
Solution for Assignment 1, ECE 555, Spring 2011

A. Problem 1

We will derive an upperbound for the following quantities

lim sup
n→∞

1

n

n−1
∑

t=0

P tc̄

for the cases wherēc = x and c̄ = x2. The former is the steady-state mean queue length and

the latter is the steady-state second-moment.

To derive an upper-bound, we use the following result:

Lemma 0.1: If

PV ≤ V − c̄ + η

whereV is a nonnegative function that is finite for eachx, then

lim sup
n→∞

1

n

n−1
∑

t=0

P tc̄ ≤ η. (1)

Proof: We iterate the first inequality:

P 2V ≤ PV − P c̄ + Pη ≤ V − c̄ + η − P c̄ + Pη = V − (c + P c̄) + 2η

where we use the equalityPη = η sinceη is a constant function. Repeat this, we obtain

P nV ≤ V −

n−1
∑

t=0

P tc̄ + nη

On rearanging terms and divide both sides byn, we obtain

1

n

n−1
∑

t=0

P tc̄ ≤ η +
1

n
V −

1

n
P nV

SinceV is a nonnegative function, we obtainP nV ≥ 0. By taking the limit asn → ∞, we

obtain the desired inequality.

We now calculatePg.

Pg(x) = E[g(Q(k + 1)|Q(k) = x]

= E[g(x − δx + A)]

= E[a(x − δx + A)2 + b(x − δx + A) + c]

= a(1 − δ)2x2 + 2a(1 − δ)xE[A] + aE[A2] + b(1 − δ)x + bE[A] + c

= a(1 − δ)2x2 +
(

b(1 − δ) + 2a(1 − δ)E[A]
)

x +
(

aE[A2] + bE[A] + c)
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We need to make a good choice of(a, b, c) for each case.

Case 1:̄c = x. Takea = 0, b = 1/δ, c = 0, we obtain

Pg(x) ≤ g(x) − x +
1

δ
E[A]

Uppon applying the inequality (1), we obtain

lim sup
n→∞

1

n

n−1
∑

t=0

P tc̄ ≤
1

δ
E[A]

Case 2:̄c = x2. Takea = 1
2δ−δ2 , b = 2a(1−δ)E[A]

δ
, c = 0, we obtain

Pg(x) ≤ g(x) − x2 +
1

2δ − δ2
E[A2] +

2(1 − δ)

δ(2δ − δ2)
E[A]2

Uppon applying the inequality (1), we obtain

lim sup
n→∞

1

n

n−1
∑

t=0

P tc̄ ≤
1

2δ − δ2
E[A2] +

2(1 − δ)

δ(2δ − δ2)
E[A]2

Note that the second moment is an upperbound on the variance,so the above bound is also

an upper-bound on the variance. Besides, we can also make theconjecture that the steady-state

variance to be

1

2δ − δ2
E[A2] +

2(1 − δ)

δ(2δ − δ2)
E[A]2 −

(1

δ
E[A]

)2
=

1

2δ − δ2
σ2

A

B. Problem 2

(a)

µP = [
9

10
µ1 +

1

4
µ2,

1

10
µ1 +

3

4
µ2]

We construct the invariant measure, we first solve the equationsπP = π, π1+π2 = 1. Substituite

the above formula forµP into these equations, we have

9

10
π1 +

1

4
π2 = π1

1

10
π1 +

3

4
π2 = π2

π1 + π2 = 1

From this, we obtainπ1 = 5
7
, π2 = 2

7
.

(b) By solvingdet(I − λP ) = 0, we could obtain thatP have eigenvaluesλ1 andλ2 = 13
20

.

By solving µP = λiµ for i = 1, 2, we obtain that a pair of the left eigenvectors ofP are given
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by µ1 = [5
7
, 2

7
] and µ2 = [1,−1]. A pair of the right eigen vectors that also satisfiesµ1ν1 = 1

and µ2ν2 = 1 are given byν1 = [1, 1]T and ν2 = [2
7
,−5

7
]T. Note that fromλ 6= λ2, we obtain

µ1ν2 = 0 andµ2ν1 = 0. Thus, we have the following decomposition ofP :

P = λ1ν
1µ1 + λ2ν

2µ2

(c) It is easy to see that

P n = (λ1ν
1µ1 + λ2ν

2µ2P )P n−2 = (λ2
1ν

1µ1 + λ2
2ν

2µ2)P n−2.

By induction it is easy to see that

P n = λn
1ν

1µ1 + λn
2ν

2µ2.

Sinceλ2 < 1, asn → ∞, the second term vanishes. Consequently,

lim
n→∞

P n = ν1µ1 = 1π

The convergence is geometric with rateλ2, i.e.,

‖P n+1 − 1π‖ = λ2‖P
n − 1π‖

which holds for any matrix norm.

(d) Let us takeRγ =
∑

∞

t=0(1 + γ)−t+1P t and verify it satisfiesRγ = [(1 + γ)I − P ]−1.

[(1 + γ)I − P ]Rγ = (1 + γ)R − PR

=
∞

∑

t=0

(1 + γ)−tP t −
∞

∑

t=0

(1 + γ)−t+1P t+1

= (1 + γ)−0P 0 = I

We can also writeRγ using the spectral decomposition ofP .

Rγ =

∞
∑

t=0

[(1 + γ)−t+1λtν1µ1 + (1 + γ)−t+1λt
2ν

2µ2]

= (1 + γ)−1[(

∞
∑

t=0

(
λ1

1 + γ
)t)ν1µ1 + (

∞
∑

t=0

(
λ2

1 + γ
)t)ν2µ2

=
1

1 + γ − λ1

ν1µ1 +
1

1 + γ − λ2

ν2µ2
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(e) Many choices will make[I − (P −wv)] invertible. We choosew = [ 1
10

, 1
4
]T andv = [1, 1].

We obtain

I − (P − wv) =





1
5

0

0 1
2





Thus,

Z =





5 0

0 2





and

vZ = [
5

4
, 2] = 7π.
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