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Abstract— The purpose of this paper is to develop
methods for model reduction for diffusion processes
that exhibit cyclic behavior. For this purpose we extend
techniques based on the spectral theory of Markov
processes to the case of complex spectra. The main idea
is to augment the state process for the diffusion with
a clock process. For each complex eigenvalue for the
original diffusion there exists a real eigenvalue for the
augmented process. Results concerning metastability (or
quasi-stationarity) are then applied to the augmented
process. For the special case of a linear diffusion in two
dimensions, this is analogous to analyzing the process in
a rotating coordinate frame. The results are illustrated
through a linear diffusion, and an empirical model of
combustion dynamics.

I. I NTRODUCTION

Extensions of the classical Wentzell–Freidlin theory
for model reduction have appeared in numerous papers
over the past decade. Much of this work has concerned
Markov processes that are reversible [14], [5], [2], [9],
[3], [4]. The goal in these papers is to understand the
statistics of exit times from a given subset of the state
space.

Some results for non-reversible Markov chains are
available. Fill’s paper [8] extends the convergence-rate
bound of Diaconnis and Stroock [6] to non-reversible
Markov chains. For this purpose the transition matrix
is replaced by its symmetrization, and the rate of
convergence is bounded by the eigenvalues of the
resulting self-adjoint matrix. These ideas are the basis
of [10] that establishes exit time statistics from a set
for a discrete-time non-reversible Markov chain.

Extensions of Wentzell–Freidlin theory to non-
reversible processes appeared for the first time in [10].
The foundation of this paper is the theory of quasi-
stationarity, building on the work of [7]. The main idea
of [10] can be summarized as follows: Suppose that
X = {X(t) : t ∈ T} is a diffusion process evolving
on X = Rd, with transition semigroup denoted{P t :
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t ∈ T}. We say thatΛ is an eigenvalue with (non-zero)
eigenfunctionh if for each t,

P th = eΛth

Suppose thatΛ is real and negative. In this case we can
assume thath is also real-valued, and we also assume
that it is continuous. We would like to considerDoob’s
h-transform, P̌ t := e−ΛtI−1

h P tIh, where Ig is the
multiplication operator: For eachx ∈ X andA ⊂ X

we haveIg(x,A) = g(x)I{x ∈ A}. Theh-transform,
like importance-sampling, is intended to lead to a new
Markov model whose properties provide insight into
the problem of interest. Unfortunately{P̌ t} is not a
valid Markov semigroup sinceh may take on negative
values. Instead we consider the following restricted
definition.

Let M denote a connected component of the set
{x : h(x) > 0}. We letT• = inf(t > 0 : Y (t) ∈ M

c),
and for t ∈ T denotet• = t ∧ T•. The twisted semi-
group is defined for eacht ∈ T, x ∈ X, andA ∈ B
(i.e. A Borel measurable) via,

P̌ t(x,A) :=
1

h(x)
Ex

[

e−Λt•h(X(t•))I{X(t•) ∈ A}
]

(1)
Under general conditions, it is shown in [10] that the
twisted semi-group corresponds to a diffusion process
on M that is exponentially ergodic. Exponential er-
godicity of the twisted process then implies a form
of quasi-stationarity, and from this it follows that
the exit time fromM is approximately exponentially
distributed with parameter|Λ|.

The inspiration for consideration of the twisted
process was the work of [7], and techniques from the
large deviations analysis contained in [1], [11].

The main result of this paper is the extension of the
results of [10] to the case in whichΛ ∈ C is complex.
The main idea is to augment the state process for
the diffusion with a clock process. For each complex
eigenvalue for the original diffusion there exists a
real eigenvalue for the augmented process. Results
concerning metastability contained in [10] are then
applied to the augmented process.

This paper is organized as follows. In section II we
present the problem setup and augment the state space
with the clock process. Metastability of the twisted
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process is established in section III. In section IV we
present some examples.

II. SETUP

The setting described informally in the introduction
is adopted throughout the paper: It is assumed that
X = {X(t) : t ∈ T} is a diffusion process evolv-
ing on X = Rd, with transition semigroup denoted
{P t : t ∈ T}. Letting u denote the drift, andΣ
the covariance matrix, the differential generator (see
e.g. [12]) is defined forC1 functionsh : X → C by
Dh (x):=

∑

i

ui(x)
d

dxi
h (x) +

1

2

∑

ij

Σij(x)
d2

dxidxj
h (x) (2)

or, in more compact notation,

D = u · ∇ +
1

2
trace(Σ∆)

For eachβ > 0 the resolvent kernel is given as the
Laplace transform,

Rβ :=

∫

∞

0

e−βtP t dt. (3)

We writeR :=Rβ whenβ = 1.
It is assumed as in [10] that the diffusion isV -

uniformly ergodic: For a probability measureν on B,
some constantsb <∞ andΓ > 0, a functions : X →
[0,∞), and aV : X → [1,∞):

DV ≤ −ΓV + bs
R ≥ s⊗ ν.

(V4)

The second inequality in (V4) means that the function
s and probability measureν aresmall. This terminol-
ogy and the outer product notation are taken from [13].
This ‘smallness assumption’ is equivalently expressed,

R(x,A) ≥ s(x)ν(A), x ∈ X, A ∈ B.

Suppose thatD has a complex eigenvalueΛ, which
we write as

Λ = −Γ + iϑ

with Γ > 0, andϑ 6= 0, with associated eigenvector
h. Consider the clock process defined by,

Φ(t) = Φ(0)eiϑt, t ≥ 0, (4)

with initial condition restricted to the unit circle inC,
which is denotedU. The clock process is Markov, as
is the bivariate process,

Y (t) =

(

X(t)

Φ(t)

)

, t ≥ 0.

In fact Y is a diffusion on Y = X × U whose
covariance matrix fory is given by,

ΣY (y) := diag(Σ(x), 0). (5)

Throughout the paper we adopt the notationy =
(x, φ) for y ∈ Y, with x ∈ X, φ ∈ U.

We define for each realβ ∈ R the real-valued
function,

gβ(y) = Re
(

(eiβ/φ)h(x)
)

, y ∈ Y. (6)

Proposition 2.1: For eachβ ∈ R the functiongβ is
an eigenfunction for the processY , with eigenvalue
ΛY = −Γ.

Proof: The differential generator forX can be
extended in the obvious way toY . Given the simple
dynamics ofΦ we have for any functionf : U → C,

Df (φ) = iϑφf ′(φ)

With f(φ) = 1/φ the eigenfunction equation holds,

Df (φ) = −iϑφ/(φ)2 = −iϑf(φ), φ ∈ U.

Hence the generator applied togβ gives,

Dgβ (y) = Re
(

(eiβ/φ)Dh (x)
)

+ Re
(

−iϑ(eiβ/φ)h (x)
)

= Re
(

(eiβ/φ)Λh(x)

+ −iϑ(eiβ/φ)h (x)
)

= −Γgβ(y), y ∈ Y.

III. T HE TWISTED PROCESS

To define the twisted process we fixβ = 0 in
the definition (6), and letM denote a connected
component of{y : g0(y) > 0}. It is assumed that
this set has nice topological properties:M is equal to
the closure of its interior. Following [10], we define
T• = inf(t > 0 : Y (t) ∈ M

c), and the associated
twisted process as follows:

The twisted process is the Markov procesšY with
state spaceM whose semigroup is defined using (1)
based on the eigenfunctiong0. Equivalently, for each
f ∈ L∞(M), and anyx ∈ M,
P̌ sf (y) := Ěy[f(Y̌ (s))] =

1

g0(y)
Ey[g0(Y (s∧ T•))f(Y (s∧ T•)) exp((s∧ T•)Γ)]

The twisted process has a generator defined forC2

functionsf : Y → C by,

Ďf = g−1
0 D(g0f) + Γf. (7)
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Two key assumptions are imposed in [10]: First,
that the diffusion ishypoelliptic (which is used to
conclude that the resolvent possesses a density with
respect to Lebesgue measure). Second, it is assumed
that the gradient of the eigenfunction does not vanish
on the boundary ofM. The gradient assumption is
maintained here. To ensure thatY is hypoelliptic we
assume thatX is elliptic, meaning that its covariance
is strictly positive. These assumptions are collected
together as follows:

Σ(x) > 0,

∇xg0(y) = Re(φ−1∇h (x)) 6= 0, ∀y ∈ ∂M. (8)

It is not hard to see that the assumption (8) always
fails whenX is a diffusion in one-dimension. We see
in the next section that it does hold in many examples,
such as the linear diffusion in two or more dimensions.

The following result is a consequence of Theo-
rem 3.7 of [10]. The reader is referred to this paper
for a precise definition of metastability — Its main
conceptual conclusion is that the exit timeT• is
approximately exponentially distributed, and that the
process ‘almost’ reaches a ‘local’ steady-state prior to
exiting M.

Theorem 3.1: Assume that (V4) is also satisfied for
a continuous functionV : X → [1,∞). Suppose that
h is an eigenfunction with complex eigenvalueΛ =
−Γ + iϑ satisfying the following conditions:
(a) 0 < Γ < Γ.
(b) g0(y) > 0 for all x ∈ M, and g0(x) = 0 for
x ∈ ∂M := M̄ \ M.

(c) Condition (8) holds. Consequently, fory ∈ ∂M,
(∇g0(x))

TΣY (y)(∇g0(y)) > 0.
(d) Kn := {x ∈ X : V (x) ≤ ng0(x)} is a compact

subset ofX for eachn ≥ 1.
Then,
(i) The escape-time fromM for the twisted process

is infinite a.s. forY̌ (0) = y ∈ M;
(ii) The twisted process išV1-uniformly ergodic

with V̌1(y) = V (x)/g0(y), y ∈ Y.
(iii) The set M is both metastable andV -

metastable, with exit rateΓ(M) = ΓV (M) = Γ.
In particular,

E[eεT• ]

{

= ∞ if ε ≥ Γ

<∞ otherwise.
⊓⊔

The proof of Theorem 3.1 amounts to establishing a
version of (V4) for the twisted process. We can follow
the same steps as in [10] to construct the required
Lyapunov function.

For a given0 < α < 1 write

V̌1 := g−1
0 V, V̌2 := g−1

0 gα0 , and V̌ := V̌1 + V̌2 .

We denoteG0 = log(g0), whereg0 is the eigenfunc-
tion for Y . From (V4) and the eigenvector equation
we have,

ĎV̌1 = [I−1
g0

DIg0 + ΓI]g−1
0 V

= g−1
0 [DV + ΓV ]

≤ −(Γ − Γ)V̌1 + bg−1
0 s

ĎV̌2 = [I−1
g0

DIg0 + ΓI]g−1+α
0

= g−1
0 [Dgα0 + Γgα0 ]

= αgα−1
0 [Γ − 1

2
(1 − α)∇GT

0ΣY∇G0].

Following arguments in [10], we obtain a version of
(V4) for the twisted process: For a finite constantb0,
and a compact setS ⊂ M,

ĎV̌ ≤ −
1

2
(Γ − Γ)V̌ + b0IS .

IV. EXAMPLES

We discuss an analytic example as well as an
example motivated by an empirical model of limit-
cycling combustion dynamics.

A. Ornstein-Uhlenbeck process

Consider the Ornstein-Uhlenbeck process,

dX (t) = AX(t) dt+ dW (t), (9)

where W is a full-rank Gaussian process. Suppose
that Λ is a complex eigenvalue, andv a (non-zero)
left-eigenvector forA, satisfying

ATv = Λv.

The generator forX shares this eigenvalue, and the
functionh(x) = vTx is an eigenfunction:

Dh (x) = (Ax)T∇h (x) +
1

2
trace(Σ∆h (x))

= xTATv = Λh(x).

We now check to see if (8) is satisfied. We have,

∇xg0(y) = Re(φ−1v), y = (x, φ) ∈ Y.

This is zero if and only if Re(φ−1vk) = 0 for each
k = 1, . . . , n. If this holds for someφ ∈ U, it then
follows that v∗ = iφ−1v is a purely real eigenvector
for A, which is impossible sinceΛ is complex. We
conclude that (8) is satisfied.

Consider the two-dimensional model with

A =

[

−a 1
−1 −a

]
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where a > 0. The matrix A possesses a pair of
complex eigenvalues in the left-hand complex plane,
satisfyingΓ = a:

eig(A) = −a± i.

A left eigenvector forA is given by vT = [−1, i],
which gives

Re(e−jtvTX(t)) = cos(t)X1(t) + sin(t)X2(t).

If X(0) satisfies Re(vTX(0)) > 0, we can expect
that Re(e−jtvTX(t)) > 0 for a period of time ap-
proximately exponentially distributed, with mean1/a.
Applying Theorem 3.1 we conclude that the first exit
time T• = inf(t > 0 : Re(e−jtvTX(t)) = 0)
shares the following property with the exponential
distribution:

E[eεT• ]

{

= ∞ if ε ≥ a

<∞ otherwise.

⊓⊔

B. Empirical Model of Limit-Cycling Combustion Dy-
namics

We apply the analysis to a Markov model describing
the nonlinear dynamics of limit-cycling combustion
oscillations. The data was obtained from an exper-
imental combustion rig described in [16]. The two-
dimensional phase space was obtained as in [17] as
follows. A POD analysis was done on the temporal
flame images and the data was projected on to the
first two dominant POD modes. The dynamics of the
flame data projected on to this two-dimensional space
is shown in Figure 1. The phase portrait shows a noisy
limit-cycle where the direction of oscillation is in the
clockwise direction.

A discrete time Markov model was constructed
for the dynamics on this two-dimensional space. The
eigenvalues are shown in Figure 2. The complex
eigenvalues suggest cyclic behavior and a metasta-
bility analysis can be done using the corresponding
eigenfunctions as described in the previous sections.

We describe the metastable sets associated with the
eigenvalues shown on the right in Figure 2. In partic-
ular, the eigenvalue atλ := |λ|eiψ = 0.98 + j0.995
is associated with an eigenfunction that varies in the
tangential direction and has no radial variation. The
associated eigenvectorh(x) is complex as shown in
Figure 3. We take the clock process to be the discrete
time equivalent of (4),

φk = eiψkφ0, k = 1, 2, . . . ,
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Fig. 1: Phase space showing a noisy limit-cycle of combustion
dynamics. The oscillations move in a clockwise direction.
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Fig. 2: Eigenvalues of the Markov matrix associated with the
combustion dynamics data shown in Figure 1.

whereψ is the angle of the eigenvalueλ. Settingφ0 =
1, the eigenfunction of the associated twisted process
is

g0(y) = Re
(

e−iψkh(x)
)

, y = (x, φ) ∈ Y.
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Fig. 3: The complex eigenvectorh(x) (magnitude on right, phase
angle on left) associated with the complex eigenvalueλ = 0.98 +
j0.995 shown in Figure 2.

The plot in Figure 4 shows the sign ofg0(y) for dif-
ferent phase-shifts (i.e, after multiplication bye−iψk

for different values ofk.). Note how the sets with
positive support and negative support rotate around the
phase space and the exit time marks the point when the
system exits one of these rotating sets (i.e., exhibits a
phase-shift in its oscillations).
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Fig. 4: The sign of the eigenfunction with a complex eigenvalue
close to the unit circle, rotating with incremental phase-shifts ofπ
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4
.

The eigenvalueλ = 0.89 is purely real and hence
has a purely real eigenvector with no tangential vari-
ation, but variation in the radial direction. The sign
of the eigenvector is shown in Figure 5. Since the
eigenvalue is real, this eigenvector is not associated to
any cyclic behavior. This eigenvector and the related
exit time simply indicates when the system moves
from a state of low amplitude oscillation to high
amplitude oscillation, and vice-versa.
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Fig. 5: The sign of the radial eigenvector of the Markov matrix.

Finally, the complex eigenvalueλ = 0.851 + j0.99
has an eigenvector exhibiting both tangential and
radial components. Note again how the metastable set
rotates around the phase-space, as indicated by the
phase-shifted sign of the eigenvector shown in Figure

6.
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Fig. 6: The sign of the eigenvector with tangential and radialvari-
ation, shown rotating with incremental phase-shifts ofπ

4
between

0 and 3π

4
.

By examination of the magnitudes of the eigen-
values, the eigenvectors associated with these three
metastable sets have decreasing mean exit times. This
is intuitively confirmed by the fact that the sets be-
come increasingly complicated. A hierarchy of such
sets along with the spectral properties of the Markov
matrix can be used to construct a reduced order model
of the measured process through techniques described
in [15].

V. CONCLUSION

We have presented a framework for analysing
Markov models with semi-rotational dynamics by
considering the complex spectra, and illustrated the
approach using an application involving limit-cycling
combustion oscillations. The ultimate goal of this
research is to construct low order models that cap-
ture essential structure, such as the hidden Markov
models proposed in [10]. The most interesting open
problems are application specific. For example, can we
justify the consideration of a two-dimensional model
obtained from POD coefficients? If not, what are
alternative approaches to treat the full-order Markov
model?
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Markus Klein. Metastability in reversible diffusion processes.
I. Sharp asymptotics for capacities and exit times.J. Eur.
Math. Soc. (JEMS), 6(4):399–424, 2004.
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