to deduce that

Ex

[τ̂S−1∑

k=0

n(X̂(k))
]
≤ V (x) + b. (A.52)

Thus from (A.46,A.47) we obtain the bound (A.49). TheoremA.4.1 implies thatX is
positive Harris. ⊓⊔

A.5 Ergodic theorems and coupling

The existence of a Lyapunov function satisfying (V3) leads to the ergodic theorems
(1.23), and refinements of this drift inequality lead to stronger results. These results are
based on the coupling method described next.
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A.5.1 Coupling

Couplingis a way of comparing the behavior of the process of interestX with another
processY which is already understood. For example, ifY is taken as the stationary
version of the process, withY (0) ∼ π, we then have the trivial mean ergodic theorem,

lim
t→∞

E[c(Y (t))] = E[c(Y (t0))], t0 ≥ 0 .

This leads to a corresponding ergodic theorem forX provided the two processes couple
in a suitably strong sense.

To precisely define coupling we define a bivariate process,

Ψ(t) =

(
X(t)

Y (t)

)
, t ≥ 0,

whereX andY are two copies of the chain with transition probabilityP , and different
initial conditions. It is assumed throughout thatX is x∗-irreducible, and we define the
coupling timefor Ψ as the first time both chains reachx∗ simultaneously,

T = min(t ≥ 1 : X(t) = Y (t) = x∗) = min
(
t : Ψ(t) =

(x∗
x∗

))
.

To give a full statistical description ofΨ we need to explain howX andY are
related. We assume a form of conditional independence fork ≤ T :

P{Ψ(t+ 1) = (x1, y1)
T | Ψ(0), . . . ,Ψ(t);Ψ(t) = (x0, y0)

T, T > t}

= P (x0, x1)P (y0, y1).
(A.53)

It is assumed that the chains coellesce at timeT , so thatX(t) = Y (t) for t ≥ T .
The processΨ is not itself Markov since givenΨ(t) = (x, x)T with x 6= x∗ it is

impossible to know ifT ≤ t. However, by appending the indicator function of this
event we obtain a Markov chain denoted,

Ψ∗(t) = (Ψ(t),1{T ≤ t}),

with state spaceX∗ = X × X × {0, 1}. The subsetX × X × {1} is absorbing for this
chain.

The following two propositions allow us to infer properties ofΨ
∗ based on prop-

erties ofX. The proof of PropositionA.5.1 is immediate from the definitions.

Proposition A.5.1. Suppose thatX satisfies (V3) withf coercive. Then (V3) holds
for the bivariate chainΨ∗ in the form,

E[V∗(Ψ(t+ 1)) | Ψ(t) = (x, y)T] ≤ V∗(x, y) − f∗(x, y) + b∗,

with V∗(x, y) = V (x) + V (y), f∗(x, y) = f(x) + f(y), andb∗ = 2b. Consequently,
there existsb0 <∞ such that,

E

[T−1∑

t=0

(
f(X(t)) + f(Y (t))

)]
≤ 2[V (x) + V (y)] + b0, x, y ∈ X.

⊓⊔
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A necessary condition for the Mean Ergodic Theorem for arbitrary initial condi-
tions is aperiodicity. Similarly, aperiodicity is both necessary and sufficient forx∗∗-
irreducibility of Ψ∗ with x∗∗ := (x∗, x∗, 1)T ∈ X

∗:

Proposition A.5.2. Suppose thatX is x∗-irreducible and aperiodic. Then the bivari-
ate chain isx∗∗-irreducible and aperiodic.

Proof. Fix anyx, y ∈ X, and define

n0 = min{n ≥ 0 : Pn(x, x∗)Pn(y, x∗) > 0}.

The minimum is finite sinceX is x∗-irreducible and aperiodic. We haveP{T ≤ n} =
0 for n < n0 and by the construction ofΨ,

P{T = n0} = P{Ψ(n0) = (x∗, x∗)T | T ≥ n0} = Pn0(x, x∗)Pn0(y, x∗) > 0.

This establishesx∗∗-irreducibility.
Forn ≥ n0 we have,

P{Ψ∗(n) = x∗∗} ≥ P{T = n0, Ψ∗(n) = x∗∗} = Pn0(x, x∗)Pn0(y, x∗)Pn−n0(x∗, x∗).

The right hand side is positive for alln ≥ 0 sufficiently large sinceX is aperiodic. ⊓⊔

A.5.2 Mean ergodic theorem

A mean ergodic theorem is obtained based upon the followingcoupling inequality:

Proposition A.5.3. For any giveng : X → R we have,
∣∣E[g(X(t))] − E[g(Y (t))]

∣∣ ≤ E[(|g(X(t))| + |g(Y (t))|)1(T > t)].

If Y (0) ∼ π so thatY is stationary we thus obtain,

|E[g(X(t))] − π(g)| ≤ E[(|g(X(t))| + |g(Y (t))|)1(T > t)].

Proof. The differenceg(X(t)) − g(Y (t)) is zerofor t ≥ T . ⊓⊔

Thef -total variation normof a signed measureµ onX is defined by

‖µ‖f = sup{|µ(g)| : ‖g‖f ≤ 1}.

Whenf ≡ 1 then this is exactly twice thetotal-variation norm: For any two probability
measuresπ, µ,

‖µ− π‖tv := sup
A⊂X

|µ(A) − π(A)|.

Theorem A.5.4. Suppose thatX is aperiodic, and that the assumptions of Theo-
remA.4.5hold. Then,

Copyright Cambridge University Press 2007. On-screen viewing permitted. Printing not permitted. 
http://www.cambridge.org/us/catalogue/catalogue.asp?isbn=9780521884419



Control Techniques for Complex Networks Draft copy April 22, 2007 563

(i) ‖P t(x, · ) − π‖f → 0 ast→ ∞ for eachx ∈ X.

(ii) There existsb0 <∞ such that for eachx, y ∈ X,

∞∑

t=0

‖P t(x, · ) − P t(y, · )‖f ≤ 2[V (x) + V (y)] + b0.

(iii) If in additionπ(V ) <∞, then there existsb1 <∞ such that

∞∑

t=0

‖P t(x, · ) − π‖f ≤ 2V (x) + b1.

The coupling inequality is only useful if we can obtain a bound on the expectation
E[|g(X(t))|1(T > t)]. The following result shows that this vanishes whenX andY

are each stationary.

Lemma A.5.5. Suppose thatX is aperiodic, and that the assumptions of Theo-
remA.4.5hold. Assume moreover thatX(0) andY (0) each have distributionπ, and
thatπ(|g|) <∞. Then,

lim
t→∞

E[(|g(X(t))| + |g(Y (t))|)1(T > t)] = 0.

Proof. Suppose thatX, Y are defined on the two-sided time-interval with marginal
distributionπ. It is assumed that these processes are independent on{0,−1,−2, . . . }.
By stationarity we can write,

Eπ[|g(X(t))|1(T > t)] = Eπ[|g(X(t))|1{Ψ(i) 6= (x∗, x∗)T, i = 0, . . . , t}]

= Eπ[|g(X(0))|1{Ψ(i) 6= (x∗, x∗)T, i = 0,−1, . . . ,−t}] .

The expression within the expectation on the right hand side vanishes ast → ∞ with
probability one by(x∗, x∗)T-irreducibility of the stationary process{Ψ(−t) : t ∈ Z+}.
The Dominated Convergence Theorem then implies that

lim
t→∞

E[|g(X(t))|1(T > t)] = Eπ[|g(X(0))|1{Ψ(i) 6= (x∗, x∗)T, i = 0,−1, . . . ,−t}] = 0.

Repeating the same steps withX replaced byY we obtain the analogous limit by
symmetry. ⊓⊔

Proof of TheoremA.5.4. We first prove (ii). From the coupling inequality we have,
with X(0) = x,X◦(0) = y,

|P tg (x) − P tg (y)| = |E[g(X(t))] − E[g(Y (t))]|

≤ E
[(
|g(X(t))| + |g(Y (t))|

)
1(T > t)

]

≤ ‖g‖fE
[(
f(X(t)) + f(Y (t))

)
1(T > t)

]
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Taking the supremum over allg satisfying‖g‖f ≤ 1 then gives,

‖P t(x, · ) − P t(y, · )‖f ≤ E
[(
f(X(t)) + f(Y (t))

)
1(T > t)

]
, (A.54)

so that on summing overt,

∞∑

t=0

‖P t(x, · ) − P t(y, · )‖f ≤
∞∑

t=0

E
[(
f(X(t)) + f(Y (t))

)
1(T > t)

]

= E

[T−1∑

t=0

(
f(X(t)) + f(Y (t))

)]
.

Applying PropositionA.5.1completes the proof of (ii).
To see (iii) observe that,

∑

y∈X

π(y)|P tg (x) − P tg (y)| ≥
∣∣∣
∑

y∈X

π(y)[P tg (x) − P tg (y)]
∣∣∣ = |P tg (x) − π(g)|.

Hence by (ii) we obtain (iii) withb1 = b0 + 2π(V ).

Finally we prove (i). Note that we only need establish the mean ergodic theorem in
(i) for a single initial conditionx0 ∈ X. To see this, first note that we have the triangle
inequality,

‖P t(x, · )−π( · )‖f ≤ ‖P t(x, · )−P t(x0, · )‖f+‖P t(x0, · )−π( · )‖f , x, x0 ∈ X.

From this bound and Part (ii) we obtain,

lim sup
t→∞

‖P t(x, · ) − π( · )‖f ≤ lim sup
t→∞

‖P t(x0, · ) − π( · )‖f .

Exactly as in (A.54) we have, withX(0) = x0 andY (0) ∼ π,

‖P t(x0, · ) − π( · )‖f ≤ E
[(
f(X(t)) + f(Y (t))

)
1(T > t)

]
. (A.55)

We are left to show that the right hand side converges to zero for somex0. Applying
LemmaA.5.5we obtain,

lim
t→∞

∑

x,y

π(x)π(y)E
[
[f(X(t)) + f(Y (t))]1(T > t) | X(0) = x, Y (0) = y

]
= 0.

It follows that the right hand side of (A.55) vanishes ast → ∞ whenX(0) = x0 and
Y (0) ∼ π. ⊓⊔

A.5.3 Geometric ergodicity

TheoremA.5.4 provides a mean ergodic theorem based on the coupling timeT . If we
can control the tails of the coupling timeT then we obtain a rate of convergence of
P t(x, · ) to π.

The chain is calledgeometrically recurrentif Ex∗ [exp(ετx∗)] < ∞ for someε >
0. For such chains it is shown in TheoremA.5.6that for a.e.[π] initial conditionx ∈ X,
the total variation norm vanishes geometrically fast.
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Theorem A.5.6. The following are equivalent for an aperiodic,x∗-irreducible Markov
chain:

(i) The chain is geometrically recurrent.

(ii) There existsV : X → [1,∞] withV (x0) <∞ for somex0 ∈ X, ε > 0, b <∞,
and a finite setS ⊂ X such that

DV (x) ≤ −εV (x) + b1S(x), x ∈ X. (V4)

(iii) For somer > 1,

∞∑

n=0

‖Pn(x∗, ·) − π(·)‖1r
n <∞.

If any of the above conditions hold, then withV given in (ii), we can findr0 > 1 and
b <∞ such that the stronger mean ergodic theorem holds: For eachx ∈ X, t ∈ Z+,

‖P t(x, · ) − π( · )‖V := sup
|g|≤V

∣∣Ex[g(X(t)) − π(t)]
∣∣ ≤ br−t0 V (x). (A.56)

⊓⊔

In applications TheoremA.5.6 is typically applied by constructing a solution to
the drift inequality (V4) to deduce the ergodic theorem in (A.56). The following result
shows that (V4) is not that much stronger than Foster’s criterion.

Proposition A.5.7. Suppose that the Markov chainX satisfies the following three
conditions:

(i) There existsV : X → (0,∞), a finite setS ⊂ X, andb < ∞ such that Foster’s
Criterion (V2) holds.

(ii) The functionV is uniformly Lipschitz,

lV := sup{|V (x) − V (y)| : x, y ∈ X, ‖x− y‖ ≤ 1} <∞.

(iii) For someβ0 > 0, b1 <∞,

b1 := sup
x∈X

Ex[e
β0‖X(1)−X(0)‖] <∞.

Then, there existsε > 0 such that the controlled process isVε-uniformly ergodic with
Vε = exp(εV ).

Proof. Let ∆̃V = V (X(1)) − V (X(0)), so thatEx[∆̃V ] ≤ −1 + b1S(x) under (V2).
Using a second order Taylor expansion we obtain for eachx andε > 0,
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[Vε(x)]
−1PVε (x) = Ex

[
exp

(
ε∆̃V

)]

= Ex

[
1 + ε∆̃V + 1

2ε
2∆̃2

V exp
(
εϑx∆̃V

)]

≤ 1 + ε
(
−1 + b1S(x)

)
+ 1

2ε
2
Ex

[
∆̃2
V exp

(
εϑx∆̃V

)]
(A.57)

whereϑx ∈ [0, 1]. Applying the assumed Lipschitz bound and the bound1
2z

2 ≤ ez for
z ≥ 0 we obtain, for anya > 0,

1
2∆̃2

V exp
(
εϑx∆̃V

)
≤ a−2 exp

(
(a+ ε)

∣∣∆̃V

∣∣)

≤ a−2 exp
(
(a+ ε)lV

∥∥X(1) −X(0)
∥∥)

Settinga = ε1/3 and restrictingε > 0 so that(a + ε)lV ≤ β0, the bound (A.57) and
(iii) then give,

[Vε(x)]
−1PVε (x) ≤ (1 − ε) + εb1S(x) + ε4/3b1

This proves the theorem, since we have1− ε+ ε4/3b1 < 1 for sufficiently smallε > 0,
and thus (V4) holds forVε. ⊓⊔

A.5.4 Sample paths and limit theorems

We conclude this section with a look at the sample path behavior of partial sums,

Sg(n) :=

n−1∑

t=0

g(X(t)) (A.58)

We focus on two limit theorems under (V3):

LLN TheStrong Law of Large Numbersholds for a functiong if for each initial con-
dition,

lim
n→∞

1

n
Sg(n) = π(g) a.s.. (A.59)

CLT The Central Limit Theoremholds forg if there exists a constant0 < σ2
g < ∞

such that for each initial conditionx ∈ X,

lim
n→∞

Px

{
(nσ2

g)
−1/2Sg̃(n) ≤ t

}
=

∫ t

−∞

1√
2π
e−x

2/2 dx

whereg̃ = g − π(g). That is, asn→ ∞,

(nσ2
g)

−1/2Sg̃(n)
w−→ N(0, 1).

The LLN is a simple consequence of the coupling techniques already used to prove
the mean ergodic theorem when the chain is aperiodic and satisfies (V3). A slightly
different form of coupling can be used when the chain is periodic. There is only room
for a survey of theory surrounding the CLT, which is most elegantly approached using
martingale methods. A relatively complete treatement may be found in [367], and the
more recent survey [282].

The following versions of the LLN and CLT are based on Theorem 17.0.1 of [367].
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Theorem A.5.8. Suppose thatX is positive Harris recurrent and that the functiong
satisfiesπ(|g|) <∞. Then the LLN holds for this function.

If moreover (V4) holds withg2 ∈ LV∞ then,

(i) Letting g̃ denote the centered functioñg = g −
∫
g dπ, the constant

σ2
g := Eπ[g̃

2(X(0))] + 2

∞∑

t=1

Eπ[g̃(X(0))g̃(X(t))] (A.60)

is well defined, non-negative and finite, and

lim
n→∞

1

n
Eπ

[(
Sg̃(n)

)2]
= σ2

g . (A.61)

(ii) If σ2
g = 0 then for each initial condition,

lim
n→∞

1√
n
Sg̃(n) = 0 a.s..

(iii) If σ2
g > 0 then the CLT holds for the functiong.

⊓⊔

The proof of the theorem in [367] is based on consideration of the martingale,

Mg(t) := ĝ(X(t)) − ĝ(X(0)) +

t−1∑

i=0

g̃(X(i)), t ≥ 1,

with Mg(0) := 0. This is a martingale since Poisson’s equationP ĝ = ĝ − g̃ gives,

E[ĝ(X(t)) | X(0), . . . ,X(t− 1)] = ĝ(X(t− 1)) − g̃(X(t− 1)),

so that,
E[Mg(t) | X(0), . . . ,X(t− 1)] = Mg(t− 1).

The proof of the CLT is based on the representationSg̃(t) = Mg(t) + ĝ(X(t)) −
ĝ(X(0)), combined with limit theory for martingales, and the bounds on solutions to
Poisson’s equation given in TheoremA.4.5.

An alternate representation for the asymptotic variance can be obtained through the
alternate representation for the martingale as the partial sums of a martingale difference
sequence,

Mg(t) =
t∑

i=1

∆̃g(i), t ≥ 1,

with {∆̃g(t) := ĝ(X(t)) − ĝ(X(t − 1)) + g̃(X(t − 1))}. Based on the martingale
difference property,

E[∆̃g(t) | Ft−1] = 0, t ≥ 1,
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it follows that these random variables are uncorrelated, so that the variance ofM g can
be expressed as the sum,

E[(Mg(t))
2] =

t∑

i=1

E[(∆̃g(i))
2], t ≥ 1.

In this way it can be shown that the asymptotic variance is expressed as the steady-state
variance of∆̃g(i). For a proof of (A.62) (under conditions much weaker than assumed
in PropositionA.5.9) see [367, Theorem 17.5.3].

Proposition A.5.9. Under the assumptions of TheoremA.5.8the asymptotic variance
can be expressed,

σ2
g = Eπ[(∆̃g(0))

2] = π(ĝ2 − (P ĝ)2) = π(2gĝ − g2). (A.62)

⊓⊔

A.6 Converse theorems

The aim of SectionA.5 was to explore the application of (V3) and the coupling method.
We now explain why (V3) isnecessaryas well as sufficient for these ergodic theorems
to hold.

Converse theorems abound in the stability theory of Markov chains. Theo-
rem A.6.1 contains one such result: Ifπ(f) < ∞ then there is a solution to (V3),
defined as a certain “value function”. For ax∗-irreducible chain the solution takes the
form,

PVf = Vf − f + bf1x∗ , (A.63)

where the Lyapunov functionVf defined in (A.64) is interpreted as the ‘cost to reach
the statex∗’. The identity (A.63) is a dynamic programming equation for theshortest
path problemdescribed in Section9.4.1.

Theorem A.6.1. Suppose thatX is ax∗-irreducible, positive recurrent Markov chain
onX and thatπ(f) <∞, wheref : X → [1,∞] is given. Then, with

Vf (x) := Ex

[σx∗∑

t=0

f(X(t))
]
, x ∈ X, (A.64)

the following conclusions hold:

(i) The setXf = {x : Vf (x) <∞} is non-empty and absorbing:

P (x,Xf ) = 1 for all x ∈ Xf .

(ii) The identity (A.63) holds withbf := Ex∗

[ τx∗∑

t=1

f(X(t))
]
<∞.
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(iii) For x ∈ Xf ,

lim
t→∞

1

t
Ex[Vf (X(t))] = lim

t→∞
Ex[Vf (X(t))1{τx∗ > t}] = 0.

Proof. Applying the Markov property, we obtain for eachx ∈ X,

PVf (x) = Ex

[
EX(1)

[σx∗∑

t=0

f(X(t))
]]

= Ex

[
E

[ τx∗∑

t=1

f(X(t)) | X(0),X(1)
]]

= Ex

[ τx∗∑

t=1

f(X(t))
]

= Ex

[ τx∗∑

t=0

f(X(t))
]
− f(x), x ∈ X.

On noting thatσx∗ = τx∗ for x 6= x∗, the identity above implies the desired identity in
(ii).

Based on (ii) it follows thatXf is absorbing. It is non-empty since it containsx∗,
which proves (i).

To prove the first limit in (iii) we iterate the idenitity in (ii) to obtain,

Ex[Vf (X(t))] = P tVf (x) = Vf (x) +
t−1∑

k=0

[−P kf (x) + bfP
k(x, x∗)], t ≥ 1.

Dividing by t and lettingt→ ∞ we obtain, wheneverVf (x) <∞,

lim
t→∞

1

t
Ex[Vf (X(t))] = lim

t→∞
1

t

t−1∑

k=0

[−P kf (x) + bfP
k(x, x∗)].

Applying (i) and (ii) we conclude that the chain can be restricted toXf , and the re-
stricted process satisfies (V3). Consequently, the conclusions of the Mean Ergodic
TheoremA.5.4hold for initial conditionsx ∈ Xf , which gives

lim
t→∞

1

t
Ex[Vf (X(t))] = −π(f) + bfπ(x∗),

and the right hand side is zero for by (ii).
By the definition ofVf and the Markov property we have for eachm ≥ 1,

Vf (X(m)) = EX(m)

[σx∗∑

t=0

f(X(t))
]

= E

[ τx∗∑

t=m

f(X(t)) | Fm
]
, on{τx∗ ≥ m}.

(A.65)
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Moreover, the event{τx∗ ≥ m} is Fm measurable. That is, one can determine if
X(t) = x∗ for somet ∈ {1, . . . ,m} based onFm :=σ{X(t) : t ≤ m}. Consequently,
by the smoothing property of the conditional expectation,

Ex[Vf (X(m))1{τx∗ ≥ m}] = E

[
1{τx∗ ≥ m}E

[ τx∗∑

t=m

f(X(t)) | Fm
]]

= E

[
1{τx∗ ≥ m}

τx∗∑

t=m

f(X(t))
]
≤ E

[ τx∗∑

t=m

f(X(t))
]

If Vf (x) < ∞, then the right hand side vanishes asm → ∞ by the Dominated Con-
vergence Theorem. This proves the second limit in (iii). ⊓⊔

Proposition A.6.2. Suppose that the assumptions of TheoremA.6.1hold: X is ax∗-
irreducible, positive recurrent Markov chain onX with π(f) < ∞. Suppose that there

existsg ∈ Lf∞ andh ∈ L
Vf
∞ satisfying,

Ph = h− g.

Thenπ(g) = 0, so thath is a solution to Poisson’s equation with forcing functiong.
Moreover, forx ∈ Xf ,

h(x) − h(x∗) = Ex

[τx∗−1∑

t=0

g(X(t))
]
. (A.66)

Proof. LetMh(t) = h(X(t)) − h(X(0)) +
∑t−1

k=0 g(X(k)), t ≥ 1,Mh(0) = 0. Then
Mh is a zero-mean martingale,

E[Mh(t)] = 0, and E[Mh(t+ 1) | Ft] = Mh(t), t ≥ 0.

It follows that the stopped process is a martingale,

E[Mh(τx∗ ∧ (r + 1)) | Fr] = Mh(τx∗ ∧ r), r ≥ 0.

Consequently, for anyr,

0 = Ex[Mh(τx∗ ∧ r)] = Ex

[
h(X(τx∗ ∧ r)) − h(X(0)) +

τx∗∧r−1∑

t=0

g(X(t))
]
.

On rearranging terms and subtractingh(x∗) from both sides,

h(x) − h(x∗) = Ex

[
[h(X(r)) − h(x∗)]1{τx∗ > r} +

τx∗∧r−1∑

t=0

g(X(t))
]
, (A.67)

where we have used the fact thath(X(τx∗ ∧ t)) = h(x∗) on{τx∗ ≤ t}.

Applying TheoremA.6.1 (iii) and the assumption thath ∈ L
Vf
∞ gives,
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lim sup
r→∞

∣∣∣Ex
[(
h(X(r)) − h(x∗)

)
1{τx∗ > r}

]∣∣∣

≤ (‖h‖Vf
+ |h(x∗)|) lim sup

r→∞
Ex[Vf (X(r))1{τx∗ > r}] = 0.

Hence by (A.67), for anyx ∈ Xf ,

h(x) − h(x∗) = lim
r→∞

Ex

[τx∗∧r−1∑

t=0

g(X(t))
]
.

Exchanging the limit and expectation completes the proof. This exchange is justified
by the Dominated Convergence Theorem wheneverVf (x) <∞ sinceg ∈ Lf∞. ⊓⊔
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chains. Sādhan̄a, 24(4-5):339–367, 1999. Special invited issue:Chance as
necessity.

[359] S. P. Meyn. Sequencing and routing in multiclass queueing networks. Part I:
Feedback regulation.SIAM J. Control Optim., 40(3):741–776, 2001.

[360] S. P. Meyn. Stability, performance evaluation, and optimization. In E. Fein-
berg and A. Shwartz, editors,Markov Decision Processes: Models, Methods,
Directions, and Open Problems, pages 43–82. Kluwer, Holland, 2001.

[361] S. P. Meyn. Sequencing and routing in multiclass queueing networks. Part II:
Workload relaxations.SIAM J. Control Optim., 42(1):178–217, 2003.

[362] S. P. Meyn. Dynamic safety-stocks for asymptotic optimality in stochastic net-
works. Queueing Syst. Theory Appl., 50:255–297, 2005.

[363] S. P. Meyn. Workload models for stochastic networks: Value functions and per-
formance evaluation.IEEE Trans. Automat. Control, 50(8):1106– 1122, August
2005.

[364] S. P. Meyn. Large deviation asymptotics and control variates for simulating large
functions.Ann. Appl. Probab., 16(1):310–339, 2006.

[365] S. P. Meyn and D. G. Down. Stability of generalized Jackson networks.Ann.
Appl. Probab., 4:124–148, 1994.

[366] S. P. Meyn and R. L. Tweedie. Generalized resolvents and Harris recurrence of
Markov processes.Contemporary Mathematics, 149:227–250, 1993.

[367] S. P. Meyn and R. L. Tweedie. Markov Chains and Stochastic
Stability. Springer-Verlag, London, second edition, 1993. online:
http://black.csl.uiuc.edu/˜meyn/pages/book.html .

[368] S. P. Meyn and R. L. Tweedie. Stability of Markovian processes III: Foster-
Lyapunov criteria for continuous time processes.Adv. Appl. Probab., 25:518–
548, 1993.

[369] S. P. Meyn and R. L. Tweedie. Computable bounds for convergence rates of
Markov chains.Ann. Appl. Probab., 4:981–1011, 1994.

[370] S. P. Meyn and R. L. Tweedie. State-dependent criteria for convergence of
Markov chains.Ann. Appl. Probab., 4:149–168, 1994.

[371] S.P. Meyn. Stability and asymptotic optimality of generalized MaxWeight poli-
cies. Submitted for publication, 2006.

Copyright Cambridge University Press 2007. On-screen viewing permitted. Printing not permitted. 
http://www.cambridge.org/us/catalogue/catalogue.asp?isbn=9780521884419



Control Techniques for Complex Networks Draft copy April 22, 2007 602

[372] B. Mitchell. Optimal service-rate selection in an M/G/1̂ queue.SIAM J. Appl.
Math., 24(1):19–35, 1973.

[373] M. Mitzenmacher. The power of two choices in randomized load balancing.
PhD thesis, UC Berkeley, Berkeley, CA, USA, 1996.

[374] M. Mitzenmacher. The power of two choices in randomized load balancing.
IEEE Transactions on Parallel and Distributed Systems, 12(10):1094–1104,
2001.

[375] H. Mori. Transport, collective motion, and brownian motion.Progress of Theo-
retical Physics, 33:423–455, 1965.

[376] J. R. Morrison and P. R. Kumar. New linear program performance bounds for
queueing networks.J. Optim. Theory Appl., 100(3):575–597, 1999.

[377] A. Muharremoglu and J. N. Tsitsiklis. A single-unit decomposition approach
to multi-echelon inventory systems. Under revision for Operations Research.
Preprint available athttp://web.mit.edu/jnt/www/publ.html ,
2003.

[378] K. Murota. Note on multimodularity andL-convexity. Math. Oper. Res.,
30(3):658–661, 2005.

[379] K. G. Murty and S. N. Kabadi. Some np-complete problems in quadratic and
nonlinear programming.Math. Program., 39(2):117–129, 1987.

[380] P. Nash.Optimal allocation of resources between research projects. PhD thesis,
Cambridge University, Cambridge, England, 1973.

[381] A. Nedic and D.P. Bertsekas. Least squares policy evaluation algorithms with
linear function approximation.Discrete Event Dynamic Systems: Theory and
Applications, 13(1-2):79–110, 2003.

[382] B. L. Nelson. Control-variate remedies.Operations Res., 38(4):974–992, 1990.

[383] M. F. Neuts.Matrix-geometric solutions in stochastic models. Dover Publica-
tions Inc., New York, 1994. An algorithmic approach, Corrected reprint of the
1981 original.

[384] M. B. Nevel′son and R. Z. Has′minskĭı. Stochastic approximation and recursive
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Kumar-Seidman-Rybko-Stolyar model
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Lyapunov function,319, 553

M/G/1 queue,37
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Transition matrix,27
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News-vendor problem,314
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Optimal
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Average cost,108, 375
Discounted-cost,107, 394
Total-cost,392

Optimization
Multi-objective o.,389

Ordinal estimation,534
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Path-wise optimal,117

P. o. in the mean,196
Periodic review,152
Phase-type distribution,155, 372, 483, 535,
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Admissible,110
Affine, 199
Back-pressure,146, 234
Buffer priority, 50
Discrete-review (DR),142, 339
First-Buffer First-Served,50
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GTO with maintenance,286
GTO with-breakdowns,285
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GTO-DR,144
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Myopic Discrete Review,144
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Path-wise,42
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Regular,320, 375
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Pooled resource,223
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Processor-sharing model,46
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Rate function,89
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Generator,361
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Poisson’s equation,85

Re-entrant line,49, 103
Regular
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R. policy,320

Renewal process,24
Resolvent,82, 540

Equation,545, 547
R. matrix,370, 544

Resource,17, 214
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Pooled r.,223
Supply-r.,270

Resource pooling,223, 229
Reversible,323, 485
Round-robin,143
Routing matrix,100

Safety-stock,101, 136, 461
Server,17
Shadow function,490
Shortest path problem (SPP),392, 568
Simultaneous resource possession,236
Single server queue

GI/D/1, 95
GI/G/1,36
GI/M/1, 95
M/M/∞, 96, 535
M/M/n, 96, 534
M/M/1, 30, 77

Skip-free,555
in mean-square,328, 559
in the mean,555

Skorokhod map,62, 66, 193
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Smoothed estimator,307, 490
Stability, 10, 31, 106
Stabilizable,110, 214
Stabilizing,108, 321
Starvation,59
State space collapse,175
Station,99

Homogeneous s.,110
Steady-state mean,29
Stochastic approximation,486
Stopping time,28, 556
Strongly consistent,486

Tandem queues,123
Temporal difference (TD) learning,491,

516
Temporal differences,524
Terminal penalty function,402
Total cost,63, 392
Total-variation norm,562

f -t.-v. n.,562
Traveling salesman problem,232

Unconstrained process,201
Uniformization

M/M/1 queue,37
Networks,103

Value function
Discounted-cost,81, 107, 394, 540
Fluid, 19
Fluid (discounted),117
Fluid (total cost),116
Relative,29, 108, 375, 542
Total cost,52

Value iteration,233
Vector load,111
Virtual buffer, 17
Virtual station,54

Weak convergence,27
Weakly unstable,439
Workload,3, 223

CBM w. model,360, 474
Unconditional w.,160
Units of inventory,163

Units of time,51
Virtual w. process,55
W. matrix,111, 240, 274
W. process,111, 240
W. relaxation,3, 159, 240
W. relaxation for CRW model,189
W. space,167, 240
W. space for CRW model,189
W. vector,51, 111, 218, 271
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