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Abstract— This paper addresses model reduction for a
Markov chain on a large state space. A simulation-based
framework is introduced to perform state aggregation of the
Markov chain based on observations of a single sample path.

The Kullback-Leibler (K-L) divergence rate is employed as a
metric to measure the distance between two stationary Markov
chains. Model reduction with respect to this metric is cast as an
infinite-horizon average cost optimal control problem. In this
way an optimal policy corresponds to an optimal partition of
the state space with respect to the K-L divergence rate.

The optimal control problem is simplified in an approximate
dynamic programming (ADP) framework: First, a relaxation
of the policy space is performed, and based on this a pa-
rameterization of the set of optimal policies is introduced.
This makes possible a stochastic approximation approach to
compute the best policy within a given parameterized class.
The algorithm can be implemented using a single sample path
of the Markov chain. Convergence is established using the ODE
method. Examples illustrate the theoretical results, and show
remarkably low variance and fast convergence.

I. I NTRODUCTION

Markov chain models are important to a number of appli-
cations in biology [1], computer science [2], economics [3]
and building systems [4]. A fundamental problem for many
of the Markov models that arise in applications is the large
dimension of the state space. For example, Markov models
of agent movement in a large building may have millions of
states [5]. Aggregation of states represent perhaps the most
straightforward approach to model reduction for Markov
chains. It can be justified using a singular perturbation
framework (see [6]) fornearly completely decomposable
Markov chains (NCDMC) [7], [8].

In recent years, spectral methods have become popular
for state aggregation problems [9]–[12]. These methods have
been applied in diverse settings: [9] considers analysis of
the nonlinear chaotic dynamics of Chua’s circuit model,
[10] concerns molecular models, and [4] treats transport
phenomena in buildings. In each of these applications, the
sign structure of the second eigenvector is used to obtain the
partition information for defining super-states. The technique
is closely related to the notion ofcut in spectral graph
theory (see [13]) and decomposition algorithms are popu-
lar in image segmentation [14], clustering [15] and graph
partitioning [16].

The problem with a spectral-based solution of the aggre-
gation problem is that it requires eigenvectors of the Markov
chain, a difficult task for large dimensional problems. In
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many applications, the Markov chain is so large that it
can only be used for simulations from an given initial
condition [17]. Due to the high dimensionality of the state
space, it may not be even possible to store the eigenvector
let alone compute it. This motivates methods for model
reduction via simulation and learning, the topic of this paper.
In fact, a simulation based algorithm obtained as a variant of
Oja’s algorithm was introduced in [18]. Although consistent,
the algorithm suffers from high variance.

The paper builds on earlier work reported in our recent
paper [19]. There, we propose the use of Kullback-Leibler
(K-L) divergence rate metric (see [20], [21]) for aggregating
stationary Markov chains. A reduced order Markov model
is obtained as a solution of an optimization problem with
respect to this metric. Taking the bi-partition problem as an
example, the solution is shown to be given by sign-structure
of the second eigenvector consistent with the spectral theory
of Markov models.

To confront the complexity issues, in this paper, we
formulate the model reduction problem as an infinite-horizon
average cost optimal control problem. The control objective
is to obtain the partition function (policy) that minimizes
the K-L metric (average cost). For small problems, model
reduction can be obtained by directly using the methods of
dynamic programming (DP). The key advantage of a DP
based formulation, however, is that a number of simulation-
based approximation methods exist to approximate the opti-
mal value function and learn an optimal partition [22].

Based on these methods, the model reduction problem is
simplified in an approximate dynamic programming (ADP)
framework. First, a relaxation of the policy space is per-
formed, and based on this a parameterization of the set
of optimal policies is introduced. This makes possible a
stochastic approximation approach to compute the best pol-
icy within a given parameterized class. The algorithm can
be implemented online by simulating a single sample path.
At each step in the iteration, the algorithm requires only a
small number of calculations even for large problems. Con-
vergence properties are established using standard stochastic
approximation arguments (in particular, the ODE method),
and illustrated with the aid of examples.

The outline of this paper is as follows. In Section II
and III, the K-L metric and model reduction formulae
from [19] are briefly reviewed. Section IV introduces the
dynamic programming formulation of the K-L metric based
model reduction problem. In Section V, a simulation-based
algorithm for the DP is outlined along with a discussion of
its convergence properties. In Sections VI and VII, examples
and conclusions are described, respectively.



II. M ETRIC

A. Preliminaries and notations

We consider a first-order homogeneous Markov chainXt
defined on a finite dimensional state spaceN = {1, 2, . . . , n}
(see [23] for terminology). The following notations are
adopted throughout the paper: The state value at timet

is denoted asX(t), the initial conditionX(0) is denoted
as x0 ∈ N , and the sequence{X(1),X(2), . . . ,X(l)} is

denoted asX l
1 ∈ N l, whereN l ∆

= N ×· · ·×N is then-fold
Cartesian product.P(N l) denotes the space of probability
distribution onN l and ν0 ∈ P(N ) is used to denote the
initial distribution of x0. The transition probability between
states is described by an×n stochastic matrixP whoseijth

entry is given by

Pij = Prob(X(t+ 1) = j | X(t) = i), i, j ∈ N .

Assumption 1 All Markov chains considered in this paper
are ergodicchains, i.e. they are irreducible and aperiodic.

Under Assumptions 1, a Markov chain is further said to
bestationaryif it has a uniquestationary distributionπ such
that

π = πP,

where πi > 0 for all i ∈ N . We use the tuple(π, P )
to denote a stationary Markov chainP with a stationary
distributionπ.

B. K-L divergence rate for Markov chains onN

For two stationary Markov chains(π, P ) and (̟,Q)
defined on the same state spaceN , the K-L divergence rate
is given by following formula (see [21]):

R(P ‖ Q) =
∑

i,j∈N

πiPij log

(

Pij

Qij

)

. (1)

To ensureR(P ‖ Q) is finite, we requireP to beabsolutely
continuousw.r.t. Q, i.e.Qij = 0 ⇒ Pij = 0.

C. K-L divergence rate for Markov chains on different state
spaces

For model reduction, it is of interest to compare two
Markov chainsP andQ defined onN andM respectively.
The relationship betweenN and M is described by a
partition functionφ.

Definition 1 (partition function) Let N = {1, 2, . . . , n}
and M = {1, 2, . . . ,m} be two finite dimensional state
spaces withm ≤ n. A partition functionφ : N 7→ M is
a surjective function fromN ontoM. For k ∈ M, φ−1(k)
denotes thekth group inN .

Since we already have a formula for comparing two
Markov chains on the same state space (see (1)), the strategy
is to use the partition functionφ to lift the Markov chainQ
to the original state spaceN . The lifted Markov chain is
denoted aŝQ.

Definition 2 (µ-lifting of Q) Let φ be a partition function
on N and µ be a probability measure onP(N ). Let M
denote the range ofφ andQ be a Markov transition matrix
on M. Thenµ-lifting of Q under the partition functionφ is
a Markov matrix onN defined as

Q̂
(µ)
ij (φ) =

µj
∑

k∈ψ(j) µk
Qφ(i)φ(j), i, j ∈ N (2)

whereψ(j) = φ−1 ◦ φ(j) ⊂ N denotes the set of states
belonging to the same group as thejth state.

The definition of the K-L divergence rate is extended to
two chains ondifferent state spacesusing the lifted chain:

Definition 3 Let (π, P ) denote a stationary Markov chain
on N and (̟,Q) a Markov chain onM. Then

R(φ)(P ‖ Q)
∆
= min
µ∈P(N )

R(P ‖ Q̂(µ)(φ)), (3)

whereQ̂(µ)(φ) denotes theµ-lifting of Q under the partition
functionφ.

The minimum of (3) can be obtained by takingµ = π,
the stationary distribution ofP :

Theorem 1 (Theorem 1 in [19]) Suppose that(π, P ) is a
stationary Markov chain onN , φ is a partition function
with range M with m ≤ n, and (̟,Q) is a stationary
Markov chain onM. Then, there is a unique matrix̂Q(µ∗)

that achieves the minimum in(3). The optimizerµ∗ can be
taken as the stationary distribution ofP :

π ∈ arg min
µ∈P(N )

R(P ‖ Q̂(µ)(φ)).

Proof: See [19].

III. O PTIMIZATION PROBLEM

A. Problem statement

Let (π, P ) be a given stationary Markov chain onN . The
m-partition problem, is to find the partition functionφ :
N 7→ M and the optimal aggregated Markov chain(̟,Q)
such thatR(φ)(P ‖ Q) is minimized:

min
φ,Q

R(φ)(P ‖ Q)

s.t.
∑

l∈MQkl = 1, k ∈ M
Qkl ≥ 0, k, l ∈ M

(4)

whereR(φ)(P ‖ Q) = R(P ‖ Q̂(π)(φ)) and constraints arise
due to stochastic property of the Markov transition matrix.

The optimization problem (4) is amixed-integer nonlinear
program. In general, it is intractable for Markov chains with
large state space.



B. Optimal solution ofQ

It turns out that the main difficulty in solving (4) is
in finding the optimal partition functionφ. The following
theorem shows that for a fixed (say an optimal) partition
function, the solution ofQ that solves (4) can be easily
obtained.

Theorem 2 (Theorem 3 in [19]) Let (π, P ) be a given
Markov chain onN . For a given partition functionφ : N 7→
M, the optimal solution ofQ is given by

Q∗
kl(φ) =

∑

i∈φ−1(k)

∑

j∈φ−1(l) πiPij
∑

i∈φ−1(k) πi
, k, l ∈ M (5)

where the stationary distribution ofQ∗ is given by

̟∗
k(φ) =

∑

i∈φ−1(k)

πi, k ∈ M.

Proof: See [19].
Using Theorem 2, we simplify them-partition problem to

only finding theoptimal partition functionφ∗ such that,

φ∗ ∈ arg min
φ:N 7→M

R(φ)(P ‖ Q∗(φ)), (6)

whereQ∗(φ) is the optimal aggregated Markov chain (5). We
refer toR(φ)(P ‖ Q∗(φ)) as theK-L metric for the partition
function φ.

C. Algorithms for finding the optimal partition function

In [19], we consider the bi-partition (m = 2) problem for
(4). After relaxing the integer constraints on the partition
function, the optimization problem is shown to lead to a
spectral partition with respect to the second eigenvector of
a certain symmetric matrix related toP . A recursive bi-
partition algorithm is also described to solve the multi-
partition problem in a sub-optimal way.

IV. A D YNAMIC PROGRAMMING FORMULATION

Consider a stationary Markov chain(π, P ) defined on a fi-
nite state spaceN with n =| N |. Let Φ = {φ1, φ2, . . . , φL}
denote the collection of all possible partition functions de-
fined onN . For am-partition problem,L = mn.

A. K-L metric as an average cost

At statei ∈ N , we define theone-step costas,

gi(φ) =
∑

j∈N

Pij log

(

Pij

Q̂
(π)
ij (φ)

)

, (7)

whereφ ∈ Φ, Q̂(π)(φ) denotes theπ-lifting of Q∗(φ) (see
(2)), andQ∗(φ) is the optimal aggregated Markov chain (5)
for (π, P ) with the partition functionφ.

The average costis defined as,

λ(x0;φ) = lim
T→∞

1

T
E

[

T−1
∑

t=0

gX(t)(φ)

]

,

whereX(t) ∈ N denotes the state at timet with X(0) = x0.

For a stationary Markov chain(π, P ), the average cost
λ(x0;φ) is well defined for any partition functionφ ∈ Φ
and does not depend on the initial statex0. It is given by,

λ(φ)
∆
=
∑

i∈N

πigi(φ). (8)

Substituting (7) into (8), we find that the average costλ(φ)
is just the K-L metric with the partition functionφ (see (1)
and (3)).

The optimization problem (6) now is,

φ∗ ∈ arg min
φ∈Φ

λ(φ), (9)

where optimal partition functionφ∗ is the one that achieves
the minimum, andλ∗

∆
= λ(φ∗) denotes theoptimal average

cost.

B. Dynamic programming

We recast the model reduction problem (6) as an optimal
control problem: The control objective is to obtain a sta-
tionary policy, the partition functionφ∗, that achieves the
minimal average cost (see (9)).

For any statei ∈ N and policyφ ∈ Φ, we define the
differential cost functionhi(φ) as,

hi(φ) = E

[

T−1
∑

t=0

(gX(t)(φ) − λ(φ)) | X(0) = i

]

,

whereλ(φ)) is given in (8), andT = min{t > 0 | X(t) = s}
is the first future time thatreference states is visited. With
this definition, we always havehs(φ) = 0. Since(π, P ) is a
stationary Markov chain, the reference states can be taken
as any fixed state inN . The differential cost functionhi(φ)
captures the relative difference of starting the process instate
i, rather than in the reference states. It follows that the vector
h(φ)

∆
= [h1(φ), h2(φ), . . . , hn(φ)] is the unique solution to

the following Poisson equation (see e.g. [23]),

g(φ) = λ(φ)e+ (I − P )h, (10)

wheree
∆
= [1, 1, . . . , 1], andI denotes the identity matrix.

For the optimization problem (9), although there may exist
several optimal polices, there only exists a unique vectorh∗

such that, for all optimal policesφ∗, we haveh(φ∗) = h∗.
We refer toh∗ as theoptimal differential cost vector. The
theory of dynamic programming asserts that the optimal
differential cost vectorh∗ is the unique solution to the
following Bellman equation,

hi = min
φ∈Φ







gi(φ) − λ∗ +
∑

j∈N

Pijhj







, i ∈ N\{s}

andhs = 0, whereλ∗ = λ(φ∗) is the optimal average cost.
The optimal differential cost vector as well as the optimal

policies can be obtained using standard dynamic program-
ming methods, i.e., value or policy iteration algorithms [22].
For a stationary Markov chain, these algorithms are guaran-
teed to converge to an optimum. However, a direct imple-
mentation of these algorithms is impractical because of the



curse of dimensionality [24]. The curse here arises not only
due to the large sizen of the state spaceN but also the even
larger sizeL of the partition function spaceΦ.

V. AGGREGATION VIA LEARNING

There are two separate complexity related issues. The first
issue is the large numberL of partition functions. The second
issue is the large sizen of the state space. To confront the first
issue, a parametric representation is described to represent
partition functions in terms of a small number of parameters.
For the second issue, a simulation-based method is described
based on a single sample path of the Markov chain.

A. Parameterizations of randomized partition policy

A randomized partition policy is defined as a mapping,

η : N → [0, 1]L,

where componentηφ(i) is the probability that the partition
functionφ is assigned to statei. We have

∑

φ ηφ(i) = 1 for
all i ∈ N . The partition policy is said to be deterministic if
for every statei, there is a single partition functionφ(i) such
that ηφ(i)(i) = 1. If the functionφ(i) is the same for alli
then the policyη yields a partition of the spaceN .

The problem is thatL is very large, i.e.,L = mn

for the m-partition problem. So, following the consid-
erations of [25], we introduce a parameter vectorθ

∆
=

[θ1, θ2, . . . , θK ] ∈ R
K whereK is of moderate size. The

remainder of the discussion of this subsection follows closely
after Section VI in [25].

For θ ∈ R
K , we associate a randomized partition policy

ηφ(i, θ) where
∑

φ ηφ(i, θ) = 1. For everyi ∈ N and θ ∈
R
K , the expected cost per stage is defined as,

gi(θ) =
∑

φ∈Φ

ηφ(i, θ)gi(φ). (11)

Then the average cost is defined as,

λ(θ) = lim
T→∞

1

T
E

[

T−1
∑

t=0

gX(t)(θ)

]

.

For a stationary Markov chain(P, π), we have,

λ(θ) =
∑

i

πigi(θ). (12)

Then the optimization problem can be expressed as,

θ∗ ∈ arg min
θ∈RK

λ(θ), (13)

and θ∗ defines an optimal randomized policyηφ(i, θ∗).
Furthermore, ifηφ is deterministic and independent ofi then
a partition function can be uniquely obtained fromηφ.

In practice, the policy is independent ofi because the
Markov chainP does not depend upon the partition function
φ. A numerical solution will in general, however, only lead
to a partition function with high probability determined by
ηφ(θ). This is discussed in a greater detail in Section VI with
the aid of numerical examples.

B. Parametric representation for the bi-partition problem

Let M = {1, 2} denote the reduced aggregated state space
with two superstates. For the bi-partition problem, a partition
function φ : N → M can take only two values,1 and
2 for any statei. We consider the parameter vectorθ

∆
=

[θ1, . . . , θn] ∈ R
n, whereθi decides the group assignment

for the statei ∈ N . In particular, we use 1
1+exp(Mθi)

to
reflect the probability thatφ(i) = 1, whereM > 0 is some
positive constant. This gives a randomized partition policy

ηφ(i, θ) =
1

1 + exp(Mθi)
1lφ(i)=1 +

exp(Mθi)

1 + exp(Mθi)
1lφ(i)=2,

(14)
where1lφ(i)=1 is 1 if φ(i) = 1 and0 otherwise, and similarly
for 1lφ(i)=2.

In the remainder of this paper, we will consider only the
bi-partition problem with representationηφ(i, θ) in (14). The
general case is similarly handled but the bi-partition case
allows for a simpler discussion of the main ideas.

Lemma 3 Assume we choose the parametric representation
as in (14). Then, for anyi ∈ N , the functionλ(θ) defined
in (12) is bounded from below (i.e.λ(θ) ≥ 0), twice
differentiable w.r.t.θ, and has bounded first and second
derivatives for allθ ∈ R

n.

Proof: For each statei ∈ N , gi(φ) ≥ 0 by its definition
(7), andηφ(i, θ) is a positive globally LipschitzC∞ function
with respect toθ.

By Lemma 3, we know that the gradient ofλ(θ) with

respect toθ is well defined (we denote∇
∆
= ∇θ for short),

∇λ(θ) =
∑

i∈N

πi∇gi(θ),

where
∇gi(θ) =

∑

φ∈Φ

∇ηφ(i, θ)gi(φ). (15)

C. An idealized gradient-descent algorithm

Since the gradient ofλ(θ) can be exactly computed, we
could use the gradient-based method to solve the uncon-
strained optimization problem (13) in the whole real space
R
n. An idealized gradient-decent algorithm is given here to

update the parameterθ,

θ(t+1) = θ(t) − γt∇λ(θ(t)). (16)

Using Lemma 3, we know the∇λ(θ) is a bounded
globally Lipschitz function onRn. Under suitable conditions
on the stepsizeγt, one can show thatlimt→∞ ∇λ(θ(t)) = 0
andθ(t) converges to a finite value (see [24, Prop. 4.3.2]).

However, each iteration of the idealized gradient-descent
algorithm involves a burdening computation of the averaged
gradient term∇λ(θ(t)) based on each gradient∇gi(θ(t))
over the entire state space (see Fig. 1). Significant computer
resources must be allocated in order to store a large number
of iteration values and compute this averaged gradient.



Fig. 1. Idealized gradient-descent algorithm: The parameters are updated
using the gradient of the average cost evaluated on the entire state space.

Fig. 2. Simulation-based gradient-descent algorithm: The parameters are
updated using the gradient of the one-step cost only evaluated on the
currently visited state.

D. A simulation-based gradient-descent algorithm

A simulation-based (stochastic-approximation) gradient-
descent algorithm is obtained by dropping the averaging
operation in the idealized gradient algorithm (16). In thisal-
gorithm, the true/averaging gradient∇λ(θ) is approximated
by the one-step cost gradient∇gX(t)(θ) (see Fig. 2).

Let {X(t)}∞t=0 be a single sample path generated from
the simulation of a stationary Markov chain(π, P ). Then the
simulation-based gradient-descent algorithm for updating the
parameter vectorθ is given as,

θ(t+1) = θ(t) − γt∇gX(t)(θ
(t)). (17)

where the valueθ(t) is assumed to be available from the
previous iteration, and∇gX(t)(θ) is computed using (15) for
anyX(t) ∈ N . In addition, another stochastic approximation
algorithm for updating the average cost is run in parallel,

λ̃(t+1) = λ̃(t) + γt(gX(t)(θ
(t)) − λ̃(t)) (18)

whereλ̃(t) is the estimated average cost and parameterθ(t)

comes from (17).
It is assumed throughout that the stepsizeγt satisfies the

standard stochastic approximation conditions:

Assumption 2 The stepsize values{γt} are nonnegative and
satisfy,

∞
∑

t=1

γt = ∞,

∞
∑

t=1

γ2
t <∞.

In the simulations described in this paper,γt = 1
t

is chosen
to satisfy the above assumption.

Under the assumption that the chain is irreducible and
aperiodic, it follows thatgX(t)(θ) and∇gX(t)(θ) are asymp-
totically unbiased estimates forλ(θ) and∇λ(θ) respectively:

Lemma 4 Suppose that the Markov chain(π, P ) satisfies
Assumption 1 and{X(t)}∞t=0 is a sample path from the
simulation of(π, P ). Then we have

lim
t→∞

E
[

gX(t)(θ)
]

= λ(θ), (19)

lim
t→∞

E
[

∇gX(t)(θ)
]

= ∇λ(θ), (20)

where gX(t)(θ) is computed by (11) andλ(θ) is given in
(12),

The convergence of the simulation-based algorithm is
established using an ODE method. The ODE is obtained by
first considering the difference equation obtained on taking
asymptotical expectations on both sides of (17) and (18),

θ(t+1) = θ(t) − γt∇λ(θ(t)), (21)

λ̃(t+1) = λ̃(t) + γt(λ(θ(t)) − λ̃(t)). (22)

The ODE is then the differential equation analog,

θ̇t = −∇λ(θt),

˙̃
λt = λ(θt) − λ̃t. (23)

By construction,λ(θt) ≥ 0 is bounded from below (see (12)).
It is also a non-increasing function becauseλ̇(θt) =
−‖∇λ(θt)‖

2 ≤ 0. Thusλ(θt) must converge to some non-
negative limit and∇λ(θt) must converge to zero ast→ ∞.
Using (23), we conclude that̃λt must also converge to the
same limit asλ(θt).

The analogous statements for the stochastic approxima-
tion recursion are contained in the following proposition.
The proof follows from stability of the ODE and standard
arguments (see e.g. Theorem 2 of Chapter 6 of [26]).

Proposition 1 Let Assumption 2 hold, and assume that the
parameter vector sequence{θ(t)} and average cost sequence
{λ̃(t)} are updated according to (17) and (18) respectively.
Then, the sequenceλ(θ(t)) converges almost surely and,

∇λ(θ(t))
a.s.
−−→ 0, as t→ ∞.

Moreover,λ̃(t) also converges almost surely to the same limit,

λ̃(t) a.s.
−−→ λ(θ(t)), as t→ ∞.

VI. SIMULATIONS AND DISCUSSION

A. 4-state Markov chain

Consider a stationary4-state Markov chain with transition
matrix,

P =









0.5 0.4 0.0 0.1
0.4 0.5 0.1 0.0
0.0 0.1 0.5 0.4
0.1 0.0 0.4 0.5









,

whose stationary distributionπ = [0.25, 0.25, 0.25, 0.25].
The optimal bi-partition function for this Markov chain is

φ∗ = [1, 1, 2, 2], i.e. the state{1, 2} are aggregated into one
group and the states{3, 4} are aggregated into another group.



The optimal aggregated Markov chain can be computed
according to (5),

Q∗ =

[

0.9 0.1
0.1 0.9

]

.

whose stationary distribution̟ ∗ = [0.5, 0.5].
1) Dynamic programming:Since the state space is rela-

tively small, the dimension of bi-partition function spaceis
24. The optimal partition functionφ∗ can be obtained using
standard dynamic programming methods [22]. The optimal
average costλ∗ is equal to0.0749.

2) Idealized gradient algorithm:For this small-scale ex-
ample, we can efficiently compute∇λ(θ) for any given
θ. We can thus implement the idealized gradient algorithm
(16). The evolution of this algorithm, starting withθ(0) =
[1, 1, 1, 1], is shown in Fig. 3. After100 iterations, pa-
rameter vectorθ(100) = [−6.3411,−6.3464, 6.3575, 6.3580],
and the probabilities of states being in the first group
are ηφ=[1,1,1,1](·, θ

(100)) = [0.9982, 0.9983, 0.0017, 0.0017].
Thus, we obtain the optimal partition function asφ∗ =
[1, 1, 2, 2] with high probability. The corresponding estimated
average cost is given bỹλ(100) = 0.0757, which is very close
to the optimal value.

3) Simulation based algorithm:We consider a single
sample path of the Markov process simulated according
to the transition matrixP . The updating algorithms (17)
and (18) are implemented at every time step along the
sample path. We start with the same initial parameter vector
θ(0) = [1, 1, 1, 1]. The evolution of parameters and the
average cost are give in Fig. 4. After500 iterations, the
simulation-based algorithm has comparable performance to
the idealized gradient algorithm after100 iterations. The pa-
rameter vectorθ(500) = [−5.6893,−5.5390, 5.7600, 5.6252],
and the probabilities of states being in the first group
are ηφ=[1,1,1,1](·, θ

(500)) = [0.9966, 0.9961, 0.0031, 0.0036].
From this, the optimal partition functionφ∗ = [1, 1, 2, 2]
can be determined with high probability. The corresponding
estimated average cost is equal toλ̃(500) = 0.0766, which is
a little larger than the optimal value.

B. 100-state Markov chain

We consider a 100-state Markov chain borrowed
from [16]. Fig. 5 illustrates the transition probabilitiesfor
this chain. The cold colors indicate weak interactions (small
transition probability), and warm colors indicate strong in-
teractions (large transition probability) between states. The
color plot suggests that this Markov chain is nearly com-
pletely decomposable with five blocks.

In [19], it is shown that a certain relaxation of the bi-
partition problem (6) gives a solution according to the sign-
structure of the second eigenvector, depicted in Fig. 6. The
optimal bi-partition of the state space is: States1 − 60
are aggregated as the first group and states61 − 100 are
aggregated as the second group. The spectral bi-partition is
shown in Fig. 5. The corresponding K-L metric (average
cost) is given byλ∗global = 0.1321. The subscript“global”
refers to the fact that the spectral bi-partition gives the global
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Fig. 5. The graph of transition matrixP for the100-state nearly complete
decomposable Markov chain (see [16], [19]). The optimal bi-partition of
the state space is indicted by two bold lines: States1 − 60 are aggregated
as the first group and states61 − 100 are aggregated as the second group.
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Fig. 6. A plot of the second eigenvector of the100×100 transition matrix
P .

minimum of the K-L metric for the bi-partition problem (6)
(see [19] for more details).

For the simulation-based algorithm, a single sample path
of Markov process was obtained according to the transition
matrix P . θ is now a 100-dimensional parameter vector
initialized asθ(0) = [0, 0, . . . , 0]. At time t, the vectorθ(t) is
updated according to (17) and the estimated average costλ̃(t)

is updated according to (18). Even though, the state space is
large, the update at timet only requires the evaluation of

∑

j∈N

PX(t)j log





PX(t)j

Q̂
(π)
X(t)j(φ)





for entries withPX(t)j > 0, whereX(t) is the state at time
t.

Fig. 7 (a) depicts 1

1+exp(Mθ
(t)
i

)
as a function oft for i ∈ N .

It reflects the probability thatith state is assigned to the1st

group (see Section V-B). For larget, each state is assigned
with high probability to one of the two groups. The resulting
two-group assignments at timet = 5000 are obtained with
high probability and depicted in Fig. 7 (c): The first group
is formed by states1−10 (first block),31−60 (third block)
and81−100 (fifth block), while the second group is formed
by states11− 30 (second block) and61− 80 (fourth block).
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Fig. 3. Plots of (a)θ(t), (b) ηφ(·, θ(t)) and (c)λ̃(t) for the 4-state Markov chain with the idealized gradient algorithm (16).
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Fig. 4. Plots of (a)θ(t), (b) ηφ(·, θ(t)) and (c)λ̃(t) for the 4-state Markov chain with the simulation-based algorithm (17) and (18).
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Fig. 7. Plots of (a)ηφ(·, θ(t)), (b) λ̃(t) and (c) the bi-partition obtained usingθ(5000) for the100-state Markov chain with the simulation-based algorithm.

The partition found using the simulation-based algorithm is
not the global optimum for the bi-partition problem (compare
Fig. 5 with Fig. 7 (c)). The algorithm converges to a local
minimum. In Fig. 7 (b), we depict the plots of estimated
average cost̃λ(t), the average costλ∗local = 0.1416 computed
for the local optimal partition shown in Fig. 7 (c), and the
average costλ∗global for the global optimal partition shown
in Fig. 5.

The local optimal convergence issue is due to the non-
convexity of the average costλ(θ) with respect to the
parameterθ. In general, one finds only the local minimum
with a gradient-descent scheme [24]. For the Markov chain

in Fig. 5, one can find multiple partitions by recursively
applying the bi-partition algorithm.

VII. C ONCLUSIONS

In this paper, we proposed a simulation-based algorithm
to aggregate a large-scale Markov chain to obtain a reduced-
order Markov model. Three are three main concepts in the
paper: 1) the use of K-L metric to compare Markov chains
for model reduction purpose; 2) the dynamic programming
formulation of the model reduction problem; 3) its solutions
using a simulation-based (stochastic-approximation) algo-
rithm. The proposed framework requires only a sample path



of the Markov process and has small computation burden
even for very large problems.
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