Stability and optimization of queueing networks
and their fluid models
Sean Meyn
Abstract. We describe some approaches to the synthesis of optimal policies
for multiclass queueing network models based upon the close connection between stability of queueing networks and their associated fluid limit models.
It is found that there is also a close connection between optimization of
the network and optimal control of the far simpler fluid network model. This
observation leads to a new class of scheduling policies that perform well on the
examples considered.

1. Introduction
This paper concerns the theory of optimal scheduling for multiclass queueing
networks with deterministic routing, as may be used in the modeling of a semiconductor manufacturing plant. To keep notation to a minimum we assume a discretetime, discrete-state model described by a Markov Decision Process (MDP). Criteria
which ensure the existence of an optimal policy for an MDP when the cost is possibly unbounded have been developed in numerous papers over the past decade
[Put94, HLL95, ABF+ 93, Bor91]. One of the oldest techniques is to construct a solution to the average cost optimality equation by first considering the
β-discounted problem with value function
∞
hX
i
Vβ (x) = min E
β k c(Φw (k)) | Φw (0) = x
w
k=0

where c is the one-step cost on the state space X, Φw denotes the resulting state
process when the policy w is applied, x is the initial condition, and the minimum is
with respect to all policies. One considers the difference hβ = Vβ (x) − Vβ (θ), where
θ is some distinguished state, and then seeks conditions under which hβ converges
as β ↑ 1 to a solution to the average cost optimality equations, thereby giving an
optimal policy. To make this approach work, in [Sen89] and other papers it is
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assumed that there is a finite-valued function M on the state space, and a constant
N > 0 such that
(1.1)

−N ≤ hβ (x) ≤ M (x),

for all states x, and all β sufficiently close to unity. Assuming bounds similar to
(1.1) together with some additional conditions it is also known that policy iteration
and value iteration converge to yield optimal policies [HLL95, Sen96], and the
paper [WS87] uses this approach in its analysis of networks. The condition (1.1)
appears to be far removed from the initial problem statement. However, it is shown
in [RS93] that many common and natural assumptions imply (1.1).
We have shown previously in [DM95, KM96] that the stability of an associated fluid limit model is intimately connected with c-regularity of the stochastic
network model, where c(x) = |x| is the one step cost under consideration. This
strong stability condition is developed in [MT93], where it is shown that c-regular
chains satisfy several strong ergodic theorems. Moreover the associated Poisson
equation, which is central to the theory of optimal average cost control, always has
a solution for a c-regular chain, and this solution satisfies strict upper and lower
bounds which are closely related to (1.1) (see [GM96] or [MT93, Section 17.4]).
Building upon these results, this paper establishes the following structural results
for the network model, whenever the usual load conditions are satisfied.
i: Value iteration converges to form a “regular policy” which is optimal, and
non-idling.
ii: Policy iteration converges “almost monotonically” to form a regular, nonidling, optimal policy, provided that the algorithm is initiated with a policy
whose fluid limit model is stable.
iii: When scaled by the “fluid scaling”, the policy iteration algorithm for the
network approximates policy iteration for the fluid process.
An interesting conclusion of this study is that when a network is congested, the
best policy is approximately equal to an optimal policy for the fluid limit model.
To give a simple concrete example, consider the model analyzed in [Haj84]
consisting of two exponential servers. The arrival process is Poisson with rate λ,
and the service rates are µ1 , µ2 , respectively. Customers that arrive to the system
are routed to one of the two servers in such a way that the total cost J is minimized,
where
n

J = lim sup
n→∞

1X
Ex [c1 Φ1 (k) + c2 Φ2 (k)].
n
k=1

The weightings c1 , c2 are assumed strictly positive. It is shown in [Haj84] that the
optimal policy is of a nonlinear threshold form: There is a non-decreasing function
s : Z+ → Z+ such that when a job arrives when the queue lengths are x1 , and x2 ,
then buffer one receives the job if and only if s(x1 ) ≥ x2 . The analysis of [XC93]
implies that the function s is unbounded, as illustrated in Figure 2. Unfortunately,
in general no analytic formula is available for the computation of s.
Associated with this network is a fluid model evolving on R2+ with state process
φ(t) = (φ1 (t), φ2 (t))0 [Che96]. The fluid model is defined by the equations

 

U1 (t)
µ1 B1 (t)
φ(t) = λ
−
.
U2 (t)
µ2 B2 (t)
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Figure 1. A network with controlled routing.
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Figure 2. Optimal control for the two station network.
Fluid flows to the system at rate λ, whereupon it is routed to the ith buffer at rate
d
dt Ui (t). The quantity Bi (t) is the cumulative busy time at buffer i. The variables
{Ui , Bi } satisfy for almost all t,
i: U1 (t) + U2 (t) = t;
d
ii: dt
Bi (t) ≤ 1, i = 1, 2;
d
Bi (t) = 1 whenever φi (t) > 0, i = 1, 2.
iii: dt
Although computation of optimal policies for stochastic networks is infeasible for
all but the simplest models, optimal control of fluid models appears to be a far
simpler problem [Per93, FAR95, Wei94, DEM96]. To minimize the total cost
Z ∞
c1 φ1 (t) + c2 φ2 (t) dt,
0

one optimal policy is of the threshold form, as illustrated in Figure 3. Hence for
d
U1 (t) = 1) if and only
some “ratio-threshold” γ ∗ , buffer one receives full service ( dt
∗
if γ x1 ≥ x2 [Che96]. Using the same ideas as in the proof of Theorem 5.2 below
it may be shown that the constant γ shown in Figure 2 is equal to an optimal
ratio-threshold for the fluid model. This gives the asymptote for the function s,
and hence we know at least approximately the optimal policy when the network is
congested.
In the remainder of the paper we develop these ideas using a re-entrant line
model with an arbitrary number of buffers, and fixed routing. Below we give a
network description, and in Section 3 we review previous work which establishes
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Figure 3. Optimal control for the fluid model.
a close connection between c-regularity of a network, and stability of a fluid limit
model. These results are used in Sections 4 and 5 to prove that policy iteration
and value iteration converge to form a non-idling, stationary optimal policy for the
network. In Section 6 we present the results of some numerical experiments for
a three-buffer re-entrant line to illustrate the way in which the optimal discrete
policy converges to the optimal fluid policy, and we show in Section 7 how the
policy for the fluid model may be effectively translated to form a policy for the
original network of interest. The conclusion lists some topics for future research.
2. An MDP Network Model
Consider a network of the form illustrated in Figure 4, composed of d single
server stations, indexed by σ = 1, . . . , d. The network is populated by K classes
of customers, and an exogenous stream of customers of class 1 arrive to machine
s(1). A customer of class k requires service at station s(k). If the service times
and interarrival times are assumed to be exponentially distributed, then after a
suitable time scaling and sampling of the process, the dynamics of the network can
be described by the random linear system,
(2.1)

Φ(k + 1) = Φ(k) +

K
X
i=0

Ii (k + 1)[ei+1 − ei ]wik ,

where the state process Φ evolves on X = ZK
+ [Lip75]. The random variable Φi (k)
denotes the number of class i customers in the system at time k which await service
in buffer i at station s(i). We assume throughout the paper that the following load
conditions are satisfied
X λ
< 1,
1 ≤ σ ≤ d.
ρσ =
µi
i:s(i)=σ

P
The random variables {I(k) : k ≥ 0} are i.i.d. on {0, 1}K+1, with P{ i Ii (k) =
1} = 1, and E[Ii (k)] = µi . For 1 ≤ i ≤ K, µi denotes the service rate for class
i customers, and for i = 0 we let µ0 := λ denote the arrival rate of customers of
class 1. For 1 ≤ i ≤ K we let ei denote the ith basis vector in RK , and we set
e0 = eK+1 := 0. If wik Ii (k + 1) = 1, this means that at the discrete time k, a
customer of class i is just completing a service, and is moving on to buffer i + 1 or,
if i = K, the customer then leaves the system.
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Figure 4. A multiclass network with d = 2 and K = 3.
The sequence w = {wk : k ≥ 0} is the control. Each wk takes values in
k 0
{0, 1}K+1, and is envisioned as a column vector wk = (w0k , w1k , . . . , wK
) , where we
k
define w0 ≡ 1. In general, w will be an adapted (history dependent) stochastic
process. However, we consider primarily stationary Markov policies of the form
w = (w(Φ(0)), w(Φ(1)), w(Φ(2)), . . . ), where the state feedback law w is a mapping
from X to {0, 1}K+1.
The set of admissible control actions A(x) when the state is x ∈ X is defined
in an obvious manner: for a = (a0 , . . . , aK )0 ∈ A(x) ⊂ {0, 1}K+1,
i: For any 1 ≤ i ≤ K, ai = 0 or 1;
ii: For any 1 ≤ i ≤ K, xi =P0 ⇒ ai = 0;
iii: For any station σ, 0 ≤ i:s(i)=σ ai ≤ 1.
We will at times also assume
P
P
iv: For any station σ, i:s(i)=σ ai = 1 whenever i:s(i)=σ xi > 0.

If ai = 1, then buffer i is chosen for service. Condition (ii) then imposes the physical
constraint that a customer cannot be serviced at a buffer if that buffer is empty.
Condition (iii) means that only one customer may be served at a given instant at
a single machine σ. Condition (iv) is the non-idling property that a server will
always work if there is work to be done.
It is evident that these specifications define an MDP whose state transition
function has the simple form,
Pa (x, x + ei+1 − ei ) =
Pa (x, x)

=

µi ai ,
1−

K
X

0 ≤ i ≤ K.
µi ai .

0

Since the control is bounded, a reasonable choice of cost function is c(x) = c0 x,
where c ∈ RKPis a vector with strictly positive entries. For concreteness, we take
c(x) = |x| := i xi . A policy w is then called optimal if the cost
n

J(x, w) = lim sup
n→∞

1X w
Ex [|Φ(k)|]
n
k=1

is minimized over all policies, for each x.
We show in Theorem 4.1 that for an optimal policy, the non-idling condition
(iv) can be assumed without loss of generality. The optimal policy can also be
taken to be of the stationary Markov form, w = (w, w, . . . )0 , where w is a function
on X. One fruitful approach to computing the optimal feedback law w is through
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the following optimality equations:
(2.2)

η∗ + h(x)

=

(2.3)

w(x)

=

min [c(x) + Pa h (x)]

a∈A(x)

arg min Pa h (x),
a∈A(x)

x ∈ X.

The equality (2.2), a version of Poisson’s equation, is known as the average cost
optimality equation (ACOE), and the function h is called a relative value function.
The second equation (2.3) defines a stationary Markov policy w. If a state feedback
law w, a function h, and a constant η∗ exist which solve these equations, then
typically the policy w is optimal (see for example [Put94]). In this paper we
give several results which guarantee solutions to (2.2,2.3), where the function h is
shown to be equivalent in some sense to a quadratic on X. These results are based
primarily on the close connection between c-regularity, and the stability of a fluid
limit model.
3. Regularity of the State Process and Stability of the Fluid Model
To begin an analysis of the state process Φ we require conditions that guarantee that the state process possesses a single communicating class, so that it is
ψ-irreducible, as defined in [MT93]. It is easily seen that for any non-idling policy
there is a single communicating class: For any initial condition x, if |x| = m, and
if the total number of buffers in the system is K, then because of the non-idling
assumption (iv) it follows that the network will be empty at time mK provided
that (a) no customers arrive to the network during the time interval [0, mK], and
PK
(b) none of the mK services are virtual services. That is, i=1 Ii (k +1)wik = 1, 0 ≤
k < mK. The probability of this event is bounded from below by (1 − λ)mK λmK ,
and hence we have for any non-idling policy w,
(3.1)

|x|K

Pw

(x, θ) ≥ s(x) := (1 − λ)|x|K λ|x|K ,

for all x ∈ X,

where θ denotes the empty state θ = (0, . . . , 0)0 ∈ X. If assumption (iv) is violated
then it is certainly possible that the chain may be highly non-irreducible. Consider
for example the lazy server that is always idle!
We define the first entrance time and first return time to the empty state θ by
σ θ = min(k ≥ 0 : Φ(k) = θ)

τ θ = min(k ≥ 1 : Φ(k) = θ).

For a particular policy w, the controlled chain is called c-regular if for any initial
condition x,
Ew
x

θ −1
hτX

i=0

i
c(Φ(i)) < ∞.

A c-regular chain always possesses a unique invariant probability π such that
Z
π(c) := c(x) π(dx) < ∞.
We call a stationary Markov policy w regular if the associated controlled chain is
c-regular. The following result is a consequence of the f -norm ergodic theorem of
[MT93, Chapter 14].
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Theorem 3.1. For Rany regular stationary Markov policy w, the controlled
state process Φ satisfies |x| π(dx) < ∞, and for each initial condition
Z
(i)
J(x, w) = lim Ex [|Φ(k)|] =
|x| π(dx).
k→∞
Z
n
1X
(ii)
lim
|Φ(k)| =
|x| π(dx),
a.s. [Px ].
n→∞ n
k=1

u
t

It is now known that stability of (2.1) in terms of c-regularity is closely connected with the stability of an associated fluid limit model [Dai95, KM96, DM95,
Mey95a]. Suppose that a stationary Markov policy w is given so that the controlled chain Φ is a Markov chain with stationary transition probabilities. For each
initial condition Φ(0) = x 6= θ, we construct a continuous time process φx (t) as
follows. If |x|t is an integer, set
φx (t) =

1
Φ(|x|t).
|x|

For all other t ≥ 0, define φx (t) by linear interpolation, so that it is continuous and
piecewise linear in t. Note that |φx (0)| = 1, and that φx is Lipschitz continuous.
The collection of all “fluid limits” is defined by
L :=

∞
\

n=1

{φx : |x| > n}

where the overbar denotes weak closure. The process φ evolves on the state space
RK
+ . We shall also call L the fluid limit model, in contrast to the fluid model which
is defined as the set of all solutions to the differential equations
K

(3.2)

X
d
φi (t) =
µi [ei+1 − ei ]ui (t),
dt
i=0

a.e. t ∈ R+ ,

where the function u(t) is analogous to the discrete control, and satisfies similar
constraints [CM91].
The fluid limit model L is called Lp -stable if
lim sup E[|φ(t)|p ] = 0.

t→∞ φ∈L

There are now numerous papers which derive stability conditions for specific fluid
network models (see for instance [DV96, DBT95, CZ96, DW96, DM95, KK94]).
In particular, the recent paper [CZ96] develops a unified approach to stability which
is used to show that LBFS and FBFS (last buffer-first served and first buffer-first
served) are Lp -stable for any p. It is shown in [KM96] that L2 -stability of the fluid
limit model is equivalent to a form of c-regularity for the network. The following
result strengthens this equivalence by linking L2 stability to boundedness of the
total cost for the fluid limit model.
Theorem 3.2. The following stability criteria are equivalent for the network
under any nonidling, stationary Markov policy w.
i: The drift condition holds
(3.3)
Pw V (x) := Ew
x ∈ X,
x [V (Φ(k + 1)) | Φ(k) = x] ≤ V (x) − |x| + κ,
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where κ ∈ R+ , and the function V : X → R+ is equivalent to a quadratic in
the sense that, for some γ > 0,
1 + γ|x|2 ≤ V (x) ≤ 1 + γ −1 |x|2 ,

ii: For some quadratic function V ,
σθ
hX
i
Ew
|Φ(n)| ≤ V (x),
x
n=0

x ∈ X.
x ∈ X.

iii: For some quadratic function V and some γ < ∞,
N
X

n=1

Ew
x [|Φ(n)|] ≤

V (x) + γN,

for all x and N ≥ 1.

iv: The fluid limit model L is L2 -stable.
v: The total cost for the fluid limit L is uniformly bounded in the sense that
hZ ∞
i
sup E
|φ(τ )| dτ < ∞.
φ∈L

0

Proof. The equivalence of the first four statements has been established in
[KM96]. To complete the proof we first show that (iii) implies (v), and then prove
that (v) implies (iv).
For any policy w and any time T > 0 we have the approximation
bT |x|c
hZ T
i
1 w h X |Φ(k)| i
x
Ex
(3.4)
= Ew
|φ
(τ
)|
dτ
+ o(1),
x
|x|
|x|
0
k=0

where the term o(1) vanishes as x → ∞. Using (iii) it then follows that for any
φ ∈ L,
hZ ∞
i
hZ T
i
V (x)
|φ(τ ) dτ ≤ lim sup lim sup Ew
|φx (τ )| dτ ≤ sup
Ew
< ∞.
x
|x|2
T
→∞
x6
=
θ
|x|→∞
0
0
Taking the supremum over all φ proves the implication (iii) ⇒ (v).
Assume now that (v) holds. To deduce (iv) we will apply bounds on the conditional expection of functionals of the process Φ and the fluid limit φ. Define for
s ≥ 0, k ≥ 0, the σ-algebras
Gs = σ{φ(r) : r ≤ s}

Fk = σ{Φ(i) : i ≤ k}.

These bounds concern mainly the super martingale M (s) defined as
i
hZ ∞
(3.5)
s ≥ 0.
|φ(τ )| dτ | Gs ,
M (s) = Ew
s

By Lipschitz continuity of the model we have the lower bound
(3.6)

1
2

|φ(s)|2 ≤ M (s),

s ≥ 0.

By assumption there is a constant b0 such that
hZ ∞
i
M (0) = Ew
(3.7)
|φ(τ )| dτ ≤ b0
0

for any φ ∈ L, and by dominated convergence Ew [M (s)] → 0 as s → ∞. Hence,
from the lower bound (3.6),
(3.8)
Ew [|φ(s)|2 ] → 0, s → ∞,
for any φ ∈ L.
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To establish (iv) it is only necessary to show that this convergence is uniform over
all φ ∈ L. For this we require a uniform upper bound on M (s).
For any s ≥ 0, t > 0 we have the generalizations of (3.4):
1
|x|2

(3.9)

b(s+t)|x|c

X

|Φ(k)|

=

Φ(bs|x|c)
|x|

=

k=bs|x|c

(3.10)

Z

s+t

|φx (τ )| dτ + o(1).

s

φx (s) + o(1).

To maintain bounded random variables we fix ε > 0 and define a continuous approximation to the indicator function 1l(0,∞) as follows:


z ≤ ε;
1,
,
z ∈ R+ .
δε (z) = 0,
z ≥ ε/2;


−1 + 2z/ε, ε/2 ≤ z ≤ ε;

Letting y = Φ(bs|x|c), from (3.9) we have
hZ s+t
i
x
x
(3.11) Ew
|φ
(τ
)|
dτ
|
F
b|x|sc δε (φ (s)) + o(1)
x
s

b(s+t)|x|c

= |φx (s)|2 δε (φx (s))

1 wh
E
|y|2

X

k=bs|x|c

|Φ(k)| | Fb|x|sc

i

b|y|(2t/ε)c

≤ |φx (s)|2 δε (φx (s))

1 wh
E
|y|2

X

k=0

|Φ(bs|x|c + k)| | Fb|x|sc

i

where we have used the fact that |y| > ε|x|/2 + o(1) whenever δε (φx (s)) > 0.
Let ε1 > 0 be a second small constant. Using (3.7) and (3.4), we may find a
constant n = n(ε, t) > 0 such that whenever |y| ≥ n,
|y|(2t/ε)
i
1 wh X
E
|Φ(k)|
≤ b0 + ε1
y
|y|2
k=0

Assuming that |x| ≥ (2t/ε)n, we then have |y| ≥ n + o(1) whenever δε (φx (s)) > 0,
so that by the Markov property,
b|y|(2t/ε)c

(3.12) δε (φx (s))

1 wh
E
|y|2 x

X

k=0

|Φ(bs|x|c) + k)| | Fb|x|sc

= δε (φx (s))

b|y|(2t/ε)c

1 wh
E
|y|2 y

X

k=0

i

i
|Φ(k)|

≤ δε (φx (s))(b0 + ε1 ).

Combining (3.11) and (3.12) then gives for |x| ≥ (2t/ε)n,
hZ s+t
i
x
x
x
2
x
Ew
|φ
(τ
)|
dτ
|
F
b|x|sc δε (φ (s)) ≤ |φ (s)| δε (φ (s))(b0 + ε1 ) + o(1).
x
s

In the proof of Thereom 16 of [KM96] it is shown using standard conditioning
arguments that bounds of this form on continuous functionals of φx pass to the
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limit as x → ∞ to form a bound for φ. Hence for any φ ∈ L,
i
hZ s+t
|φ(τ ) dτ | Gs δε (φ(s)) ≤ |φ(s)|2 δε (φ(s))(b0 + ε1 ).
Ew
s

By first letting ε1 ↓ 0, then letting ε ↓ 0, and finally letting t ↑ ∞ we arrive at the
bound
M (s)1l(0,∞) (φ(s)) ≤ b0 |φ(s)|2 .
To remove the indicator function, note first that since φ(s) is a continuous function
of s, the bound above implies that
M (s) ≤ b0 |φ(s)|2

whenever M (s) > 0.

Since this bound is vacuous whenever M (s) = 0, we obtain the desired upper bound
(3.13)

M (s) ≤ b0 |φ(s)|2 ,

s ≥ 0.

We can now show that (v) ⇒ (iv) by contradiction. Suppose that L is not
L2 stable. Then there exist ε > 0, {φn } ⊂ L, and a sequence of times tn → ∞
such that Ew [|φn (tn )|2 ] ≥ ε for all n > 0. Let {xni : i, n ≥ 0} be a set of states
n
w
such that φxi −→ φn as i → ∞ for each n. Denoting by Mn the super martingale
corresponding to φn we thus have Ew [Mn (tn )] ≥ 21 ε, and since Mn is decreasing,
Ew [|φn (s)|2 ] ≥

1 w
1
E [Mn (tn )] ≥
ε,
b0
2b0

0 ≤ s ≤ tn .

From weak convergence it follows that we may choose a new sequence {y n } among
the {xni } such that
y
2
Ew
y n [|φ (s)| ] ≥
n

1
ε,
4b0

0 ≤ s ≤ n.
n

w

Assumming without loss of generality that φy −→ φ for some φ ∈ L we conclude
that for all s,
1
Ew [|φ(s)|2 ] ≥
ε.
4b0
This contradicts (3.8) and thereby shows that (v) ⇒ (iv) as claimed.

u
t

We now refine this result by showing that in fact φ(t) = θ for all t sufficiently
large if the fluid limit L is L2 stable. Let τ 0 denote the first time that this occurs:
τ 0 := min(s : φ(s) = θ).
As motivation, first consider the special case of a stable M/M/1 queue where the
service rate µ is greater than the arrival rate λ. The fluid limit model is L2 stable
in this special case since L = {φ} is a singleton with φ(t) = (1 − (µ − λ)t) ∨ 0. The
fluid limit model thus satisfies
i: The total cost for the fluid limit model is uniformly bounded:
Z ∞
1 1
b0 :=
|φ(τ ) dτ =
< ∞.
2
µ−λ
0

ii: The hitting time to θ is bounded : τ 0 = 2b0 , where b0 is as in (i).
Exact calculations are not possible in general, but we can generalize (i) and (ii) as
bounds:
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Theorem 3.3. Suppose that the fluid limit model is L2 -stable for the nonidling,
stationary Markov policy w. Then
i: The total cost for the fluid limit model is uniformly bounded:
hZ ∞
i
w
|φ(τ ) dτ < ∞
b0 := sup E
φ∈L

0

ii: The mean hitting time to θ is uniformly bounded:
sup Ew [τ (φ)] ≤ 2b ,
0

0

φ∈L

where b0 is defined in (i).
iii: The origin θ is absorbing in the sense that with probability one φ(t) = θ
for any φ ∈ L and all t ≥ τ 0 .
Proof. The bound (i) has already been demonstrated in Theorem 3.2.
It is shown in equation (3.13) of the proof of Theorem 3.2 that when L is L2
stable,
M (t) ≤ b0 |φ(t)|2 ,

t ≥ 0,

where the constant b0 is defined in (i). Using this bound and the definition of M
it follows that if φ(t) = θ for some t, then φ(s) = θ for all s > t. This establishes
(iii).
To obtain the bound
p (ii) we construct a new super martingale by taking the
square root: V (t) := M (t). The previous bound on M (t) gives
p
(3.14)
V (t) ≤ b0 |φ(t)|
By concavity of the square root we have, whenever V (s) 6= 0,
hZ s+t
i
1
Ew
Ew [V (s + t) | Gs ] ≤ V (s) −
|φ(τ )| dτ | Gs .
(3.15)
2V (s)
s
To bound the negative term, note that for all t,

(3.16)

|φ(s + t)| ≥ |φ(s)| − t.

d
φ(t)| ≤ 1. Letting 0 ≤ ε ≤ 21 , the bounds (3.14),
This follows from the fact that | dt
(3.15), and (3.16) together imply that whenever |φ(s)| ≥ ε and t < 2ε2 ,


t|φ(s)| − 21 t2
√
Ew [V (s + t) | Gs ] ≤ V (s) −

 2 b0 |φ(s)|
t|φ(s)| − 21 t(2ε|φ(s)|)
√
(3.17)
≤ V (s) −
2 b0 |φ(s)|

1−ε
√
≤ V (s) −
t.
2 b0

For k ≥ 0 let Tk = 2kε2 , and let τ ε denote the hitting time
τ ε := min(s : |φ(s)| ≤ ε).

Then from (3.17) we have for any k,
w
Ew
x [V (Tk+1 )1l(τ ε ≥ Tk+1 ) | GTk ] ≤ Ex [V (Tk+1 )1l(τ ε ≥ Tk ) | GTk ]


1−ε
√
2ε2 1l(τ ε ≥ Tk )
≤ V (Tk )1l(τ ε ≥ Tk ) −
2 b0
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Summing over k = 0 to n, and using the smoothing property of the conditional
expectation shows that for any n,
n
hX
i 2√b
2b0
0
2
Ew
E[V (0)1l(τ ε ≥ T0 )] ≤
,
2ε
1
l(τ
≥
T
)
≤
ε
k
x
1−ε
1−ε
k=0

where in the second inequality we have used (3.14). For any ε > 0 we have the
staircase bound
∞
∞
X
X
2ε2 1l(τ ε ≥ Tk ) =
2ε2 1l(τ ε ≥ 2ε2 k) ≥ τ ε .
k=0

k=0

Hence by the Monotone Convergence Theorem,

2b0
.
1−ε
Letting ε ↓ 0 and applying the Monotone Convergence Theorem once more gives
the bound Ew
u
t
x [τ 0 ] ≤ 2b0 . Since φ ∈ L is arbitrary, this establishes (ii).
Ew
x [τ ε ] ≤

The exponential assumption is not crucial in any of these stability results. In
[DM95] the case of general distributions is developed, and analogous regularity
results are obtained when a fluid limit model is L2 -stable. Given these structural
results we can now prove that an optimal policy exists which is non-idling.
4. Convergence of Value Iteration
Value iteration is perhaps the most common approach to constructing an optimal policy. The idea is to consider the finite time problem with value function
n
i
hX
|Φ(k)|
.
Vn (x) = min Ew
w x
k=0

n

We let v denote a policy which attains this minimum - It may be assumed without
loss of generality that there is a sequence of state feedback functions v k : X →
{0, 1}K+1, k ≥ 0, such that for any n, the policy v n is a Markov policy which may
be expressed
v n = (v n−1 , . . . , v 0 )0 .
The value iteration algorithm is then defined inductively as follows. If the value
function Vn is given, the action v n (x) is defined as
v n (x) = arg min Pa Vn (x).
a∈A(x)

For each n the following dynamic programming equation is satisfied,
Vn+1 (x) = |x| + Pvn (x) Vn (x) = |x| + min Pa Vn (x),
a∈A(x)

which then makes it possible to compute the next function v n+1 . Conditions under
which the algorithm converges are developed in [Sen96, CF95] for general MDPs
under various conditions on the process. The simultaneous Lyapunov function
condition of [CF95] is unfortunately not suited to network models of the form
considered here. We instead obtain bounds related to those assumed in [Sen96]
to establish convergence. To begin, we require the following weak monotonicity
properties for the value functions.
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Lemma 4.1. For the network model with one step cost c(x) = |x|, the value
functions {Vn } satisfy for each n,
i: For any 1 ≤ m0 ≤ K, and any x ∈ X for which xm0 > 0,
Vn (x) ≥ Vn (x + em0 +1 − em0 );
ii: For any x,
Vn (x) ≥ Vn (θ).
Proof. To see (i), let v n = (v n−1 , . . . , v 0 ) be an optimal n-stage policy, and
consider any sample path of the process of indicator variables {I(1), . . . , I(i), . . . }.
Let ak = v n−1−k (Φ(k)), k = 0, . . . , n − 1 denote the kth action taken along this
fixed sample path when the initial condition is x, and define the stopping time τ
as the first time ` such that a`m0 = 1.
For the initial condition x − em0 +1 + em0 , define the new action sequence ā
as ā`i = a`i 1l(` 6= τ ), 1 ≤ i ≤ K. The new policy idles at time τ , and since we
are examining a finite time window, the P
action sequence is unchanged if τ > n. It
n
is immediate that the accumulated cost 0 |Φ(k)| cannot increase with the initial
m0 +1
m0
condition x replaced by x − e
+ e , when the sequence a is simultaneously
replaced by ā. Letting v̄ denote the history dependent policy defined through this
transformation, we have
Vn (x) = Ev
x

n
hX

k=0

n
i
hX
i
|Φ(k)| ≥ Ev̄
|Φ(k)|
≥ Vn (x − em0 +1 + em0 ),
m
+1
m
0
0
x−e
+e
k=0

which establishes (i). The bound (ii) is an immediate consequence of (i).
u
t
To approximate a solution to the ACOE (2.2,2.3), define the function hn by
hn (x) = Vn (x) − Vn (θ),

x ∈ X, n ≥ 1.

Using Theorem 3.2 and Lemma 4.1 we can easily prove the following uniform bounds
on the functions {hn }.
Lemma 4.2. There is a constant b such that for any x and any n,
0 ≤ hn (x) ≤ b|x|2 .
Proof. The lower bound on hn is immediate, from Lemma 4.1.
To establish an upper bound, construct a history dependent policy w̄ n on the
time window [0, n + σ θ ∧ n] as follows, based upon the optimal n-stage policy v n ,
e n = (w,
and an arbitrary stationary Markov policy w
e w,
e . . . ):
w̄k =

(

w(Φ(k))
e
v n−1−k+σ θ (Φ(k))

k ≤ σθ ;
k > σθ .
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the policy is unchanged on [0, n] if σ θ ≥ n. We then have
Vn (x)

≤
≤
≤

Ew̄
x

n
hX

k=0

i
|Φ(k)|

σθ
hn∧
X

n
i
i
h
X
w̄
|Φ(k)|
|Φ(k)| + Ex 1l{σθ < n}
x
k=0
k=σ θ
σX
σθ
θ +n
i
h
h
i
X
f
|Φ(k)|
|Φ(k)| + Ew̄
Ew
x
x
k=σ θ
k=0

Ew̄

It follows from the strong Markov property that
i
h σθ
f X
|Φ(k)| + Vn (θ)
Vn (x) ≤ Ew
x
k=0

e any stationary Markov policy for
To obtain a quadratic bound on hn , choose for w
which the associated fluid limit model is L2 stable. By Theorem 3.2 (ii) we then
have for a quadratic function V ,
h σθ
i
f X
hn (x) = Vn (x) − Vn (θ) ≤ Ew
|Φ(k)|
≤ V (x),
x
k=0

which completes the proof of the lemma.

u
t

Using ideas similar to [Sen96] we can then prove the following result. We
suspect that in fact {hn } is convergent, but this remains open.
Theorem 4.3. Let (h, v) be any limit point of the sequence {hn , v n } generated
by the value iteration algorithm, and let η∗ denote
η∗ = lim sup Vn (θ)/n.
n→∞

∗

Then the triplet (h, v, η ) solves the optimality equations (2.2,2.3), and the stationary Markov policy v = (v, v, . . . ) is average cost optimal.
u
t
From this result we recover a special case of the existence result of [WS87],
and we also find that property (iv) of the control actions can be assumed without
loss of generality.
Corollary 4.1. The network model possesses a non-idling optimal stationary
Markov policy.
Proof. Using Lemma 4.1 and the formula
Vn+1 (x)

= |x| + λVn (x + e1 ) +

K
X
j=1

µj Vn (x + (ej+1 − ej )vjn (x))

= |x| + λVn (x + e1 ) + min

a∈A(x)

K
X
j=1

µj Vn (x + (ej+1 − ej )aj )

one may show by induction that each of the optimal policies {v n } can be assumed
to be non-idling. The result then follows from Theorem 4.3.
u
t
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5. Policy Iteration for Networks and their Fluid Models
We continue to investigate the scheduling problem here under assumptions (i)–
(iv) on the action space. In view of Corollary 4.1, the non-idling condition (iv) may
be assumed without loss of generality. This condition is crucial in what follows
since we require the lower bound (3.1).
The policy iteration algorithm is another procedure which in principle can
be used to compute an optimal policy. Suppose that a stationary Markov policy
wn−1 = (wn−1 , wn−1 , . . . ) is given, and assume that hn−1 satisfies the Poisson
equation,
Pwn−1 (x) hn−1 (x) = hn−1 (x) − |x| + ηn−1 ,

where ηn−1 is a constant (presumed to be the steady state cost with this policy).
The relative value functions {hn } are not uniquely defined: If hn satisfies Poisson’s
equation, then so does hn + b for any constant b. However, if the controlled chain
is c-regular we define hn uniquely as
θ −1
i
hτX
n
(c(Φ(i))
−
π(c))
.
hn (x) = Ew
x
i=0

Given hn−1 , one then attempts to find an improved stationary Markov policy
wn by choosing, for each x,
wn (x) = arg min Pa hn−1 (x).

(5.1)

a∈A(x)
n

Once w is found, stationary Markov polices w n+1 , wn+2 , . . . may be computed
by induction, so long as the appropriate Poisson equation may be solved, and the
minimization above has a solution. Sample path versions of this algorithm have
been developed recently in [Cao96].
Theorem 5.1 shows that policy improvement always converges for this network
model if the initial policy is stabilizing. To initiate the algorithm, one can choose
one of the known stabilizing policies such as last buffer-first served or first bufferfirst served [CZ96, DW96, KK94], or one may choose a policy which is optimal
for the fluid model.
Theorem 5.1 (Meyn [Mey95b]). If the initial stationary Markov policy w0
is chosen so that the fluid limit model is L2 stable, then the PIA produces successive
stationary Markov policies {wn } and associated relative value functions {hn } which
satisfy the following properties:
i: For some constant 0 < N < ∞,
inf

x∈X, n≥0

hn (x) > −N ;

ii: (Almost decreasing property): There exists a sequence of functions {gn :
n ≥ 0} such that
gn (x) ≤ gn−1 (x) ≤ · · · ≤ g0 (x),

x ∈ X, n ≥ 0,

and for some sequence of positive numbers {αk , βk },
gn (x) = αn hn (x) + βn ,

n ≥ 0, x ∈ X,

with αk ↓ 1, βk ↓ 0 as k → ∞.
Hence, the relative value functions are pointwise convergent to the function h(x) := limn gn (x).
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iii: The costs are decreasing η0 ≥ η1 ≥ · · · ≥ ηm ≥ · · · .
iv: Any pointwise limit point w of the {wn } is an optimal stationary Markov
policy.
v: Each of the policies {wn } and any limiting policy w possesses a fluid limit
model which is L2 -stable.
u
t
From this result we can establish a strong connection between optimization
of the network, and optimization of the fluid model under an L1 optimal control
criterion. A policy w∗ is called optimal for the fluid limit model if for any other
policy w which is L2 stable,
 hZ T
i
hZ T
i
∗
w
x
w
lim inf lim inf Ex
|φ (τ )| dτ − Ex
|φx (τ )| dτ ≥ 0.
T →∞

|x|→∞

0

0

Since by Theorem 3.2 L2 -stability is equivalent to uniform boundedness of the total
cost, this stability condition can be assumed without any real loss of generality. If
the paths of the fluid limit model are purely deterministic, this form of optimality
amounts to minimality of the total cost
Z ∞
|φ(τ ) dτ.
0

Currently, there is much interest in directly addressing methods for the synthesis of
optimal policies for fluid network models with this cost criterion [FAR95, Wei94,
DEM96].
The result below establishes the desired connection between the optimal control
of the network and its associated fluid limit model.
Theorem 5.2 (Meyn [Mey95b]). If the initial policy w0 is chosen so that the
fluid limit model is L2 stable, then
i: For each n ≥ 1,
 n−1 hZ T
i
hZ T
i
n
x
lim inf lim inf Exw
|φx (τ )| dτ − Ew
|φ
(τ
)|
dτ
≥ 0.
x
T →∞

|x|→∞

0

0

0

Hence if w is optimal for the fluid limit model, so is wn for any n.
ii: Any optimal policy w∗ generated by the algorithm is also optimal for the
fluid limit model.
iii: With h equal to the relative value function for any optimal policy w ∗ generated by the algorithm,
hZ T
i
h(x)
w∗
x
= 0.
−
E
|φ
(τ
)|
dτ
lim sup lim sup
x
2
T →∞
|x|→∞ |x|
0
Hence, when properly normalized, the relative value function approximates
the value function for the fluid model control problem.
u
t
6. Convergence to the Fluid Policy

Theorem 5.2 is a qualitative statement about the structure of an optimal policy.
Since the optimal policy for the fluid model is defined by linear switching curves
[FAR95], Theorem 5.2 implies that the optimal discrete policy is also defined by
similar switching curves, whenever the state is large. To illustrate the way in which
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x1

x2 > 0

x3

x2 = 0

Figure 5. The three buffer example with ρ2 = 9/10 and ρ1 =
9/11. In this illustration, the grey regions indicate those states for
which buffer three is given exclusive service.
this convergence takes place, we consider the simple network model introduced in
Figure 4.
The fluid model for the network given in Figure 4 has the following form
φ̇1 (t) = λ − µ1 u1 (t),

φ̇2 (t) = µ1 u1 (t) − µ2 u2 (t),

φ̇3 (t) = µ2 u2 (t) − µ3 u3 (t),

where the controls satisfy for all t, 0 ≤ u2 (t) ≤ 1 and 0 ≤ u1 (t) + u2 (t) ≤ 1. One
policy which minimizes the cost function
Z ∞
3 Z ∞
X
C(φ) =
|φ(t)| dt =
φi (t) dt,
0

i=1

0

is defined as follows, where γ is a positive constant defined by the parameters of
the network.
i: Serve φ3 (t) exclusively (u3 (t) = 1) whenever φ2 (t) > 0 and φ3 (t) > 0;
ii: Serve φ3 (t) exclusively whenever φ2 (t) = 0, and φ3 (t)/φ1 (t) > γ;
iii: Give φ1 (t) partial service with u1 (t) = µ2 /µ1 whenever φ2 (t) = 0, and
0 < φ3 (t)/φ1 (t) ≤ γ

We consider a special case where machine two is the bottleneck with ρ2 = λ/µ2 =
9/10. The load at the first machine is defined as ρ1 = λ/µ1 + λ/µ3 = 9/11. Under
these conditions, the constant γ is equal to one, and hence the optimal policy is of
the form illustrated in Figure 5 (see [Wei94]).
We have computed the optimal policy for this model with the performance
index
n
1X
Jn (x) =
Ex [|Φ(k)|].
n
k=1

To compute the policy numerically we used value iteration with n = 7, 000. The
buffer levels were truncated so that xi < 45 for all i. This gives rise to a finite
state space MDP with 453 = 91, 125 states. Boundary effects can be severe. For
instance, for a loss model, if buffer one is nearly full then it is always desirable to
serve buffer three since the resulting overflows at buffer one reduce the steady state
cost. Since these dynamics have nothing to do with real network objectives, in the
illustrations below we show the policy in the region xi < 25 for all i. Since the cost
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Jn (θ) was always found to be less than twelve, the threshold 25 represents a large
state.
x1

Serve buffer 3
µ1 = 2µ3

x2 = 3
x2 = 2
x2 = 1

x3

x2 = 0

Figure 6. Optimal policy when the last buffer is slow: λ/µ1 =
1
2
3 ρ1 , λ/µ3 = 3 ρ1 . The optimal steady state cost: E[|x|] ≈ 11.3.
x1

Serve buffer 3
µ1 = µ3

x2 = 3
x2 = 2
x2 = 1
x2 = 0

x3

Figure 7. Optimal policy in the balanced case: λ/µ1 = λ/µ3 =
1
2 ρ1 . The optimal steady state cost: E[|x|] ≈ 11.3.
In Figures 6–8 the results of three experiments are given. The grey areas
indicate those states for which buffer three is given priority. For example, in Figure 6
we see that buffer one has priority when the state is x = (2, 1, 2)0 , while buffer three
has priority when x = (2, 1, 3)0 .
In Figure 6 where µ1 = 2µ3 it is seen that the optimal policy resembles FBFS
(first buffer-first served) when the state falls significantly below its mean. When
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x1

Serve buffer 3
µ1 = 0.5µ3

x2 = 3
x2 = 2
x2 = 1
x2 = 0

x3

Figure 8. Optimal policy when the last buffer is fast: λ/µ1 =
2
1
3 ρ1 , λ/µ3 = 3 ρ1 . The optimal steady state cost: E[|x|] ≈ 11.6.
the state is greater than its mean value, the optimal policy does resemble the fluid
policy. In the next two figures we consider networks where the relative speed of
the third server is increasingly fast. Qualitatively, the same behavior is observed in
each case.
7. A Policy for Discrete Queueing Networks
We conclude this paper with a proposed approach to the scheduling problem
for the real system model of interest, which is typically a network with discrete
customers. To obtain a suitable policy we search for some method of translating
the continuous control to the discrete network. In the past dozen years much
research has concentrated on the optimal control of networks in heavy traffic, where
a Brownian system model may be used to approximate network behavior. One again
faces the problem of translating the continuous control for the Brownian model to
the original discrete network. In Harrison’s recent treatment of the scheduling
problem presented in [Har96], the author states that
“...optimal control policies for Brownian system models, even if they
can be determined, do not translate in any obvious way into implementable control policies for the more finely structured processing
network models of original interest.”
We face the same problem when given an optimal control for a fluid model. Although the synthesis of an optimal control for a fluid model appears to be easier
than the synthesis problem for a Brownian model, the problem of translation is at
least as difficult.
The examples given in [JGDZ96] indicate that the unmodified fluid policy may
perform poorly on the discrete network model. In fact, for the example treated in
Section 6 the unmodified optimal fluid policy cannot be optimal for the discrete
network since with this policy the controlled network possesses a sub-optimal fluid
limit model! To see this, suppose that the state is initially large with Φ1 (0)  Φ3 (0),

20

SEAN MEYN

and that Φ2 (0) = 0, so that buffer one is scheduled for service at time 0. Once the
service at buffer one is complete, the second buffer will then receive a customer,
and hence Φ2 will no longer be zero. Assuming that the policy is implemented in a
pre-emptive/resume manner, the next customer at buffer one cannot receive service
until buffer two has completed its service at which time it is once again empty. This
cycle will repeat until the first time that Φ1 ≤ Φ3 . It follows that the fluid limit of
this policy satisfies
u2 (t) =

1/µ2
< 1,
1/µ1 + 1/µ2

whenever φ2 = 0, φ1 /φ3 > 1.

This differs from the optimal fluid policy, which never allows the bottleneck to idle
when φ1 + φ2 > 0.
There are many polcies which do give rise to the optimal fluid policy. One such
policy is defined as follows: serve buffer one at time k if and only if either buffer
three is equal to zero, or
Φ1 (k) > Φ3 (k) − C + D exp(Φ2 (k)),
where C and D are positive constants. When the state Φ(k) is large, buffer one will
receive service beginning at time k if Φ1 (k) > Φ3 (k), and Φ2 (k) = O(log(|Φ(k)|)) =
o(|Φ(k)|). This ensures that the second buffer is never starved of work, so that
the fluid limit model does satisfy u2 (t) ≡ 1 whenever φ1 (t) + φ2 (t) > 0. In the
experiments that we have conducted, we have found that the optimal policy is
similar in form to this policy.
In this section we describe a simple approach based upon an affine shift of the
fluid policy which gives excellent results in the examples we have considered. This
approach is similar to the modification of LBFS to form the “least slack policy”
[LRK94], but is more generally applicable since the re-entrant line structure is
not required. The approach described here is applicable to virtually any routing or
scheduling problem for discrete networks with probabilistic routing.
In the paper [FZ96] the authors similarly argue that a tractable solution to a
network control problem is found by first considering a deterministic fluid control
problem. The setting there is different in that instead of considering large states,
the authors examine the case of relatively frequent machine breakdowns.
For the general fluid network model, it may be shown that there are linear
switching curves which define the optimal policy. Assume for simplicity that the
policy is of the form
serve buffer j at machine σ if j = arg maxi:s(i)=σ {γi 0 x}
where {γi } are vectors in Rk , and x is the state of the system. One approach then
is to use the policy
serve buffer j at machine σ if j = arg maxi:s(i)=σ {γi 0 (x − x̄)}
where x̄ is a constant in RK
+ which defines an affine shift of the linear switching
curves found in the optimal fluid policy. By shifting the origin to the value x̄,
the resulting policy draws the state towards this value whenever the state becomes
large. One again faces the problem of choosing the shift x̄. By examining the
optimal policies in several examples the mean value x̄ = E[x] is suggested. The
resulting policy thus has the appealing interpretation that it attempts to regulate
the state around its optimal mean value. We have no proof that this approach will
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be effective in general, but the examples we have considered give motivation for
further study.
We conclude with three experiments based upon the two machine example
illustrated in Figure 4. The network parameters are identical to those used in the
three examples given in Section 6 with ρ1 = 9/11 and ρ2 = 9/10. We take the
crude estimate x̄ = (3, 7, 3)0 for the mean so that we can apply the same policy
in each experiment. This mean corresponds to a steady state cost of E[|x|] = 13,
which is at least 10% greater than that obtained for any of the optimal policies. A
more highly tuned value for x̄ may give better results, but we have not tried other
values. With this value of x̄ we obtain the policy
(7.1)

serve buffer 1 at machine 1 if x2 − 7 ≤ 0 and x1 − 3 ≥ x3 − 3.

A drawback to this policy is that it requires numerous switchovers between buffers
one and three. This is easily resolved by making switching decisions on a time
scale greater than the time scale of the service times as in the BIGSTEP method
of [Har96].
In the case where the first buffer (last buffer) is fast, we find that FBFS (LBFS)
is nearly optimal, although no priority policy performs as well as the policy (7.1).
The most interesting case tested is where µ1 = µ3 . The data presented in Figure 9
shows the loss for each policy p in this balanced case. The values are in percentage,
Loss (p) = 100 × [(Jnp (θ)/Jn∗ (θ)) − 1]
where Jnp (θ) is the cost using the specific policy p, and Jn∗ (θ) is the optimal cost.
We again take n = 7, 000. It is seen that the policy (7.1) is within 5% of the optimal
cost, while LBFS and FBFS perform far worse.
15
12

Fluid Policy With Shift
LBFS
FBFS

9
6

µ1 = µ 3

3
0

Figure 9. The loss in percentage of three policies compared with
the optimal cost. The policy (7.1) is within 5% of the optimal cost.
Figure 10 gives a more complete comparison of the statistics of the controlled
network using the policy (7.1), the optimal policy, and the two priority policies. It is
seen here that the state is regulated in the mean near the target value x̄ = (3, 7, 3)0 .
Using this policy the standard deviation at each buffer is also less than that of the
optimal policy.
For completeness we present in Figures 11 and 12 comparative data in the unbalanced case where either the first or last server is fast. We see that similar results
continue to hold: the policy (7.1) is always near-optimal; the state is regulated in
the mean to the value x̄; and the standard deviation of buffer levels is also well
behaved.



22

SEAN MEYN

Optimal Policy, Jn(θ)= 11.01

Last Buffer-First Served, Jn (θ)= 12.50

Fluid Policy With Shift, Jn(θ)= 11.55

First Buffer-First Served, Jn (θ)= 12.66
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Figure 10. A comparison of four policies. The first machine is
balanced with λ/µ1 = λ/µ3 .
8. Conclusions
This paper reveals some appealing connections between optimization of discrete
networks and their fluid models. To make this a practical approach to scheduling
there are many unresolved issues such as,
1. Can we bound the complexity of optimal fluid policies?
2. Can the performance of a suboptimal policy based upon the fluid optimal
policy be bounded, say, through a linear program?
3. Is the suboptimal policy stable?
4. Is there a connection between this approach and that based upon a Brownian
approximation?
This paper invites more questions than it answers, but hopefully the reader will
agree that they are interesting questions.
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Optimal Policy, Jn(θ)= 10.97

Last Buffer-First Served, Jn (θ)= 14.04

Fluid Policy With Shift, Jn(θ)= 11.77

First Buffer-First Served, Jn (θ)= 11.92
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Figure 11. A comparison of four policies when last buffer is slow:
λ/µ1 = 23 ρ1 , λ/µ3 = 13 ρ1 .
Optimal Policy, Jn(θ)= 11.56

Last Buffer-First Served, Jn (θ)= 11.74

Fluid Policy With Shift, Jn(θ)= 11.70

First Buffer-First Served, Jn (θ)= 14.42
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Figure 12. A comparison of four policies when the last buffer is
fast: λ/µ1 = 13 ρ1 , λ/µ3 = 23 ρ1 .
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