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Abstract— This paper concerns error exponents and the structure of input distributions maximizing the random coding exponent for a stochastic channel model. The following conclusions are
obtained under general assumptions on the channel statistics:
(i) The optimal distribution has a finite number of mass points,
or in the case of a complex channel, the amplitude has finite
support.
(ii) A new class of algorithms is introduced based on the
cutting-plane method to construct an optimal input distribution. The algorithm constructs a sequence of discrete
distributions, along with upper and lower bounds on the
random coding exponent at each iteration.
(iii) In some numerical example considered, the resulting code
significantly out-performs traditional signal constellation
schemes such as QAM and PSK for all rates below the
capacity.

distribution has a finite number of mass points, or in the case
of a complex channel, the amplitude has finite support:

Index Terms— Information theory, channel coding, error exponents, fading channels.

The finiteness of the support of the optimal input distribution bodes well for implementation of optimal constellations in
communication systems, but the matter of the specific choice
of points remains. The problem of selecting such a constellation is one of nonlinear optimization when channel capacity is
considered [13], [30], [9], [37], [18]. While capacity provides
a fundamental characterization of channel performance, the
issue of how to achieve rates close to capacity with low
probability of error can also be characterized in a rigorous
fashion through the use of error exponents. In this paper, we
pose the constellation design problem in the context of error
exponent optimization.
We consider a stationary, memoryless channel with input
alphabet X, output alphabet Y, and transition density defined
by

I. I NTRODUCTION
The problem of constellation design has recently received
renewed attention in information theory and communication
theory. While many techniques in information theory such as
coding have readily found their way into communication applications, the signal constellations that information theory envisages and those generally considered by practitioners differ
significantly. In particular, while the optimum constellation for
an additive Gaussian noise (AWGN) channel is a continuous
constellation that allows for a Gaussian distribution on the
input, commonly used constellations over AWGN channels,
such as quadrature amplitude modulation (QAM), are not only
discrete, but also generally regularly spaced. This gap between
theory and practice can be explained in part by the difficulty
of deploying, in practical systems, continuous constellations.
However, there is also a body of work that strongly suggests
the continuous paradigm favored by theoreticians is inappropriate for realistic channel models in the majority of today’s
applications, such as wireless communication systems. Under
any of the following conditions the optimal capacity achieving
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(i) The AWGN channel under a peak power constraint [54],
[51], [46], [16].
(ii) Channels with fading, such as Rayleigh [1] and Rician
fading [34], [33]. Substantial generalizations are given in
[37], [36].
(iii) Lack of channel coherence [40]. For the noncoherent
Rayleigh fading channel, a Gaussian input is shown to
generate bounded mutual information as SNR goes to
infinity [17], [55].
(iv) Under general conditions a binary distribution is optimal, or approximately optimal for sufficiently low SNR
([29], and [56, Theorem 3].)

P(Y ∈ dy | X = x) = p(y|x) dy ,

x ∈ X, y ∈ Y.

(1)

It is assumed that Y is equal to either R or C, and we
assume that X is a closed subset of R. Let M denote the
set of probability measures on the Borel σ-field B(X). For a
given input distribution µ ∈ M, the resulting output density
is denoted
Z
pµ (y) = µ(dx)p(y|x),
y ∈ Y.
(2)
Throughout the paper we restrict to noncoherent channels
in which neither the transmitter nor the receiver knows the
channel state.
Complex channel models in which X is equal to C are
treated by viewing µ as the distribution of the amplitude of
the input. In this case the channel input is denoted U and the
output V , with U ∈ U = a closed subset of C, V ∈ V = C. It
is always assumed that U is circularly symmetric, and that the
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(i) The average power constraint that
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Fig. 1: The random coding exponent Er (R) for the two input distributions
shown in Figure 2. The 3-point constellation performs better than 16-point
QAM for all rates R ≤ C.
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where hµ, φi := φ(x) µ(dx), and φ(x) := x2 for x ∈ R.
(ii) The peak power constraint that µ is supported on X ∩
[−M, M ] for a given M ≤ ∞.
The constraints on the input distribution are expressed µ ∈
M(σP2 , M, X), where M(σP2 , M, X) ⊂ M is defined by,

M(σP2 , M, X) := µ : hµ, φi ≤ σP2 , µ{[−M, M ]} = 1 . (6)

To construct a tractable optimization problem we focus on
the random coding exponent Er (R) rather than the channel
reliability function, where for a given R ≥ 0,


Er (R) := sup −ρR +
sup
(− log(Gρ (µ)))
(7)

8

0≤ρ≤1

with
Fig. 2: The plot at left shows the 16-point QAM signal constellation, and
at right is shown a three-point constellation. The respective probabilities are
uniform for the QAM code, and given by (0.5346, 0.1379, 0.397) for the
respective codewords in the three-point constellation.

ρ

G (µ) :=

2 ,M,X)
µ∈M(σP

Z hZ

µ(dx)p(y|x)1/(1+ρ)

p• (v|u) = p• (ejα v|ejα u),

u, v ∈ C, α ∈ R.

(3)

Under (3) we define,
(i) X = |U | and X = U ∩ R+ .
(ii) For any µ ∈ M, we define µ• as the symmetric
distribution on C whose magnitude has distribution µ.
That is, we have the polar-coordinates representation: for
x > 0, 0 ≤ α ≤ 2π,
1
µ(dx)dα ,
(4)
µ• (dx × dα) =
2πx
and µ({0}) = µ• ({0}).
(iii) The transition density p( · | · ) on C × R+ is defined by
Z 2π
1
p• (y|xejθ ),
y ∈ C, x ∈ R+ . (5)
p(y|x) :=
2π 0

Symmetry is a natural assumption in many special cases, such
as Rayleigh and Rician channels. When this condition holds, it
follows from [37, Proposition 2.4] that the input distribution
maximizing mutual information can be assumed symmetric
without loss of generality. A similar result is obtained for the
error exponent in Proposition 1.1 below.
For any rate R > 0 the channel reliability function is,
i
h 1
R > 0,
E(R) = lim − log pe (N, R) ,
N →∞
N
where pe (N, R) is the minimal probability of error, over all
block codes of length N and rate R. If one can design a
distribution with a large error exponent, then the associated
random code can be constructed with a correspondingly small
block-length. This has tremendous benefit in implementation.
The main goal in this paper is to maximize E(R) for a
given rate R, subject to two linear constraints:

dy .

(8)

This is just one representation, based on [11, Theorem 18].
Other representations are given below in Section II-A.3. The
random-coding bound holds under the assumptions imposed
in this paper,
pe (N, R) ≤ exp(−N Er (R)),

transition density on C × C satisfies the symmetry condition,

i1+ρ

N ≥ 1, R ≥ 0.

Moreover, the equality E(R) = Er (R) holds for rates greater
than the critical rate Rcrit [13], [30].
The random coding exponent serves as an important means
of establishing the trade-off between code length and codeword error probability both for channel coding [30], [53],
[4], [26], [25], [31] and source coding [38], [22]. The existence of codes providing both positive error exponents and
decodability in polynomial time was established early [25].
Explicit code constructions were also available early, since
low-density parity check codes themselves have exponential
decay in error with code length [28], [27]. However, minimum
distance rather than error exponent was, for a long time, the
predominant measure of performance. Recently, the virtual rediscovery of LPDCs and the advent of further codes with a
pseudo-random structure has provided a further impetus to
considering error exponents for codes such as Turbo codes
[39] or expander codes [7], [8]. This phenomenon is well
characterized in [6]: “The performance of random codes is
one of the earliest topics in information theory, dating back
to Shannon’s random code ensemble (RCE). Our interest in
this topic has been reawakened recently by the development
of ‘random-like’ capacity-approaching codes.”
To illustrate the dramatic improvements that can be obtained
using a carefully designed signal constellation we consider
the normalized Rayleigh channel. This is the complex channel
model V = AU + N , with A, N , each complex Gaussian,
2
circularly symmetric, and mutually independent with σA
=1
2
and σN = 1. It is shown in [1] that the transition density for
the corresponding real channel is given by,


1
1
exp
−
y
,
x, y ∈ R+ . (9)
p(y|x) =
1 + x2
1 + x2
Shown at left in Figure 2 is the signal constellation for 16-point
QAM. The input distribution on this constellation is uniform,
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which corresponds to the average power σP2 = 26.4. Shown
at right in Figure 2 is the input distribution constructed in
[37] that achieves the maximal capacity over all distributions
with average power constraint σP2 = 26.4 and peak power
constraint |X| ≤ 8. The mutual information is about C =
0.5956 nats/symbol for the optimal input distribution, which
is about 3 times larger than the mutual information achieved
by 16-point QAM.
With these two distributions fixed, we computed the error
exponent,

Proposition 1.1: Suppose that (3) holds for a complex
channel, and that (A1)–(A3) hold for the real channel with
transition density given in (5). Given any input distribution
µ• for the complex channel with transition density p• , let µ◦•
denote the symmetric distribution defined by,
Z 2π
1
µ◦• {A} :=
µ◦• {Aejθ } dθ,
A ∈ B(C).
2π 0

Er (R; µ) := sup [−ρR − log(Gρ (µ))]

Instead of studying individual channel models, which have
been the topics of numerous papers, we take a systematic
approach to study these problems under very general assumptions on the channel. Many common channel models such
as Rician, Rayleigh and phase-noise channel models fall into
these settings as shown by examples in [37]. We believe this
viewpoint will clarify our applications of optimization theory
to information theory.
The theory and algorithms developed in this paper are based
on the error exponent sensitivity function, defined for x ∈ R
by
Z hZ
iρ
ρ
gµ (x) :=
µ(dz)p(y|z)1/(1+ρ) p(y|x)1/(1+ρ) dy. (11)

0≤ρ≤1

for values of R < C. Although the three point distribution
does not maximize the error exponent for each R, the results
in Figure 1 show significant performance improvement when
compared with QAM for all rates less than the channel
capacity. These results are consistent with other numerical
results presented here and in [37], [36]. Typically, an optimal
code has simple structure, yet it can significantly out-perform
traditional signal constellation schemes such as QAM or PSK.
Er(R )
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Fig. 3: Random coding exponent Er (R) for the real AWGN channel,
expressed as the maximum of supporting linear functions. These numerical
results were obtained using the cutting plane algorithm introduced in Section III.

Optimization of the random coding exponent is addressed
as follows. Rather than parameterize the optimization problem
by the given rate R > 0, we consider for each ρ ∈ (0, 1] the
convex program,
inf
subject to

Gρ (µ)
µ ∈ M(σP2 , M, X).

(10)

Corresponding to the minimum value Gρ,∗ is the line in the
“Er –R plane” given by,
Lρ (R) := −ρR − log(Gρ,∗ ),

R > 0.

Equation (7) asserts that Er (R) is equal to the maximum
of these lines over ρ ∈ [0, 1], evaluated at the given rate
R. Figure 3 illustrates this representation in a numerical
experiment using the AWGN channel. The parameters used
in this experiment are given in Section III.
For a complex channel the expressions for Er (R) and
Gρ (µ) are identical to those given in (7, 8). However, for
a symmetric channel satisfying (3) we instead consider the
convex program (10) based on the real channel (5), which is
justified by Proposition 1.1. The proof follows directly from
convexity of Gρ , exactly as in the proof of the corresponding
result [37, Proposition 2.4].

Then Gρ (µ◦• ) ≤ Gρ (µ• ) for any ρ.

⊓
⊔

The objective function in (10) can be written Gρ (µ) = hµ, gµρ i.
Similarly, mutual information can be expressed I(µ) = hµ, gµ i
where the channel sensitivity function is defined by
Z


gµ (x) := p(y|x) log p(y|x)/pµ (y) dy ,
x ∈ R, (12)
where pµ is defined in (2) as the marginal of Y . The following
limit follows from L’Hôpital’s rule and elementary calculus,
log gµρ (x)
,
ρ→0
ρ

−gµ (x) = lim

x ∈ R.

The sensitivity function gµ is easily computed numerically
for the Rayleigh or phase-noise channels (see [36].) For the
general Rician model, computation of gµ appears to be less
straightforward since this requires computation of gµ• , which
involves integration over the complex plane.
The existence of a solution to (10) requires some conditions
on the channel and its constraints. We list here the remaining
assumptions imposed on the real channel in this paper.
(A1) The input alphabet X is a closed subset of R, Y = C
or R, and min(σP2 , M ) < ∞.
(A2) Y is large when X is large: For each n ≥ 1,
lim P(|Y | < n | X = x) = 0

|x|→∞

(A3) The function log(p( · | · )) is continuous on X × Y and,
for any y ∈ Y, log(p(y| · )) is analytic within the interior
of X. Moreover, gµ and gµρ are analytic functions on R
for any ρ ∈ (0, 1] and µ ∈ M(σP2 , M, X).
We occasionally also assume,
R
(A4) For each ρ, if µ0 6= µ1 then, for some y, [µ0 (dz) −
µ1 (dz)]p(y|z)1/(1+ρ) 6= 0.
Conditions (A1)-(A3) are also the standing assumptions in
[37]. It is shown there that these assumptions are satisfied in

4

all of the standard models, including the AWGN, phase-noise,
Rayleigh, and Rician channels.
It is shown in Proposition 2.5 that the functional Gρ is
strictly convex under (A4).
The capacity-achieving input distribution is discrete under
the conditions imposed here when M is finite. The following
result is taken from [37].
Theorem 1.2: Consider a complex channel model satisfying
the symmetry condition (3), whose transition density defined
in (5) satisfies Assumptions (A1)–(A3), with M < ∞. Then,
there exists an optimizer µ∗• of the convex program defining
capacity,
sup I(µ)
(13)
subject to µ ∈ M(σP2 , M, X),
with µρ• symmetric, and with magnitude µρ possessing finite
support.
⊓
⊔
We prove in this paper that the distribution optimizing the
error exponent Er (R) is always discrete in the real channel,
with or without a peak power constraint. In the symmetric
complex channel, the distribution is symmetric and the distribution of its magnitude has finite support. The following
result provides a summary of results for a symmetric complex
channel. The proof follows from Propositions 1.1, 2.7 and 2.8.
Theorem 1.3: Consider a complex channel model satisfying
the symmetry condition (3), whose transition density p defined
in (5) satisfies Assumptions (A1)–(A3). Then, for the channel
model with density p,
(i) For each ρ there exists an optimizer µρ achieving the
minimal value Gρ,∗ . The optimizer has finite support in
R+ .
(ii) For each R ∈ (0, C), where C denotes the value of
(13), there exists ρ∗ achieving the supremum in (7) so
that,
∗

Er (R) = −ρ∗ R − log(Gρ

,∗

∗

∗

) = −ρ∗ R − log(Gρ (µρ )) .

(iii) The value Er (R) obtained in (ii) is also the random
coding exponent for the complex channel, and the sym∗
metric distribution with magnitude µρ achieves Er (R)
for the complex channel.
⊓
⊔
The Blahut-Arimoto (B-A) algorithm is a well-known
method for computing channel capacity [12], and a related
algorithm can be used to compute the random coding exponent
[3]. Evidence is presented in [44] that the B-A algorithm
has linear convergence, and based on a comparison with the
gradient algorithm they obtain a new algorithm which also has
linear convergence, but the convergence is faster than B-A in
the examples considered. Recently, in [37] we have introduced
a specialized algorithm based on the fact that the optimizing
input distribution is discrete. One version of the algorithm
can be implemented on channels with continuous input and
output alphabets. The convergence is remarkably fast in all of
the examples considered.
The cutting plane algorithms introduced in Section III are
an extension of these algorithms to compute Er along with
the optimal input distribution. The fast convergence observed

in [37] is also seen in all of the examples considered in this
paper and in [36] for computation of Er .
The remainder of the paper is organized as follows: Section II reviews recent as well as classical results from hypothesis testing, along with results from [37] showing that
the capacity-achieving input distribution is discrete. Analogous
results are then established for the distribution optimizing the
error exponent. Based on this structure, algorithms are proposed in Section III to compute the optimal input distribution.
Section IV concludes the paper.
II. C ONVEX O PTIMIZATION AND C HANNEL C ODING
The focus of this section is to characterize optimal input
distributions in three central areas of information theory:
hypothesis testing, channel capacity, and error exponents.
One foundation of this section lies in the theory of convex
optimization [10], [15]. In particular, the structural properties
obtained for optimal input distributions are based on convex
duality theory and the Kuhn-Tucker alignment conditions.
Related approaches to duality theory for error exponents is
contained in [9], [18], [42].
A second foundation of this section is entropy. Recall that
for two distributions µ, π ∈ M, the relative entropy, or
Kullback-Leibler divergence is defined as,
(
dµ
i if µ ≺ π,
hµ, log dπ
D(µ k π) =
∞
otherwise,
R
dµ
µ(dx) log dπ
and the notation µ ≺ π
where hµ, log dµ
dπ i :=
means that µ is absolutely continuous with respect to π, so
that µ(dx) = r(x)π(dx), with r equal to the Radon-Nikodym
derivative r = dµ/dπ. Relative entropy plays a fundamental
role in hypothesis testing and communications, and it arises
as the natural answer to several important questions in applications in data compression, model-selection in statistics, and
signal processing [41], [23], [19], [9], [5], [20], [21], [32],
[50], [14], [24], [43].
A. Hypothesis testing and reliable communication
In Section II-A.1 we survey some results from [35], [11],
[57] on asymptotic hypothesis testing based on Sanov’s Theorem. These results will be used to set the stage for the convex
analytic methods and geometric intuition to be applied in the
remainder of the paper.
We first recall Sanov’s Theorem: If X is a real-valued
sequence, the empirical distributions {ΓN : N ≥ 1} are
defined as the sequence of discrete probability distributions
on B(X),
ΓN (A) =

N −1
1 X
I{Xk ∈ A},
N

A ∈ B(X).

(14)

k=0

Suppose that X is i.i.d. with marginal distribution π. Sanov’s
Theorem states that for any closed convex set A ⊆ M,
lim −N −1 log P{ΓN ∈ A} = inf{D(µkπ) : µ ∈ A}.

N →∞

The relative entropy is jointly convex on M × M, and hence
computation of the minimum of D(µkπ) amounts to solving
a convex program.
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1) Neyman-Pearson Hypothesis Testing: Consider the binary hypothesis testing problem based on a finite number of
observations from a sequence X = {Xt : t = 1, . . .}, taking
values in the set X = Rd . It is assumed that, conditioned on
the hypotheses H0 or H1 , these observations are independent
and identically distributed (i.i.d.). The marginal probability
distribution on X is denoted π j under hypothesis Hj for
j = 0, 1. The goal is to classify a given set of observations
into one of the two hypotheses.
For a given N ≥ 1, suppose that a decision test φN
is constructed based on the finite set of measurements
{X1 , . . . , XN }. This may be expressed as the characteristic
N
function of a subset AN
1 ⊂ X . The test declares that hypothesis H1 is true if φN = 1, or equivalently, (X1 , X2 , . . . , XN ) ∈
AN
1 . The performance of a sequence of tests φ := {φN :
N ≥ 1} is reflected in the error exponents for the type-I error
probability and type-II error probability, defined respectively
by,
Jφ := − lim inf
N →∞

1
log(Pπ0 (φN (X1 , . . . , XN ) = 1)),
N

(15)
1
Iφ := − lim inf
log(Pπ1 (φN (X1 , . . . , XN ) = 0)),
N →∞ N
The asymptotic N-P criterion of Hoeffding [35] is described
as follows: For a given constant η ≥ 0, an optimal test is the
solution to the following optimization problem,
β ∗ = sup{Iφ : subject to Jφ ≥ η} ,

(16)

where the supremum is over all test sequences φ.
The optimal value of the exponent Iφ in the asymptotic N-P
problem is described in terms of relative entropy. It is shown
in [57] that one may restrict to tests of the following form
without loss of generality: for a closed set A ⊆ M containing
π1 ,
φN = I{ΓN ∈ A},
(17)
where {ΓN } denotes the sequence of empirical distributions
defined in (14). Sanov’s Theorem tells us that for any test of
this form,
Iφ = inf{D(γkπ 1 ) : γ ∈ closure (Ac )},
(18)

Jφ = inf{D(γkπ 0 ) : γ ∈ A}.

For an arbitrary measure π ∈ M and for β ∈ R+ , consider
the divergence set,
Q+
β (π) := {γ ∈ M : D(γ k π) ≤ β}.

(19)

The divergence set Q+
β (π) is a closed convex subset of M
since D(· k ·) is jointly convex and lower semi-continuous on
M × M. Consequently, applying (18), the smallest closed set
0
A that gives Jφ ≥ η is the divergence set A∗ = Q+
η (π ), and
∗
the solution β to (16) is the value of the convex program,
β∗ =
+ 1
0
sup{β : Q+
η (π ) ∩ Qβ (π ) = ∅} =

inf

0
γ∈Q+
η (π )

D(γ k π 1 ).

(20)
Theorem 2.1 may be interpreted geometrically as follows.
+
0
1
We have γ ∗ ∈ Q+
η (π ) ∩ Qβ ∗ (π ), and the convex sets

+
0
1
Q+
η (π ) and Qβ ∗ (π ) are separated by the following set,
which corresponds to the test sequence (17) obtained using
the region (24):

H = {γ ∈ M : hγ, log ℓi = hγ ∗ , log ℓi},

(21)

where ℓ denotes the Radon-Nikodym derivative (or likelihood
ratio),
dπ 0 (dx)
ℓ(x) =
,
x ∈ Rd .
(22)
dπ 1 (dx)
This geometry is illustrated in Figure 4.
+

Qη (π 0 )

π0
γ∗

+

Qβ ∗ (π 1 )

µ(log(ℓ)) = µ∗ (log(ℓ))

π1

Fig. 4: The Neyman-Pearson hypothesis testing problem. The likelihood ratio
test (17) with A defined in (24) is interpreted as a separating set between the
+
0
1
convex sets Q+
η (π ) and Qβ ∗ (π ).

Theorem 2.1: Suppose that {π 0 , π 1 } have strictly positive
densities on X = Rd , denoted {p0 , p1 }, and suppose that the
optimal value of Iφ in (16) is finite and non-zero. Then the
following statements hold,
(i) The optimal value of (16) is given by the minimal
Kullback-Leibler divergence β ∗ given in (20).
(ii) There exists ρ∗ > 0 such that the following alignment
condition holds for the optimizer γ ∗ achieving the infimum in (20):
dγ ∗
dγ ∗
∗
(x)
+
ρ
log
(x) ≤ β ∗ + ρ∗ η,
x ∈ X,
dπ 1
dπ 0
with equality almost everywhere. Consequently, the opti0
mizer γ ∗ ∈ Q+
η (π ) has density,
log

ρ∗

1

q ∗ (x) = k0 [p0 (x)] 1+ρ∗ [p1 (x)] 1+ρ∗ ,

x ∈ X,

(23)

where k0 > 0 is a normalizing constant.
(iii) We have β ∗ =
o
n
Z
ρ
1
max −ρη − (1 + ρ) log
(p0 (x)) 1+ρ (p1 (x)) 1+ρ dx ,
ρ≥0

where the maximum is attained at the value of ρ∗ in (ii).
(iv) The log-likelihood ratio test (LRT) is optimal, described
as the general test (17) using the set,

A := γ ∈ M : hγ, log ℓi ≤ β ∗ − η ,
(24)

where ℓ denotes the likelihood ratio (22).
Proof: Part (i) of is due to Hoeffding [35], and Parts (ii)
and (iii) were established in [11].
Part (iv) follows from the geometry illustrated in Figure 4:
As described above, the set H defined in (21) defines a
0
separating set between the convex sets Q+
η (π ) and the set
+
1
A containing Qβ ∗ (π ) since
hγ ∗ , log ℓi = hγ ∗ , log

dγ ∗
dγ ∗
i − hγ ∗ , log 0 i = β ∗ − η.
1
dπ
dπ
⊓
⊔
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In typical applications it is unrealistic to assume precise
values are known for the two marginals π 0 , π 1 . Consider the
following relaxation in which hypothesis Hi corresponds to the
assumption that the marginal distribution lies is a closed, affine
subset Pi ⊂ M. A robust N-P hypothesis testing problem
is formulated in which the worst-case type-II exponent is
maximized over π 1 ∈ P1 , subject to a uniform constraint on
the type-I exponent over all π 0 ∈ P0 :
sup 1inf Iφπ

1

subject to

φ π ∈P1

0

inf Jφπ ≥ η.

π 0 ∈P0

(25)

A test is called optimal if it solves this optimization problem.
The optimization problem (25) is considered in [48], [49] in
the special case in which the uncertainty sets are defined by
specifying a finite number of generalized moments: A finite
set of real-valued continuous functions {fj : j = 1, . . . , n}
and real constants {cij : j = 1, . . . , n} are given, and
Pi := {π ∈ M : hπ, fj i = cij ,

j = 0, . . . , n},

i = 0, 1.
(26)
As a notational convenience we take f0 ≡ 1 and c10 = 1.
It is possible to construct a simple optimal test based on a
linear function of the data. Although the test itself is not a loglikelihood test, it has a geometric interpretation that is entirely
analogous to that given in Theorem 2.1. Define for any closed
set P ⊂ M and β > 0 the divergence set Q+
β (P):=
[

Q+
β (π) = γ ∈ M : D(γ k π) ≤ β for some π ∈ P .
π∈P

The value β ∗ in an optimal test can be expressed,
+
β ∗ = inf{β : Q+
η (P0 ) ∩ Qβ (P1 ) 6= ∅}.

(27)

Moreover, the infimum is achieved by some µ∗ ∈ Q+
η (P0 ) ∩
0∗
Q+
(P
),
along
with
least
favorable
distributions
π
∈ P0 ,
1
β∗
π 1∗ ∈ P1 , satisfying
D(µ∗ kπ 0∗ ) = η,

D(µ∗ kπ 1∗ ) = β ∗ .

Q+
β ∗ (P1 )

π 1∗

P1

µ∗

π 0∗

hµ, log(ℓ0 )i = hµ∗ , log(ℓ0 )i
P0

Q+
η (P0 )

Fig. 5: The two-moment worst-case hypothesis testing problem. The uncertainty classes Pi , i = 0, 1 are determined by a finite number of linear
+
constraints, and the thickened regions Q+
η (P0 ), Qβ ∗ (P1 ) are each convex.
The linear threshold test is interpreted as a separating hyperplane between
these two convex sets.

2) Mutual Information: Channel capacity can also be expressed as the solution to the nonlinear constrained convex
optimization problem (13). We derive this result based on
the asymptotic N-P criterion of Hoeffding, following ideas in
Anantharam [2] (see also [19], [23].)
Consider the classical decoding problem in which a set of
N -dimensional codewords are generated by a sequence of
random variables with marginal distribution µ. The receiver
is given the output sequence {Y1 , . . . YN } and considers an
i
arbitrary sequence from the code book {X1i , . . . XN
}, where
i is the index in a finite set {1, . . . , eN R }, where R is the
rate of the code. Since X i has marginal distribution µ, Y has
marginal density pµ defined in (2).
For each fixed i, this decision process can be interpreted
as a binary hypothesis testing problem in which Hypothesis
H1 is the hypothesis that i is the true codeword, and H0 the
alternative. Equivalently, we define
i
H0 : {(X1i , Y1 ), . . . (XN
, YN )} has marginal distribution

π 0 [dx, dy] := µ ⊗ pµ [dx, dy] := µ(dx)pµ (dy).
i
H1 : {(X1i , Y1 ), . . . (XN
, YN )} has marginal distribution

π 1 [dx, dy] := µ ⊙ p [dx, dy] := µ(dx)p(y|x)dy.
Suppose that the error exponent η > 0 is given, and an
optimal Neyman-Pearson LRT test is applied. Then Jφ = η
means that,

∗

The distribution µ can be expressed,
µ∗ (dx) = ℓ0 (x)π 0∗ (dx) = ℓ1 (x)π 1∗ (dx)
where each of the functions ℓ0 , ℓ1 is a linear combination of
the constraint functions {fi }. Each of these functions defines
a separating hyperplane between the convex sets Q+
η (P0 ) and
Q+
(P
),
as
illustrated
in
Figure
5.
Proposition
2.2
is taken
∗
1
β
from [48, Proposition 2.4]. Further results may be found in
[49], [47].
Note that the function log ℓ0 used in the optimal test is
defined everywhere, yet in applications the likelihood rato
dµ∗ /dπ 0∗ may be defined only on a small subset of X.
Proposition 2.2: Suppose that the moment classes P0 and
P1 each satisfy the non-degeneracy condition that the vector
(ci0 , . . . , cin ) lies in the relative interior of the set of all possible
moments {µ(f0 , . . . , fn ) : µ ∈ M}. Then,
P there exists
{λ0 , . . . , λn } ∈ R such that the function ℓ0 = λi fi is nonnegative valued, and the test (17) is optimal based on the set,

A := γ ∈ M : hγ, log ℓ0 i ≥ η ,
(28)
⊓
⊔

1
log(Pπ0 (φN (X1 , . . . , XN ) = 1))
N →∞ N

η = − lim


1
log P{Code word i is accepted | i 6= i∗ } ,
N
(29)
where the index i∗ denotes the codeword sent.
= − lim

N →∞

µ

Qη+(µ ⊗ pµ)

p

µ ⊗ pµ

Fig. 6: The channel capacity is equal to the maximal relative entropy between
pµ ⊗ µ and pµ ⊙ p, over all input distributions µ satisfying the given
constraints.

Consideration of eRN codewords, our interest lies in the
probability that at least one of the eRN −1 incorrect codewords
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is mistaken for the true codeword. We obtain through the union
bound,
P{The true codeword i∗ is rejected}
X
≤
lim P{Code word i is accepted | i 6= i∗ },
i6=i∗

N →∞

from which we obtain,

1
log P{The true code word i∗ is rejected} ≤ R−η.
N →∞ N
(30)
We must have R < η to ensure that right hand side is negative,
so that the probability that the true codeword i∗ is rejected
vanishes as N → ∞.
One must also ensure that η is not too large, since it is
necessary that the type II error exponent β ∗ is strictly positive
so that Iφ > 0 under the LRT. Hence an upper bound on R
is the supremum over η satisfying β ∗ > 0, which is precisely
mutual information:
ZZ
 p(y|x) 
µ(dx)p(y|x)dy.
I(µ) := D(µ ⊙ pkµ ⊗ pµ ) =
log
pµ (y)
(31)
This conclusion is illustrated in Figure 6.
The channel capacity is defined to be the maximum of I
over all input distributions µ satisfying the given constraints.
We thus arrive at the convex program (13).
3) Error exponents: A representation of the channel-coding
random coding exponent is obtained based on similar reasoning. Here we illustrate the form of the solution, and show that
it may be cast as a robust hypothesis testing problem of the
form considered in Section II-A.1.
lim

+

µ

µ

Q+
R (P0 )

p

Qβ (µ

p)

pˆ

µ ⊗ p̂µ
P0
Fig. 7: The error exponent is equal to the solution of a robust N-P hypothesis
testing problem.

For a given µ ∈ M, denote by P0 the space of product
measures on X × Y,
P0 = {µ ⊗ ν : ν is a probability measure on Y},

(32)

and define the corresponding divergence set for a given R > 0,
[
Q+
Q+
R (P0 ) :=
R (µ ⊗ ν).
ν

Equivalently, Q+
R (P0 ) = {γ : minν D(γ k µ ⊗ ν) ≤ R}.
The robust hypothesis testing problem is binary, with H1 as
defined in the channel capacity problem, but with H0 defined
using P0 :
H0 : {(Xji , Yj ) : j = 1, . . . , N } has marginal distribution
π 0 ∈ P0 .

H1 : {(Xji , Yj ) : j = 1, . . . , N } has marginal distribution
π 1 := µ ⊙ p.
Proposition 2.3 shows that the random coding exponent
Er (R) can be represented as the solution to the robust NP hypothesis testing problem (25) with η = R, P0 defined in
(32), and P1 = {µ ⊙ p}.
Proposition 2.3: Suppose that (A1)–(A3) hold. Then, for
each rate R less than capacity the error exponent can be
expressed,
 

+
Er (R) = sup inf β : Q+
(P
)
=
6
∅
(µ
⊙
p)
∩
Q
. (33)
0
R
β
µ

β

Suppose that there exists a triple (µ∗ , ν ∗ , γ ∗ ) that solve (33)
in the sense that
D(γ ∗ k µ∗ ⊙ p) = Er (R),

D(γ ∗ k µ∗ ⊗ ν ∗ ) = R.

Then, there exists a channel transition density p̂ such that
γ ∗ = µ∗ ⊙ p̂,

ν ∗ = p̂µ∗ ,

(34)

and the rate can be expressed as mutual information,
R = I(µ∗ ; p̂) := D(µ∗ ⊙ p̂ k µ∗ ⊗ p̂µ ).
Proof: Blahut in [11] establishes several representations
for the random coding exponent, beginning with the following


(35)
inf D(µ ⊙ p̂ k µ ⊙ p) ,
Er (R) = sup
µ

µ⊙p̂∈Q̂+
R

where the supremum is over all µ, subject to the given
constraints, and the infimum is over all transition densities
p̂ satisfying µ ⊙ p̂ ∈ Q̂+
R where
Q̂+
R := {µ ⊙ p̂ : D(µ ⊙ p̂ k µ ⊗ p̂µ ) ≤ R}.

The optimization problem (33) is thus a relaxation of (35) in
which the distributions {ν} in the definition of P0 in (32) are
constrained to be of the form p̂µ , and the distributions {γ}
are constrained to be of the form µ ⊙ p̂ for some transition
density p̂.
It remains to show that these restrictions hold for any
solution to (33), so that the relaxed optimization problem (33)
is equivalent to (35).
For any distribution γ on B(X × Y), the two marginals are
denoted,
γ1 (dx) = γ(dx × Y),

γ2 (dy) = γ(X × dy).

For fixed µ on B(X), denote the infimum over β in (33) by,

+
β ∗ (µ) := inf β : Q+
(36)
β (µ ⊙ p) ∩ QR (P0 ) 6= ∅ .
If (ν ∗ , γ ∗ ) solve (36) in the sense that
D(γ ∗ k µ ⊙ p) = β ∗ (µ),

D(γ ∗ k µ ⊗ ν ∗ ) = R,

then the distribution γ ∗ solves the ordinary N-P hypothesis
testing problem with π 0 = µ ⊗ ν ∗ and π 1 = µ ⊙ p. It
then follows that the first marginal γ1∗ is equal to µ by the
representation given in Theorem 2.1 (ii). The second marginal
of γ2∗ is equal to ν ∗ since for any ν,
D(γ ∗ k µ⊗ν) = D(γ ∗ k µ⊗γ2∗ )+D(γ2∗ k ν) ≥ D(γ ∗ k µ⊗γ2∗ ),
with equality if and only if ν = γ2∗ .
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In summary, the optimizer γ ∗ can be expressed γ ∗ = µ ⊙ p̂
for some channel density p̂ satisfying ν ∗ = p̂µ . That is, (34)
holds, and it follows that γ ∗ is feasible (and therefore optimal)
for (35), which establishes the desired equivalence between the
optimization problems (33) and (35).
⊓
⊔

Let bN denote the normalizing constant that makes
bN pµ (y)1(|y| ≥ N ) a probability density on Y. That is,
Z
−1
pµ (y) dy.
(39)
bN :=

The solution to the optimization problem (36) is illustrated
in Figure 7. The channel transition density p̂ shown in the
figure solves

+
β ∗ (µ) = inf β : Q+
β (µ ⊙ p) ∩ QR (µ ⊗ p̂µ ) 6= ∅

Another application of Jensen’s inequality then gives, as N →
∞,
Z
1
 p(y|x)  1+ρ
pµ (y)
|y|≥N pµ (y)
Z
1
 p(y|x)  1+ρ
bN pµ (y) dy
= b−1
N
|y|≥N pµ (y)
1
hZ
i 1+ρ
− ρ
≤ bN 1+ρ → 0.
≤ b−1
b
p(y|x)
dy
N
N

= D(µ ⊙ p̂ k µ ⊙ p).

The error exponent is equal to the maximal relative entropy
β ∗ (µ) over all µ, and the rate can be expressed as mutual
information R = I(µ∗ ; p̂) := D(µ∗ ⊙ p̂ k µ∗ ⊗ p̂µ ) where µ∗
is the optimizing distribution.
B. Alignment
The Kuhn-Tucker alignment conditions are the simplest
route to establishing the solution to the Neyman-Pearson
hypothesis testing problem given in Theorem 2.1, as well as
the alignment conditions characterizing channel capacity [37].
Here we construct the alignment conditions that characterize
the solution to (10) based on the error exponent sensitivity
function gµρ defined in (11).
Boundedness of the sensitivity function is central to the
analysis that follows.
Theorem 2.4: The following hold under (A1)-(A3):
(i) 0 < gµρ (x) ≤ 1 for each x.
(ii) gµρ → 0 as x → ∞.
(iii) Suppose that there is a peak power constraint, so that
M < ∞. For each finite N > 0, the mapping µ → gµ
is continuous from M(σP2 , M, X) to L∞ [−N, N ]. That
is if µn → µ weakly, with µn ∈ M(σP2 , M, X) for all n,
then
(37)
lim sup |gµρ n (x) − gµρ (x)| = 0.
n→∞ |x|≤N

Proof: It prove (i), it is obvious that gµρ is positive-valued,
and by Jensen’s inequality we have for any x,
Z
gµρ (x) ≤ pµ (y)ρ/1+ρ p(y|x)1/1+ρ dy
Z
 p(y|x) 1/1+ρ
dy
= pµ (y)
(38)
pµ (y)
Z

p(y|x) 1/1+ρ
≤
pµ (y)
dy
= 1.
pµ (y)

From the first inequality in (38) we obtain, for each N ≥ 1,
Z
gµρ (x) ≤ pµ (y)ρ/1+ρ p(y|x)1/1+ρ dy
Z
1
 p(y|x)  1+ρ
pµ (y) dy
=
|y|≤N pµ (y)
Z
1
 p(y|x)  1+ρ
+
pµ (y) dy.
|y|≥N pµ (y)

The following limit follows from (A2) and the Dominated
Convergence Theorem,
Z
1
 p(y|x)  1+ρ
pµ (y) dy = 0.
lim
x→∞ |y|≤N pµ (y)

|y|≥N

|y|≥N

This implies the desired conclusion in (ii),
Z
0 ≤ lim gµρ (x) ≤ lim
pµ (y)ρ/1+ρ p(y|x)1/1+ρ dy = 0.
x→∞

x→∞

The proof of (iii) is again based on truncation. Define for
N ≥ 1, x ∈ X,
Z
hZ
iρ
ρ,N
µ(dz)p(y|z)1/(1+ρ) p(y|x)1/(1+ρ) dy.
gµ (x) :=
|y|≤N

Under the peak power constraint, it follows from (A3) that
the functions {gµρ,N : µ ∈ M(σP2 , M, X)} are differentiable,
and the derivative is uniformly bounded over µ, and over x ∈
[−N, N ]. Consequently, these functions are equicontinuous on
[−N, N ].
Suppose that µn → µ weakly as n → ∞. Then the uniform
convergence (37) holds for the truncated functions:
(x) − gµρ,N (x)| → 0,
sup |gµρ,N
n

n → ∞.

|x|≤N

This follows directly from equicontinuity.
Finally, it follows from weak convergence that pµn → pµ
pointwise, and hence in the weak topology. From the previous
arguments we have the uniform bound,
ρ

(x) − gµρ n (x)| ≤ [bN (µn )]− 1+ρ ,
|gµρ,N
n

x ∈ X,

where bN = bN (µn ) is defined in (39). Convergence of {pµn }
implies that these distributions are tight, which means that
−1
bN
(µn ) → 0 as N → ∞, uniformly in n. Hence (37) follows
from the uniform convergence for the truncated functions
}.
⊓
⊔
{gµρ,N
n
It can be shown that the functional Gρ : M → R+ is convex
using the representation (8). The following set of results establishes convexity and finer results based on a representation for
its derivative with respect to µ. For µ, µ◦ ∈ M and θ ∈ [0, 1]
we denote µθ := (1 − θ)µ◦ + θµ.
Proposition 2.5: The following hold under (A1)–(A3): For
any given µ, µ◦ ∈ M(σP2 , M, X) and ρ > 0,
(i) Gρ (µ) = hµ, gµρ i.
(ii) The functional Gρ is convex, and can be expressed as
the maximum of linear functionals,
Gρ (µ◦ ) = max {(1 + ρ)hµ◦ , gµρ i − ρGρ (µ)}
µ∈M

9

(iii) Fix ρ ≥ 0, µ◦ ∈ M. The first order sensitivity is given
by
d ρ
G (µθ )
= (1 + ρ)hµ − µ◦ , gµρ ◦ i.
dθ
θ=0
(iv) If (A4) holds then Gρ is strictly convex for each ρ > 0.
Proof: Part (i) follows from the definition.
To prove (iii), we differentiate the expression for Gρ with
respect to θ,
Z hZ
i1+ρ
dy,
Gρ (µθ ) =
µθ (dz)p(y|z)1/(1+ρ)

giving

d ρ
G (µθ ) =
dθ

Z

hZ
iρ
(1 + ρ)
µθ (dz)p(y|z)1/(1+ρ)
hZ
i
×
[µ(dx) − µ◦ (dx)]p(y|x)1/(1+ρ) dy

= (1 + ρ)hµ − µ◦ , gµρ θ i.

Evaluating at θ = 0 then gives (iii).
Convexity of Gρ over µ, together with the expression (iii)
for the derivative gives,
Gρ (µ◦ ) ≥ Gρ (µ) + (1 + ρ)hµ◦ − µ, gµρ i.
This combined with the expression hµ, gµρ i = Gρ (µ) gives (ii).
To see (iv), suppose that µ0 6= µ1 are given, and that for
all θ ∈ [0, 1],
Gρ (µθ ) := Gρ ((1 − θ)µ0 + θµ1 ) = (1 − θ)Gρ (µ0 ) + θGρ (µ1 ).
R 0
Elementary
calculus
implies
that
[µ (dz) −
µ1 (dz)]p(y|z)1/(1+ρ) is identically zero, violating (A4).
⊓
⊔

Continuity of Gρ easily follows:
Proposition 2.6: Suppose that (A1)–(A3) hold. Then, given
ρ, the mapping Gρ : M(σP2 , M, X) 7→ R+ is continuous in the
weak topology.
Proof: If µn → µ weakly then the distributions are
tight. Hence we can truncate all of these distributions as
follows. Suppose that ε > 0 is given, and that N is chosen
−1
:= µn {[−N, N ]} ≥ 1 − ε for each n.
so that (aN
n)
N
Denoting µn the distribution on [−N, N ] given by µN
n (A) =
aN
µ
(A
∩
[−N,
N
])
for
measurable
A
⊂
X,
and
defining
µN
n n
analogously, we have

and

gµρ ◦ (x) ≥ λ∗1 − λ∗2 x2 ,

x ∈ X,

gµρ ◦ (x)

a.e. [µ◦ ]

|Gρ (µN ) − Gρ (µ)| ≤ (1 − ε)−1 ε.
This follows from convexity combined with the bound g ρ ≤ 1.
ρ N
Theorem 2.4 (iii) gives Gρ (µN
n ) → G (µ ) as n → ∞,
and hence
lim sup |Gρ (µn ) − Gρ (µ)| ≤ 2(1 − ε)−1 ε.
n→∞

⊓
⊔

For fixed ρ, the optimization problem (10) is a convex
program since Gρ is convex. Continuity then leads to existence
of an optimizer. The following result summarizes the structure
of the optimal input distribution. It is similar to Theorem 2.8
of [37], which required the peak power constraint M < ∞.
We stress that this condition is not required here.

=

λ∗1

−

λ∗2 x2 ,

If these conditions hold, then
Gρ,∗ := min Gρ (µ) = Gρ (µ◦ ) =
µ

λ∗1 − λ∗2 σP2
.
1+ρ

(iii) In the absence of an average power constraint λ∗2 = 0.
(iv) If (A4) holds, then the optimizer µρ is unique.
Proof: Existence of µ∗ follows because M(σP2 , M, X) is
compact in the weak topology when min(σP2 , M ) < ∞, and
Gρ is continuous.
The proof of (ii) is based on the Lagrangian relaxation with
objective function,
Z
ρ
ρ
L (µ) := G (µ) + λ2 (x2 − σP2 ) µ(dx),
µ ∈ M.

Since the functional Lρ : M → R is convex, a distribution
µ◦ ∈ M minimizes Lρ over all probability distributions if
and only if the first order conditions hold: Letting µθ := (1 −
θ)µ◦ + θµ for a given µ ∈ M and θ ∈ [0, 1], the derivative
of Lρ (µθ ) at θ = 0 must be non-negative since µ◦ is a local
minimum.
From the foregoing, this derivative can be expressed,
Z


d ρ
(1 + ρ)gµρ ◦ (x) + λ2 (x2 − σP2 ) µ(dx)
L (µθ )
=
dθ
θ=0
Z


(1 + ρ)gµρ ◦ (x) + λ2 (x2 − σP2 ) µ◦ (dx).
−
Specializing to µ = δx for x ∈ X, we find that the statement
that this derivative is non-negative for each x is equivalent to
the alignment conditions in (ii).
⊓
⊔

When σP2 = ∞ so that the input distribution is only subject
to a peak power constraint, then the Lagrange multiplier λ∗2 is
zero, and the alignment condition in Theorem 2.7 (ii) becomes,
gµρ ◦ (x) ≥ λ∗1 , x ∈ X,

ρ
−1
|Gρ (µN
ε,
n ) − G (µn )| ≤ (1 − ε)

The result follows since ε > 0 is arbitrary.

Theorem 2.7: Suppose that (A1)–(A3) hold. Then,
(i) For each ρ ≥ 0, there exists µρ ∈ M(σP2 , M, X) that
achieves Gρ,∗ .
(ii) A given distribution µ◦ ∈ M(σP2 , M, X) is optimal if
and only if there exists a real number λ∗1 and a positive
real number λ∗2 such that

and

gµρ ◦ (x) = λ∗1 , a.e. [µ◦ ] (40)

Shown in Figure 10 are plots of gµρ for two distributions µ0 , µ1
with ρ = 0.5 for the normalized Rayleigh channel. The input
distribution µ0 violates the alignment condition (40) and hence
is not optimal. The alignment condition does hold for µ1 , and
we conclude that this distribution does optimize (10) over all
distributions on [0, 10] (without average power constraint.)
Proposition 2.8: Suppose that (A1)–(A3) hold. Then, for
given ρ, any optimal input distribution µ∗ achieving Gρ,∗ is
discrete, with a finite number of mass points in any interval.
Proof: To see that the optimizer gµρ ∗ is discrete consider
the alignment conditions. There exists a quadratic function
q ∗ satisfying q ∗ (x) ≤ gµρ ∗ (x), with equality a.e. [µ∗ ]. Theorem 2.4 asserts that gµρ ∗ takes on strictly positive values and
vanishes at infinity. If M = ∞ it follows that q ∗ is not a
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gµρ (x)

d log(1 − g0ρ (x))
d log(x)
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Fig. 8: Optimal binary distribution for the Rayleigh channel with ρ = 0.5.
The plot at right shows the derivative (41) along with the point x1 at which
the derivative is equal to 2. At left is a plot of the error exponent sensitivity
ρ
function gµ
for the optimal distribution supported at zero, and a point near
x1 . The sensitivity function is aligned with the quadratic function shown.

Proposition 2.9: Consider a channel with X = R+ satisfying Assumptions (A1)–(A3). For a fixed ρ > 0, suppose that
the following hold,
d2 ρ
(i)
g (0) = 0.
dx2 0
(ii) There is a unique x1 > 0 satisfying
d log(1 − g0ρ (x))
d log(x)

x=x1

= 2.

(iii) There is ‘non-zero sensitivity’ at x1 :
d  d log(1 − g ρ (x)) 
0

constant function, and hence q ∗ (x) → −∞ as x → ∞. This
shows that the optimizer has bounded support, with
∗

∗

supp (µ ) ⊂ {x : q (x) > 0}.
Moreover, since gµρ ∗ is an analytic function on X it then follows
that gµρ ∗ (x) = q ∗ (x) is only possible for a finite number of
points.
If M is finite the argument is similar: q ∗ (x) = gµρ ∗ (x) on
the support of µ∗ . If this support is infinite, then the analytic
assumption implies that q ∗ (x) = gµρ ∗ (x) for all x, which is
impossible.
⊓
⊔
So we have shown that under our very general channel
models, the optimal distribution that achieve the error exponent
is always discrete. Next we show when SNR goes to zero, the
optimal discrete distribution becomes binary.

dx

with equality holding if and only if the second derivative of
g0ρ (x) is non-zero at x = 0.
Proposition 2.9 is analogous to Theorem 3.4 of [37] which
establishes that the distribution achieving channel capacity is
binary for sufficiently low SNR. However, unlike this previous
result and the result of [29], we do not require a peak power
constraint on the input distribution.

x=x1

6= 0.

Then, for all SNR sufficiently small, the optimal input distribution is binary with one point at the origin.
Proof: Define λ2,0 > 0 via,
λ2,0 = inf{λ : 1 − g0ρ (x) ≤ λx2 for all x ≥ 0},
and let q0 denote the concave quadratic, q0 (x) = 1 − λ2,0 x2 ,
x ≥ 0.
We have g0ρ (x) ≥ q0 (x) for all x, and this inequality is strict
for x > 0 near the origin due to Assumption (i) and the fact
that g0ρ (x) has zero derivative at the origin, and non-positive
second derivative. Define,
x∗ = inf{x > 0 : g0ρ (x) = q0 (x)}.
The function log((1 − g0ρ (x))x−2 ) has a local maximum at x∗ ,
implying its derivative is zero. Equivalently,
d log(1 − g0ρ (x))
d log(x)

C. Optimal binary distributions
We now take a closer look at the alignment conditions to
establish conditions ensuring that the distribution optimizing
(10) is binary for sufficiently low SNR.
Gallager in [29] bounds the random coding exponent by
a linear functional over the space of probability measures.
The bound is shown to be tight for low SNR, and thus
the error exponent optimization problem is converted to a
linear program over the space of probability measures. An
optimizer is an extreme point, which is shown to be binary.
Similar arguments used in [37] can be generalized to the model
considered here.
We begin with consideration of zero SNR, which leads us
to consider the senstivity function using the point mass at 0,
denoted g0ρ := gδρ0 (x). It is easy to see g0ρ (0) = 1, and we
have seen that g0ρ (x) ≤ 1 everywhere. Given the analyticity
assumption, it follows that this function has zero derivative at
the origin, and non-positive second derivative. We thus obtain
the bound,
d log(1 − g0ρ (x))
≥ 2,
d log(x)
x=0

d log(x)

x=x1

= 2,

and hence x∗ = x1 . That is, g0ρ is aligned with q0 (x) = λ0,0 −
λ2,0 x2 , with λ0,0 = 1.
Applying the Implicit Function Theorem (which is justified
under (iii)) we can find ε > 0 such that for each σP2 ∈ (0, ε],
there is x1 (ε) near x1 and (λ0 , λ2 ) near (λ0,0 , λ2,0 ) such that
qµ∗ aligned with gµρ ∗ , where qµ∗ = λ0 − λ2 x2 , and µ∗ is the
unique binary distribution supported on {0, x1 } with second
moment σP2 . Consequently, µ∗ is optimal by Theorem 2.7. ⊓
⊔
We now turn to the Rayleigh channel to illustrate the proof
of Proposition 2.9. Given the channel transition probability
function (9), the sensitivity function is,
ρ

g0ρ (x)

(1 + ρ)(1 + x2 ) 1+ρ
,
=
(1 + x2 )ρ + 1

and its log-derivative,

d log(1−g0ρ (x))
d log(x)

x ≥ 0,

=
ρ

1

2ρx2 (1 + x2 )− 1+ρ [1 + ρ(1 + x2 )] − 2ρx2 (1 + ρ)(1 + x2 ) 1+ρ
ρ

(1 + ρ)[1 + ρ(1 + x2 )](1 + x2 ) 1+ρ − [1 + ρ(1 + x2 )]2
(41)
From the plot shown at left in Figure 8 we see that there exists
a quadratic function q0 satisfying q0 (x) ≤ g0ρ (x), with equality
at the origin and precisely one x1 > 0. The plot at right
shows that (iii) holds, and hence that all of the assumptions
of Proposition 2.9 are satisfied. Consequently, with vanishing
SNR, the optimizing distribution is binary, and approximates
the binary distribution supported on {0, x1 }.

.
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These conclusions are very different from those obtained on
considering the distribution optimizing capacity. It is known
that the optimizing distribution is binary, for low SNR, with
one point at the origin, but the second point of support diverges
as SNR tends to zero. Similarly, one can show that g0ρ becomes
increasingly ‘flat’ as ρ → 0, and hence x1 (ρ) → ∞ as ρ → 0.

Er(R )
0.25
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1

P(X = i)

Er = 0.05

0.15
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0.5
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0
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i

0.05

R
0
0

III. A LGORITHMS
The algorithms proposed here are motivated by the discrete
nature of optimal input distributions. We find in examples that
the convergence is very fast.
C UTTING PLANE ALGORITHM
The algorithm is initialized with an arbitrary distribution µ0 ∈ M(σP2 , M, X), and
inductively constructs a sequence of distributions as follows.
At the nth stage of the algorithm, we are given n distributions
{µ0 , µ1 , . . . , µn−1 } ⊂ M(σP2 , M, X). We then define,
(i) The piecewise linear approximation, for µ ∈ M, ρ ≥ 0,
Gρn (µ) :=

max {(1 + ρ)hµ, gµρ i i − ρhµi , gµρ i i}.

0≤i≤n−1

(42)

(ii) The next distribution,
µn = arg min{Gρn (µ) : µ ∈ M(σP2 , M, X)}.

(43)
⊓
⊔

The optimization problem (43) is equivalently expressed as
the solution to the linear program in the variables e ∈ R,
µ ∈ M:
min e
subject to e ≥ (1 + ρ)hµ, gµρ i i − ρhµi , gµρ i i,
i = 0, . . . , n − 1, µ ∈ M(σP2 , M, X).
(44)
It is evident that Gρn (µ) ≤ Gρ (µ) for all µ ∈ M. It may
be shown under conditions somewhat stronger than (A1)(A3) that the algorithm is convergent, in the sense that the
sequence of distributions {µn } converges weakly to an optimal
distribution. The proof is identical to the proof of [37, Theorem
4.1], based on the continuity result Proposition 2.6.
Theorem 3.1: Consider the real channel model satisfying
Assumptions (A1)–(A4). The cutting plane algorithm generates a sequence of distributions {µn : n ≥ 1} ⊂ M(σP2 , M, X)
such that
(i) µn → µ∗ weakly, as n → ∞;
(ii) Gρ (µn ) → Gρ (µ∗ );
(iii) e1 ≤ e2 ≤ e3 ... → Gρ (µ∗ );
(iv) µn can be chosen so that it has at most n + 1 points of
support for each n ≥ 1.
⊓
⊔
Figure 3 shows results from implementation of this algorithm for a range of ρ ≥ 0 for the real AWGN channel
Y = X + N , with X = {−10, −9, ..., 9, 10}, σP2 = 10, and
2
= 10. The dashed line represents the exponent Er (R)
σN
achieved using a Gaussian input distribution. This very nearly
matches the upper-envelope obtained from the solid lines
obtained using the cutting plane algorithm. Hence restricting

0.05

0.1

0.15

0.2

0.25

0.3

0.35

Fig. 9: Random coding exponent Er (R) obtained using the cutting plane
algorithm for the Rayleigh channel.

to a finite alphabet does not lead to a significant loss in
performance in this example.
Also shown in the figure is the input distribution achieving
the maximum error exponent Er (R) = 0.05, subject to µ
supported on X, for the rate R = 0.175. The optimizer is
symmetric on the four points {±4, ±3} with p(X = −4) =
p(X = 4) = 0.07, p(X = −3) = p(X = 3) = 0.43. This is
very different than the input achieving capacity which assigns
positive mass to the origin in this model [37].
Results obtained for the normalized Rayleigh channel with
transition density given in (9) are shown in Figure 9. In
this experiment the input alphabet consisted of the six points
X = {0, 1, 2, 3, 4, 5}, M = ∞, and σP2 = 4. At right is
shown the distribution achieving Er (R) = 0.05 at R = 0.2:
It is supported on the three points shown, with p(X = 0) =
0.6519, p(X = 3) = 0.2242, and p(X = 4) = 0.1239.
Although the cutting-plane algorithm is convergent even in
the infinite dimensional setting in which X is continuous, a
finite-dimensional algorithm is needed in any practical application. This is the reason why the input alphabet was taken to
be fixed and finite in the numerical examples illustrated here.
Next, we introduce an extension of the cutting-plane method
to recursively construct the input alphabet X.
Given a finite alphabet X0 , a sequence of finite alphabets
{Xn : n ≥ 0} is obtained by induction. At the nth state of the
algorithm, the optimal input distribution µn on Xn is obtained
using the cutting-plane algorithm. The detail of this procedure
are described as follows.
S TEEPEST D ECENT C UTTING - PLANE ALGORITHM
The
algorithm is initialized with a finite alphabet X0 ⊆ X,
together with a distribution µ0 ∈ M(σP2 , M, X0 ). At the
nth stage of the algorithm, we are given n distributions
{µ0 , µ1 , ..., µn−1 } ⊂ M(σP2 , M, X) and an input alphabet Xn .
The next distribution and input alphabet are then defined as
follows,
(i) The new distribution,
µn = arg min{Gρ (µ) : µ ∈ M(σP2 , M, Xn )},

(45)

where the minimization can be obtained by the cutting plane
algorithm or any other convex optimization method.
(ii) The new alphabet Xn+1 = Xn ∪ {xn+1 }, where
xn+1 = arg min{gnρ (x) − rn x2 : |x| ≤ M, x ∈ X},

(46)

where gnρ (x) := gµρ n and rn is the associated Lagrange multiplier obtained in the solution of (45).
⊓
⊔
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Fig. 10: The steepest decent cutting-plane algorithm algorithm converges in
just two iterations in the normalized Rayleigh channel with ρ = 0.5 and no
average power constraint.

The initial steps of the steepest ascent cutting plane algorithm require very little computation since the number of
constraints and the number of variables is small. At the nth
iteration, the alphabet contains at most O(n) symbols, so that
the complexity of the corresponding LP is polynomial in n
[45].
The algorithm is convergent for models with finite peak
power constraint: the proof is identical to the corresponding
analysis of the steepest ascent cutting-plane algorithm for
capacity calculation introduced in [37].
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(i) In this paper we restrict attention to the random coding
exponent Er (R). However, for rates below the critical rate
R < Rcrit there may be better bounds such as the spherepacking bound, the expurgated bound, or the straightline bound (see Section 5.8 of [30] and [52].) These
bounds have a representation similar to the random coding
exponent. Hence it is likely that analogous theory can be
developed in these cases.
(ii) The theory described here sets the stage for further research on channel sensitivity. For example, how sensitive
is the error exponent to SNR, coherence, channel memory,
or other parameters?
(iii) It is of interest to see if efficient constellations can be
adapted in a dynamic environment based on the cuttingplane algorithm.
(iv) In some applications optimal distributions may not be
feasible due to the resulting ‘peakiness’ of the code
book. There are then tradeoffs, and resource investment
issues to be addressed. For example, one can consider if
increasing the number of transmitter antennas will reduce
the peakiness of the optimal random codebook.
(v) Finally, we are currently exploring extensions of the
results reported here to MIMO models.

Step 6

0.5
0

this paper shows for the first time that the optimizer is always
discrete when Assumptions (A1)–(A3) are satisfied.
Although the optimization problem in each case is infinite
dimensional when the state space is not finite, in each example
we have considered it is possible to construct a finite dimensional algorithm, and convergence is typically very fast. We
believe this is in part due to the extremal nature of optimizers.
Since optimizers have few points of support, this means the
optimizer is on the boundary of the constraint set, and hence
sensitivity is typically non-zero.
There are many interesting open questions:
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Fig. 11: Computation of the optimal input alphabet for the Rayleigh channel
subject to both average and peak power constraints with ρ = 0.5.

The results shown in Figure 10 for the normalized Rayleigh
channel were obtained using the steepest decent cutting-plane
with M = 10 and σP2 = ∞. The algorithm converged in just
two iterations in this example. Results for the Rayleigh channel
subject to both average and peak power constraints are shown
in Figure 11 with σP2 = 10 and ρ = 0.5. In this experiment
the algorithm required about six iterations to compute µ∗ .
IV. C ONCLUSIONS
Many problems in information theory may be cast as a
convex program over a set of probability distributions. Here
we have seen three: hypothesis testing, channel capacity, and
computation of the random coding exponent. Another example
considered in [36] is computation of the distortion function in
source coding. We have seen that the optimizing distribution
is typically discrete [37], and in the case of the error exponent,
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